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FOREWORD 


Th«  Nln*t**nCh  Conferanct  on  tha  Daalgn  of  Exparlments  in  Army  Reaaarch, 
Davalopmant  and  Tasting  waa  hald  24-26  Octobar  1973  at  Rock  Island,  Illinois. 

Lika  tha  first  confaranca  in  this  aarias,  it  had  two  hosts.  Thay  wera  the  Haad- 
quartars  U.S.  Amy  Aroanant  Coosaand  and  tha  U.S.  Amy  Managatoant  Engineering 
Training  Agency.  Tha  last-named  host  furnished  the  excellent  conference  rooms 
for  tha  n^iating.  In  tha  planning  phases  of  the  meeting  Mr.  Raymond  B.  Loecka 
wan  thalr  representative.  Dr.  Norman  Coleman,  a scientist  at  the  U.S.  Army 
Armament  Courr.  nd,  served  as  tha  Local  Chairman.  Those  in  attandancb  at  tha 
eonfsrance  are  Indeb^ad  to  him  and  his  assistants  for  Issuing  the  host  invitational 
letter,  arranging  for  local  accommodations  and  handling  tha  many  detaila  needed 
for  a successful  cuuferanca.  Dr.  Coleman  also  helped  In  tha  initial  plans  for 
this  meeting  by  bringing  to  the  first  meeting  of  the  Program  Coomittee  a list  of 
statistical  areas  that  would  be  of  Interest  to  the  scientific  personnel  of  tha 
hosts. 

Thera  were  six  addraasas  by  Invited  speakers.  The  first  of  these  was  by 
Professor  Jerome  Cornfield  who  talked  on  “Bayaelan  Statistics."  Ha  first  pointed 
out  that  the  Bayesian  approach  uses  prior  information  at  well  as  obj active  in- 
formation to  avoid  Incoherence.  Ha  then  gave  several  examples  illustrating 
tha  inconsistent  results  that  follow  from  attempting  to  Judge  statistical  proce- 
dures by  using  only  average  properties  over  repeated  samples.  The  second  invitsd 
apaakar  was  Professor  Shantl  S.  Gupta.  "Salactlon  and  Ranking  Procedures  for 
Multivariate  Normal  Populations"  was  the  title  of  his  address.  After  discussing 
such  procedures,  he  surveyed  known  results  and  mentioned  soma  unsolved  problems 
in  this  area.  In  his  address  on  "Generalised  Jackknife  Techniques"  Professor 
H.  L.  Gray  first  carefully  defined  tha  Jackknife  statistic  and  several  of  Its 
generalisations.  Ha  Indicated  how  one  can  use  these  statistics  as  point  and 
Interval  estimators  for  data  from  a random  sample  or  a stochastic  process  with  a 
continuous  index.  In  his  talk  on  "Reliability  Growth"  Professor  Frank  Proschan 
pointed  out  that  la  the  development  of  a complex  system  it  is  useful  to  examine 
the  Importance  of  each  component  and  to  determine  the  optimum  effort  to  allocate 
to  each  component  to  achieve  a deelred  system  reliability  growth.  One  way  of 
attacking  this  problem  Is  through  use  of  the  Blmbeun  measure  of  component 
importance.  Proschan  showed  how  this  measure  could  be  used  to  determine  system 
reliability  growth  from  component  reliability  growth.  "Soma  Critical  Remarks  on 
Accelerated  Life  Testing"  was  the  title  of  the  address  by  Professor  Sam  C.  Saunders. 
He  stated  that  one  of  the  current  needs  in  relleblllty  theory  is  for  methoda 
that  permit  the  prediction  of  the  life  of  a system  from  a few  teats  In  which  the 
process  of  wear  has  baan  accelerated.  This  paper  made  a strong  plea  for  the 
statistician  as  wall  as  tha  engineer  to  have  a thorough  understanding  of  each 
appropriate  cusnilatlve  damage  process  in  terms  of  its  chemical  or  physical 
behavior  before  an  analysis  is  undertaken.  The  invited  speaker  who  spoke  last 
was  Professor  Wllli'-n  A.  Thompson,  Jr.  In  1973  E.  Brindley  and  he  introduced 
a multivariate  concept  of  monotone  feilure  rate.  Here  the  system  fails  when 
tha  first  of  its  components  fails  so  that  not  all  component  lifetimes  are 
observable.  In  his  address  Or.  Thompson  discussed  mai.''amatlcel  models  for 
problems  arising  in  the  blologlcel  end  the  engineering  sciences.  In  the 
biological  context  one  refers  to  the  theory  of  competing  risks,  while  in  the 
engineering  applications  the  model  represents  a non-repalrable  sarlaa  system. 
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It  !•  iacAtMtiai  to  net*  that  all  tha  invitad  apaakara,  axcapt  Profaaaor 
Ora/i  hava  appaarad  on  tha  prograaa  of  aarllar  eoafaraacat  in  thia  aarlaai  Wa 
ara  grataful  to  thaaa  gaatlaaaa  for  thalr  valuabla  halp  and  for  thalr  willlngnaao 
to  glva  of  thalr  tlaa  to  bring  nav  and  uaaful  davalopaanta  in  tha  fltlda  of 
atatiatlea  and  tht  daalga  of  axpartaanta  to  thn  attantion  of  Army  aclantlita. 

Thara  ia  a largo  aaount  of  aclantific  wrrk  balng  eonductad  in  tha  many  Amy 
inatallatlona.  Thaaa  confaraneaa  of far  an  cpportunity  for  Indivlduala  In  thaaa 
laberahorlaa  to  praaant  to  an  Intaroatad  avdlanca  thii  work  thay/  ara  puraulng.  At 
thla  naatlng  twant]r*atx  taehnleal  papara  and  four  clinical  parara  ap^ard  on  tha 
agenda.  Thaaa  praaantatlona  vara  wall  ra^alvad  and  both  tha  manbara  of  tha 
audlanca,  aa  wall  aa  tha  apoakara  banafl^;tad  from  tha  contaota  of  tha  papara  aa 
tMll  aa  tha  auggaatlona  and  quaatlona  r'i'ilaad  in  tha  dlaeuoalena  after  each  talk. 

Following  tha  banquet,  hald  in  tha  avaning  of  tha  firat  day  of  tha  eonfaraaca 
tha  ninth  Saaual  8.  Wllka  Manorial  Award  of  the  AaMrlcan  Statiatical  Aaaoeiation 
and  tha  Dapartnant  of  tha  Amy  waa  praaantad  to  Profaaaor  H.  0.  Hartley  for  hla 
many  outatanding  eontributiona  to  the  davalopmanta  and  teaching  of  atatiatica.  Dr. 
Bartley  ia  Profaaaor  of  Econoaica  //.ad  Diatlnguiahad  Profaaaor  of  Statlatica  at  tha 
Tasaa  A and  M Univaraity,  at  Collr/ga  Station,  Taxaa.  Ha  haa  aarvad  many  tlaaa  aa 
aa  invited  apaakar  and  alao  aa  a paaaliat  at  peat  Confaroacaa  on  tha  Daaign  of 
EspariaMinta.  Hia  daap  inaight  l^to  atatiatieal  chAory  anablad  him  to  offer 
valuabla  auggaatlona  to  nany  ap^jakara  at  thaaa  naatinga.  Ha  ara  plaaaad  to  ba 
able  to  p^int  in  thaaa  procaad:<.nga  tha  ramarka  Dt.  Hartley  atada  following  tha 
praaantation  of  tha  Wllka  Award. 

Tha  Amy  Kathanatiea  Stfiaring  CoonitMa,  on  behalf  of  tha  Of  flea  of  tha  Chief 
of  Eaaaarch  and  Davalopawnt  and  Aequialt  aponaora  thaaa  naatinga  in  order  Co 
axpoao  Amy  aelantlata  and  anginaara  to  varioua  araaa  and  new  davalopmanta  in 
atatiatlea,  thua  upgrading  the  eonpatanea  of  in-houaa  paraonnal.  Ma^ara  of  thia 
Coanittaa  hava  aakad  that  thaaa  procaadlnga  ba  publiahad  and  iaauad  Amy-wida 
aa  wall  aa  to  other  eeiafitifle  eonaunitiaa. 

Hoar  tha  firat  of  each  year  tha  Program  Committaa  for  thaaa  confaraneaa  ia 
aalactad  and  maata  in  Vaahington,  D.  C.  to  outline  the  program  and  auggaat 
poaalbla  apaakara  for  the  next  maating.  1 would  like  to  axpraaa  my  paraonal 
thanka  to  tha  mo^arr/  of  thia  yaar'a  coanittaa:  A.  Clifford  Cohan,  Norman  P. 
Coleman,  Francia  Draaaal,  A.  Reaa  Scklar,  Valter  Foatar,  Fred  Friahman,  Barnard 
Harrla,  Badrig  Kurkjian,  Clifford  J.  Maloney  and  Herb  Solomon.  Francia  Draaaal 
aarvad  aa  aaeratar/  of  thia  coanittaa  until  1 Saptambar.  From  than  on  tha  dutiaa 
of  the  aacratary  tvara  carried  by  Fred  Friahman.  Thalr  halp  in  guiding  thia 
confaranea  to  a cueeaaaful  concluaioo  ia  duly  appreciated. 


FRANK  E.  GRUBBS 
Conference  Chairman 
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Roger  Brauer,  US  Amy  Construction  Engineering  Research 
Laboratory 

ON  BIMODALITY  IN  PARAMETERIZED  ATMOSPHERIC  MODELS  AND  SOME 
SOLUTIONS  TO  AVOID  IT 

0.  E.  Essenwanger.  U.S.  Army  Missile  Research.  Development  and 
Engineering  Laboratory,  Huntsville,  Alabama 

PREDICTION  OF  EFFECTS  OF  ULTRA  SHORT  LASER  PULSES 

E.  W.  Steubing,  E.  A.  Lucia  and  F.  D.  Verderame.  Frankford 
Arsenal,  Philadelphia,  PA 

MODELLING  SEE-THRU  AEROSOLS  TOR  INFRARED  COUNTCRSURVEILLANCE  AND 
LASER  COUNTERMEASURES 

E.  M.  Steubing,  R.  Doherty,  J.  J.  Pinto  and  F.  D,  Verderame, 
Frankford  Arsenal,  Philadelphia,  PA 

1500-1630  TECHNICAL  SESSION  3 

Auditorium,  Bldg.  90 

CHAIRMAN 

Frank  Proschan,  Florida  State  University,  Tallahassee,  Florica 

TRANSFORMATIONS  THROUGH  A NON-EUCLIDEAN  SPACE  IN  A LINEAR 
TRANSFORMATION  CONTEXT 

0.  N.  Dalton,  White  Sands  Missile  Range,  New  Mexico 

REGRESSION  ANALYSIS  APPROACH  TO  INTERPOLATION  ALGORITHMS 

E.  L.  McDowell,  Construction  Engineering  Research  Laboratory. 
Champaign,  Illinois 

1830-1915  SOCIAL  HOUR 

1915-  BANQUET 

PRESENTATION  OF  THE  SAMUEL  S.  WILKS  MEMORIAL  AWARD 

Dr.  Frank  Grubbs,  Ballistic  Research  Laboratories,  Master  of 
Ceremonies 

*•***********★***★************♦****#*★**********************!»***★**★★★***★***■** 


Thursday,  25  October  1973 

0830-0945  TECHNICAL  SESSION  4 

Auditorium,  Bldg.  90 

CHAIRMAN 

Arlen  Olllln,  GEN  Thomas  J.  Rodman  Laboratory,  Rock  Island, 
Illinois 
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RELIABILITY  GROWTH  OF  THE  TF-30  ENGINE 

B.  W.  Haines,  F.  L.  Carter  and  M.  F.  Cummings,  Naval  Air 
Station,  Norfolk,  Virginia 

RELIABILITY  GROWTH  ESTIMATION  FROM  FAILURE  AND  TIME  TRUNCATED 
TESTING 

L.  H.  Crow,  Army  Materiel  Systems  Ana lys1s; Agency,  Aberdeen 
Proving  Ground,  Maryland 

0830-0945  TECHNICAL  SESSION  5 
Room  14,  Bldg.  90 

CHAIRMAN 

William  Fulkerson,  GEN  Thomas  J.  Rodman  Laboratory,  Rock 
Island,  Illinois 

RESPONSIVENESS  PROPERTIES  OF  CONTINUOUS  SAMPLING  PLANS 
R.  M.  Brugger,  U.S.  Army  Armament  Command,  Rock  Island, 

Illinois 

A COMPUTATIONALLY  FEASIBLE  ALGORITHM  FOR  THE  AFI  FUNCTION 
ARISING  FROM  SHORT-RUN  SCP-1 

D.  L.  Arp,  Weapons  Planning  Group,  China  Lake,  California 

0830-0945  TECHNICAL  SESSION  6 

Room  15,  Bldg.  90 

CHAIRMAN 

Richard  D'AccardI,  U.S.  Army  Electronics  Command,  Fort 
Monmouth,  New  Jersey 

SYSTEM  SIMULATION  OF  FIVE  MODULE  ARRAY  PRODUCTION  LINES  CONTAINING 
INDEPENDENT  COUPLED  AND  CROSS  LINKED  BUFFER  CONFIGURATIONS 

M.  Roffman,  Frankford  Arsenal,  Philadelphia,  pBnnsyl''an1a 

CONFIGURATION  MANAGEMENT  FOR  RELIABILITY/MAINTENANCE  TESTING 
J.  Fargher,  Jr.  Frankford  Arsenal , Philadelphia,  Pennsylvania 

0945-1015  BREAK 

1015-1130  TECHNICAL  SESSION  7 

Auditorium,  Bldg.  90 

CHAIRMAN 

Michael  H.  Strub,  U.S,  Anr^  Research  Institute 

BAYESIAN  CONFIDENCE  INTERVALS  FOR  INTERVAL  RELIABILITY  OF  WEIBULL 
COMPONENTS 

R.  Rad  cot,  Watervllet  Arsenal,  Watervllet,  New  York 
RELIABILITY  OF  A SERIAL  SYSTEM 

A.  E.  Johns rud,  U.S.  Ani\y  Concepts  Analysis  Agency,  Btthesda, 
Maryland 
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Thursdaiy 


1015-1130 


1015-1130 


1130-1245 

1245-1345 


1245-1345 


TECHNICAL  SESSION  8 
Room  14,  Bldg.  90 


CHAIRMAN 

wnilatn  S.  Agee,  White  Sands  Missile  Range 

performance  STANDARDS  IN  THE  CONTROL  OF 
THE  WHITE  SANDS  MISSILE  RANGE  TEST  SUPPORT  PROCESS 

2*  ^2!*/"**  *•  *Jenl«<ns,  Jr.,  White  Sands  Missile  Range, 

fIM  fl6XlC0 

MULTIVARIATE  ANALYSIS  TECHNIQUES  APPLIED  TO  EQUIPMENT  TESTING 
J.  B.  Wilburn,  Jr.,  U.S.  Amy  Electronic  Proving  Ground. 

Fort  Huachuca,  Arizona 

technical  SESSION  9 
Room  15,  Bldg.  90 

CHAIRMAN 

Bernard  F.  Engebos,  White  Sands  Missile  Range 

PeStaGE  POINTS^'^*^^  procedure  and  MODEL  FOR  EXTREME 
S.  K.  Elnbinder,  Picatinny  Arsenal,  Dover,  New  Jersey 

ANALYSIS  OF  TECHNIQUES  FOR  FINDING  A FORWARD  OBSERVER 

Charles  McElwee,  Frankfo«"d  Arsenal,  Philadelphia,  Pennsylvania 

LUNCH 

technical  SESSION  10 
Room  14,  Bldg.  30 

CHAIRMAN 

Edward  N.  Fiske,  Edgewood  Arsenal 

EQUATIONS  FOR  ACCELERATED  LIFE  TESTING  OF  IMPREGNATED 

vnnKLUAL 

W.  -•  Masee.  Jj;..  0.  A.  Baker,  E.  J.  Pozlotnek,  John  Boardway 
and  Harold  Ball,  Edgewood  Arsenal,  Aberdeen  Proving  Ground. 
Maryland  ’ 

A GAUSSIAN  TOLERANCE  TECHNIQUE  FOR  MULTILAYER  OPTICAL  COATINGS 
J.  J.  Walls,  Jr.,  R.  McKyton  and  A.  Kawalec,  Frankford 
Arsenal,  Philadelphia,  Pennsylvania 

TECHNICAL  SESSION  11 
Auditorium,  Bldg.  90 

CHAIRMAN 

George  Kalemkarlan,  GEN  Thomas  J.  Rodman  Laboratory,  Rock 
Island,  Illinois 
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Thursday 

1245-1345  TECHNICAL  SESSION  11  - (Cont'dj 

A TABLE  OF  CUMULATIVE  DISTRIBUTION  FUNCTION  VALUES  OF  EXPECTED 

VALUES  OF  NORMAL  ORDER  STATISTICS 

G.  L.  Aasheim,  U.S.  Arn\v  Armament  Command,  Rock  Island,  Illinois 

A STRONG  JUSTIFICATION  FOR  THE  USE  OF  RANK  TESTS  IN  THE  CASE  OF 

NON.NORMALITY 

J.  Sethuraman,  Florida  State  University,  Tallahassee,  Florida 
and  D.  H.  Jones,  Rutgers  University,  New  Brunswick,  New 
Jersey 

1245-1345  TECHNICAL  SESSION  12 
Room  15,  Bldg.  90 

CHAIRMAN 

Mrs.  Genevieve  Meyer,  U.S.  Army  Mobility  Equipment  R&D  Center 

STATISTICAL  ANALYSIS  AND  MODELING  OF  PATH  LOSS  DISTANCE  DEPENDENCY 

INFORMATION 

R.  O'AccardI  and  0.  Dense,  Electronics  Command,  Ft.  Monmouth, 

New  Jersey,  and  C.  Tsokos,  University  of  South  Florida, 

Tampa,  Florida 

AN  APPROACH  TO  OCCUPANT  EVALUATION  OF  ARMY  FAMILY  HOUSING  INTERIORS 
R.  Brauer  and  R.  Neathammer,  Construction  Engineering  Research 
Laboratory,  Champaign,  Illinois 

1345-1415  BREAK 

1415-1630  GENERAL  SESSION  II 

Auditorium,  Second  Floor,  Bldg.  90 

CHAIRMAN 

Dr.  Richard  Moore,  U.S.  Army  Armament  Command,  Rock  Island, 
Illinois 

GENERALIZED  JACKKNIFE  TECHNIQUES 

Dr.  H.  L.  Gray,  Charles  F.  Frensley,  Professor  of  Mathematical 
Sciences,  Southern  Methodist  University,  Dallas,  Texas 

RELIABILITY  GROWTH 

Professor  Frank  Proschan,  Department  of  Statistics  and 
Statistical  Consulting  Center,  Florida  State  University, 
Tallahassee,  Florida 


***********  ****’^ 


Friday.  26  October  1973 

0830-1000  GENERAL  SESSION  III 

Auditorium,  Second  Floor,  Bldg.  90 

CHAIRMAN 

Dr.  Frank  E.  Grubbs,  Ballistics  Research  Laboratories 
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BAYESIAN  STATISTICS 


JarcM  Cornfitid 
Otpartment  of  Statistics 
Tha  George  Washington  University 
Washington,  D.C.  20006 


ABSTRACT.  In  the  standard  frequency  approach  to  statistics  one  Is 
concerned  with  properties  over  the  sample  space  In  contrast  to  the  Bayesian 
approach  which  Is  concerned  with  properties  over  the  parameter  space.  Thus, 
given  n Independent  trials  at  constant  probability  P the  frequentlst  Is  con- 
cerned with  the  probability  of  such  and  such  a number  of  successes,  whereas 
the  Bayesian  asks,  given  whatever  number  of  successes  have  been  observed, 
for  the  probability  that  p falls  within  certain  limits.  The  answer  to  the 
latter,  but  not  the  former,  question  Involves  the  use  of  prior  probabilities. 

It  therefore  seems  natural  to  conclude  that  the  Bayesian  Is  distinguished 
from  the  rest  of  statistical  mankind  by  some  special  wish  to  use  some  un- 
identified entity  called  "prior  Information"  In  addition  to  the  "objective" 
Information  available  to  everyone  else.  This  Is  an  Incomplete  and  unproductive 
Introduction  to  Bayesian  statistics  and  Is  more  likely  to  lead  to  polemics 
than  to  understanding. 

A more  Informative  Introduction  can  be  achieved  by  criticizing  some 
of  the  Ideas  underlying  the  fruguentlst  viewpoint.  I shall  therefore  start 
by  giving  several  examples  Illustrating  the  anomalous  results  that  can 
follow  from  attempting  to  Judge  statistical  procedures  by  reference  to 
their  average  properties  over  repeated  samples.  These  anomalies  are  seen 
to  have  the  common  property  of  Incoherence  (defined  below).  We  then  go 
on  to  sketch  the  argument  that  Bayesian  procedures  are  necessary  and 
sufficient  to  avoid  Incoherence.  From  this  point  of  view  the  Bayesian 
augionent  Is  a natural  extension  and  correction  of  that  of  the  frequentlst, 
and  the  prior  probabilities  an  Inevitable  consequence  of  the  search  for 
procedures  which  will.  In  full  generality,  avoid  Incoherence. 


Ex.  1 


In  this  example  we  exhibit  two  different  tests  of  the  same  hypothesis.  Both 


h«v«  til*  tarn  Typ*  X error*  but  th*  on*  with  th*  nuillar  type  XX  error  ■**!■« 
clearly  abaurd.  Socnethlng  more  than  Type  1 and  Type  II  errora  auat  therefor* 

be  Involved  in  aeleeting  teata  of  hypotheaea.  | 

1 

Wa  conaider  tha  following  aimple  null  and  altamativ*  hypotheaea.  | 

{ 

X - N(0,o*) 

Hi : X i NdO.o*) 

0*  la  known,  one*  an  auxiliary  random  variable*  y*  1*  obaerved.  When  y 0* 

<^la  known  to  be  1*  and  when  y ■ 1*  o*la  known  to  ba  lOCl  Pr<y«l)  *p*  which 

In  the  numerical  example  that  followa  la  taken  to  have  value  .OS*  (3  x lO'^)  | 

W«  can  think  of  tha  axparlnant  as  involving  ti/o  atapa:  | 

i 

) 

(a)  chooalng  an  Inatrumant  for  meaaurlng  x*  with  th*  Impreela*  inatniment  | 

having  a probability*  p*  of  being  choaan  { 

and  (b)  ualng  th*  Inatnnent  choaan  to  maaaure  x.  | 

Thea*' eonalderatlona  are  aummarlaed  In  tiia  table  below:  I 

i 

£iajj£igsn£  a*  y P(y>  > 

Praelae  1 0 1-p  \ 

Xmpreclae  100  1 p (■,05*3xl0"*)  j 

} 

Wa  now  conaider  two  different  teata  fo  H^.  For  j 

0 j 

Teat  A 

Reject  when  x>  1.643,  given  y 0 

x>(L0>(1.64S*  given  y ■ 1 

Teat  B 

Reject  H^  when  x>  4.5*  given  y ■ 0 ! 

i 

x>-«  * given  y ■ 1 | 

! 

j 

Teat  A aeama  like  a plaualble  teat*  aince  for  the  caa*  where  p ■ 0 or  1 It  la  the 

i 

moat  powerful  teat*  while  teat  B aaeau  unacceptable*  alnc*  for  y ■ 1*  It  rejecta 

i 

} 


. 2 - 


f 


tha  Iqrpothaala  ^ 0,  avan  for  an  obaarvad  x ■ 0.  Mavartlialaas,  aa 

auanarliad  baloW)  if  tha  eholca  batwaan  A & B la  to  b«  baaad  on  atandard  fra* 
quancy  orltarla,  B la  tha  teat  of  eholea»  alnoa  it  baa  aaaantlally  aaro  typa  XX 
arror. 

Ooeratlna  charactarlatlca 

laaL  lypa  I arror  Typa  II  arror 

A .05  .037 

B .05  (l-p)l(-5.5)aO 

(l(x)  la  tha  atandard  normal  intagral  from  to  x.) 

Why  do  wa  prafar  A to  B,  avan  though  on  atandard  froquantlat  erltaria  it 
la  tha  Infarlor  taat?  A concapt  with  which  Flahar  fanlliariaad  atatiatlciana, 
although  tha  idaa  ia  oldar  and  goaa  back  a.t  laaat  to  Xaynaa,  la  that  our  eritaria 
muat  taka  account  not  only  of  propartiaa  ovar  tha  antira  aaapla  apaea  but  ovar 
any  raeognixabla  aubaat  of  it.  For  tiia  praaant  axanpla  two  aueh  raeogniaabla 
aubaata  ara  dafinad  by  tha  caaaa  y • 0 and  y *■  1.  For  taat  A tha  typa  1 arror  ia 
.05  for  both  aubaata,  but  for  aat  B it  ia  not.  Ihua, 


Raeogniaabla  aubpat 

Conditional  probability  of  rejection 

Taat  A 

Taat  B 

y - 0 

.05 

3x10“® 

y - 1 

.05 

1 

Although  tha  unconditional  probability  of  rejaction  ovar  the  antira  aaapla 
apace  ia  tha  aaaa  for  both  taata,  thia  ia  not  true  for  tha  conditional  prob- 
abilitiaa.  Given  that  tha  aaapla  point  la  In  the  aubaat  dafinad  by  y ■ 1 wa 
know  for  aura  that  Taat  B will  give  tha  wrong  anawar  and  why  ahould  anyone 
uaa  a taat  that  ia  certain  to  be  wrong  in  identifiable  eireumatancaa? 


- 3 - 


lx.  2 


lh«  atm  point  !•  ando  hoc*  but  foe  a voty  eonaon  rntbor  than  eontrlvad 
problaai  ooofldaaca  liatta  on  tita  ratio  of  tae  indapiadant  noraal  varlablaa. 
An  arguaant  loading  to  tha  aoat  raatrlctlva  eonfidonea  aat  la  aa  followa. 
Givan  3C^Ci•l,2)  which  la  and  d ■ eonfldanea  llaita  on  9 

can  ba  obtainad  by  noting 

(1)  la  noraal 

(2)  - 0 

(3)  Var<xj-er.)  -1  + 0*. 


ao  that  if  ^ uppar  (1-a)  probability  point  of  ona  dagraa  of  fraadon 

ehi-aquara  diatribution,  tha  eonfidanoa  aat  of  0 with  ooaffieiant  1-a  ia  tha  aat 
of  6 aatlafplng 


(1) 


<■>!-«%)*  . . 
TTP" 


By  aultiplying  out  and  eollaeting  coaffleianta  of  tha  powara  of  0 thla  ia  aaan  to 
ba  aquivalaot  to 


(2) 

Whan  tha  diaeriatinant  of  tha  quadratic  on  tha  laft  hand  aida  ia  poaitlvat  Aa 
inaquality  will  hold  for  all  0 batwaan  Aa  two  roota  of  Aa  quadratic  obtainad 
by  aatting  Aa  laft  hand  aida  aqual  to  taro.  Aaaa  ttro  valuaa  of  0 aupply 
a atandard  eonfidanoa  Atarval  for  poAU  in  Aa  aampla  apaoa  laading  to  a 
poaitiva  dlaeriJBinaae.  Conaidar  now  Aa  aubaat  of  poAta  i|»  Aa  aanpla  apaoa 
A which  boA  Aa  diacrAAant  and  Aa  eoaff Aiant  of  9*  A (2)  ara  nagativa. 


f 

K 
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For  e«««  it  is  assy  Co  •••  that  tha  laaquallty  (2)  holds  for  all  0 so 
tha  isoafidaoea  toterval  is  >a  to  * assartad  aitb  eonfldanea  1-a*  Suraly 


this  is  baiaa  evar-eautlous. 

f- 

aloui 


lha  snoMlous  faaturs  of  tiia  rasule  • which,  fron  Chs  point  of  viaw  of 

•» 

standard  frsqusntlst  erltaria  cannot  ba  improvsd  upon  - can  again  bs  hlghllghtad 
by  eonsldarlagg^ba  eoneapt  of  raeognisabla  subsats.  Ihus,  for  ona  such  subsat 
tiha  oonf idanea  ^tatval  is  eattain  to  ineluda  6 and  for  dia  otfiar  it  ineludas 
it  with  probabilh^  < 1-a 


Kacoanisabla  subsat  Conditional  probability  of 

ft 

4 < X*.  • diaerlBlnant  <0  uniQr 

1“<X 

all  other  <l-a 

Unconditionally,  tha  probability  of  including  0 is  indaad  l>tti  but  this  doas 
not  eorraspoad  to  our  eonfldanea  for  aitiiar  of  tha  Mo  idantiflabla  subsats. 

tfa  now  show  chat  a fully  ganaral  effort  to  avoid  such  anosMlias  leads 
to  Bayts  Chaoraa.  Wa  start,  with  axaapla  2 in  mind,  by  asking  a fraquancist 
statistieian  who  assigns  a eonfidanoa  eoafflclant  1-a  to  an  intanral  whether 
ha  would  ba  willing  to  bat  that  tiia  interval  always  contains  tha  true  value 
at  odds  of  1-a  to  a,  plus  say  a saall  praadua  for  being  obliging.  Ha  naburally 
agrees  sinea  his  axpaetad  less  on  tlia  bats  is  saro  no  natter  what  tha  true  value 
and  ha  gains  tha  praadua.  Ibis  is  a oonsaquanea  of  the  fraquanoy  propartias  of. 
tha  confidence  sat  dafinad  ovar  tha  entire  saapla  space. 

Wa  now  aodlfy  our  quaation.  As  before  wa  ask  hia  to  offer  odds  of  1-a 
on  the  sat  to  a against  it,  but  to  parait  us  to  daclda  whathar  wa  bat  for  or 
aaainat  tha  interval.  Thus,  for  saapla  points  leading  to  an  infinite  interval 
on  0 wa  bat  for  tha  interval  and  offar  hia  odds  of  1-a  to  a.  For  this  aubaat 
wa  always  win,  sinea  the  interval  ineludas  all  0.  For  the  rsaaialng  subset  wa 
always  bat  against  the  interval,  again  aeeapting  his  odds  of  1-a  to  ai  sinea 
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for  thla  tubtot  ir«  oholl  h«va  probability  of  vinalag  groator  than  a*  Our 
axpaetad  gain  1*  thus  pooitlvo  no  aattar  what  tha  valua  of  6*  (Iha 
pramlum  la  elaarly  a thaoratical  irralevaney,  and  can  alwaya  bo  aliainatad  by 
lotting  tha  alia  of  tha  bat  ovarpowar  tha  alia  of  tha  ataka*) 

Ihia  axpariaaea  of  loaing  'for  all  valuaa  of  $,  doapita  tha  uaa  of  oonfidoneo 
lialta  with  optimal  propartlaa  oauaaa  tha  fraquantiat  atatlatiaian  to.  ooMidor 
whathar  than  la  aoaa  altarnativa  ayatan  of  aatting  probabilltiaa  on  paraaatar 
aata  that  would  aafaguard  hla  agalaat  thia  oartain  loaa.  Ihia  aata  hla  on 
tha  Bayaaloa  path,  ainoa  hla  probability  aaalgtaaanta  ouat  ba  Bayaalan 
In  tha  aanaa  of  tha  thaoran  atatad  balow.  Va  hara  akatch  out  tiia  Idaaa  laadlag 
to  tha  thaoran.  For  tiia  datailad  argunant  aaa  [1].  Wa  eonaidar 
a batting  gaaa  with  a eaat  and  a aat  of  rulaa.  Xha  eaat  eonalata  of 

A - an  antagoniat 
B • a probability  aattar 
C • a rafaraa 

Iha  rulaa  axa  that  1.  Wa  an  glvan  an  ■ s n natrix  in  which  aaeh  row  eorraaponda 

to  a poaalbla  aanpla  point  and  aaoh  eoluon  to  a poaaibla  acata  of  natura,  of 

which  dlacrata  paranatar  polnta  an  a apaeial  caaa*  Xha  ancry  In  tha  1^ 

row  and  eoluon.  P|j.  givaa  tha  probability  of  tha  1^  aanpla  whan  tha 

10 

atata  of  natura  obtalna  ( I P.j"  1 for  J ■ 1.2...n).  Both  A and  B knew 

1-1 

tha  p|j. 

2.  A valua  of  i la  aalaotad  with  probability  and  both  A and  B ara 
Infornad  aa  to  tha  valua  of  1.  thla  la.  which  aanpla  la  drawn,  but  not  tha  valua 
of  J.i.a.not  tha  trua  atata  of  natura.  C howavar.  knowa  J. 

3.  B'a  taak  la  Co  announoa  a probablliiQr  P|(Z>*  whara  I la  aa  Intarval  containing 
•one  aubaat  of  tha  atataa  of  nature,  l.a.  a aubaat  of  tha  Intagara  ^1  to  n. 
(Clearly  chan  are  2**  poaalbla  I'a.)  4.  A aalaeta  a ataka,  8|,  which  nay  ba 


potitiv*  or  nofotlva,  aad  glvoi  B «&ount  Bj(Z)Sj.  S.  C dotoraliMO  whotiior 
X Ineludoo  tho  truo  atoto  of  aaturo  Zf  it  dooa*  tho  Intorvol  la  eorroct 
and  A haa  won  tha  bat,  and  B paya  hla  amount  Sj . X£  It  doaa  not,  A haa  loot, 
and  B paya  nothing.  (Whan  Sj  la  nagatlva  tha  dlraetlon  of  aonay  flow-  la 
ravaraad.) 

Zt  will  ba  raeognlaad  that  thaaa  rulaa  ara  aqulvalant  to  B offarlng  odda 
of 

?i(Z)  to  l-P^(Z)  that  Z la  eorraet  whan  S|>0 
and  1-P|(Z)  to  P^(I)  that  X la  Ineorraot  whan  S,<0  . 

Mow  eonaldar  B'a  axpaotad  gain  whan  tha  atata  of  natura  obtalaa. 

B would  olaarly  Ilka  to  aalaet  tha  P|(Z)  In  auch  a way  that  thla  la  In  aooM  aanaa 
maxlnlaad.  But  olaarly  a aUklann  raqulramant  would  ba  that  tha  gain  not  bia 
nagatlva  for  all  atataa  of  natura,  aa  in  axaapla  2,  no  nattar  how  A eheoaaa 
tha  8{.  Wa  atata  thla  aora  praelaaly  by  danotlng  B'a  axpaotad  gain  by  Gj(P,B) 
and  than  Introducing  tha  kay  notion  of  ooharanea  [2], 

Xf  0j(P,8)s0for  all  j for  aQX  8 and  tha  aquallty  can  ba  dalatad  for  at 

laaat  ona  J,  B'a  aaalgnaant  of  tiia  P la  Incoharant.  Otharwlaa  It  la 

eoharant. 

With  thaaa  eonoapta  It  la  than  poaalbla  to  prova: 

Thaoram 

A nacaaaary  and  aufflclant  condition  for  coharanoa  la  that 
n 

Pi (I)  - r Pi.qi/  2 Pi.q,. 

JcZ  J-1  ' ' 

whara  tha  qj  ara  any  poaitlva  quantltltaa. 

F, (X)  can  than  ba  Intarpratad,  by  Bayaa*  thaoram,  aa  tha  conditional,  or 
poatarlor,  probability  that  Z includaa  j,  glvan  tha  raallaatlon  of  aampla  1. 
Similarly  Pij(or  mora  atlrotly  any  quantity  proportional  to  p^j  whara  tha 

- 7 - 


pvoportlOMlitjr  eomtaat  4om  not  dopond  on  j)  to  tlio  likoIUtood  of 

n 

■Uta  of  noturo  J,  oonpU  Fin<»lly  q./  £q.  eon  bo  intotpvotod  os  tho 

1 

prior  proboblll^  of  ststo  of  noturo  j. 

Moco  that  oslda  from  tho  rosCrietion  to  flnlto  samplo  and  poranotor 
spocos  tho  fonmilotion  is  gonorol.  Without  tho  rootrietlen  to  finito 
poroMtor  spoeoo  tho  dkooroa  oood  not  bo  truo»  olnoo  tdto  proof,  which  dopondo 
en  tho  intorehongo  of  ordor  of  sunnotionf  oood  not  bo  truo  whon  tho  rostrietion 
to  finito  spocos  is  rsnevod.  Although  tho  rostrietion  to  finito  porsaotor 
spocos  is  vory  sovoro  froa  o aothssaticol  point  of  viow,  1,  ond  aooy  stotistieions 
vho  oro  for  boctar  authcaotileioas  than  I,  do  not  rogord  it  os  ony  rool 
rostrietion  ot  oil. 

Nothing  in  this  fonoilotion  tolls  us  hew  to  soloet  tho  q^.  So  long  os  they 
ora  positivo  for  oil  j,  ony  q|  will  load  to  cohoronco.  this  has  boon  ragordod 
by  oocy  stotistieions  os  ^o  fatal  flow  in  tho  Boyosion  orguaant,  but  to 
nointoin  this  consistontly  ono  oust  rajoot  e(^eroneo  as  on  ovorriding  eritorion. 

8om  stotistieions  have  boon  willing  to  do  this,  rothor  than  pomlt  tho  q^  to 
ontor  the  doaoin  of  statistics.  It  is  not  oosy  to  discuss  this  point  construetivoly, 
ond  so  I slaply  record  my  own  view  that  such  rojoetion  is  proaoturo,  ond  that  tho 
introduction  of  tho  Boyosion  outlook  ond  of  prior  probobilitios  has  olroody 
paid  hondsooa  dividends  in  now  insights  ond  rosults  over  the  antiro  range  of 
stotistieol  theory. 

Thus,  unless  ons  rejects  eobarenee  os  o erltdrion,  toe  theoretieol 
inevitability  of  prior  probobiUties  seeas  beyond  dispute.  Whet  sosas  aost 
noeded  now  is  axperienoe  in  applying  these  ideas  to  rool  problaas,  rather  than 
eontinuod  thooretieol  oxagtsis.  In  this  spirit  I suoaorise  on  application  to 
too  eoaputer  interpretation  of  toe  ICO  doseribod  in  detail  olsowhero  [3]. 
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tf«  start  with  a k'dlaanalonal  vaetor  of  BCC  eharaetarlatlcs,  froo  a 
patiant  of  unknown  diagnostic  status.  (Ibis  statamant  glosaas  o/ar  what  is  In 
soma  raspaets  tha  hardast  part  of  tha  problaa  of  computarlzing  SCO's,  but  ona 
that  la  not  ralavant  hara.)  Ha  let  J index  the  possible  diagnostic  classes 
(J  " 1,4.. .,n}  and  astlaata  the  conditional  density  of  2L*  given  j,  say  f<ji|j}, 
from  data  on  patients  of  known  diagnostio  status.  Denoting,  as  before,  tha 
prior  probability  of  being  in  tha  diagnostic  class  by  q^,  we  compute  tha 
posterior  probability  of  being  in  eatagory  J,  given  as 

p(Jlit)  ■ *(&|j)gj/^r^f(4|i)gi. 

These  probabilities  are  printed  out  for  each  patient. 

nie  prior  probabilities  are  interpreted  as  the  relative  frequency  with 
which  patients  in  tha  different  diagnostic  classes  present  thsiuelves. 

Ttiese  quantities  are  often  not  known  precisely  and  for  that  reason  many  attempts 
at  medical  diagnosis  have  dispensed  with  the  concept  entirely  [4].  He,  on  the 
other  hand,  have  gene  ahead  and  eatlaiated  them  as  best  as  we  could,  separately 
for  each  institution  using  the  program,  as  illustrated  in  Tables  1 and  2. 

There  are  of  course  many  problems  involved  in  computer  interpretation  of 
the  geo*  These  are  slowly  being  identified  and  handled.  The  imprecision  with 
whieb  the  prior  probabilities  are  estimated  is  one  of  the  less  pressing  of  these. 

A more  important  one,  which  is  a consequence  of  the  Bayesian  formulation,  but 
which  exists  for  non-Bayes ian  approaches  as  well,  is  chat  a patient  may  not 
belong  to  any  of  the  diagnostic  classes  included  in  the  program,  in  which  case  the 
eonputed  probabilities  are  misleading.  (A  preliminary  Cast  of  the  hypothesis  that 
a patient  comes  from  one  of  the  n classes  seems  called  for  here  even  Chough 
this  falls  outsida  the  realm  of  Bayesian  ideas •} 


- 9 - 


Thar*  ar«  of  cours*  many  other  applications  of  Bayesian  ideas  that 
might  be  mentioned,  but  the  basic  point,  that  their  usefulness  must  be 
appraised  in  the  context  of  applications,  remains.  I hope  that  some  readers 
will  be  stimulated  to  try  them  out. 
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TABLE  1 


MiKUMMncATiOH  Matkik  Uuno  Pkiori  or  the  Aomittino  Orrici  or  VA  HotriTAL,  Wamino- 
ToN,  D.C.  (233«  Patienti)' 


Clinical 

(1) 

(2) 

(3) 

Computer 

(4) 

(5) 

(6) 

(7) 

Prior 

probabllitiea 

N 

(1) 

98.0* 

0.3 

0.7 

0.0 

0.3 

0.0 

0.3 

0.60 

AMI 

(2) 

14.3 

60.2 

3.S 

2.6 

12.3 

0.6 

6.1 

0.07 

PMI 

(3) 

11.6 

4.0 

77.3 

0.9 

3.1 

0.7 

2.4 

0.10 

LMI 

(4) 

8.2 

14.1 

2.4 

69.4 

2.4 

0.0 

3.3 

0.02 

LVH 

(3) 

34.8 

9.1 

3.6 

0.8 

44.7 

2.0 

3.0 

0.13 

RVH 

<6) 

48.8 

4.1 

2.9 

0.0 

4.1 

28.9 

11.6 

0.02 

PE 

(7) 

27.7 

8.4 

9.2 

0.9 

3.4 

2.6 

47.8 

0.06 

'Total percentafc correctly clinifled ••  91.0  x 0.60 -f  60.2  x 0.07  + ■ ■ • - 8 1 .4. 

* Note  that' only  2%  of  the  iiormali  art  mliclauiAed  with  a concomitant  Incruia  In  mliclaaal* 
fleationa  of  abnormal  racorda. 


N ■ normal 

AMI  “ antarlor  myocardial  infarct 
mi  ■ poatarlor  myocardial  Infarct 
IMZ  " lateral  myocardial  Infarct 
LVH  ■ left  ventricular  hypertrophy 
RVH  ■ right  ventricular  hypertrophy 
PE  “ pulmonary  ambollam 


TABLE  2 


MllCLAltinCATtON  MATMX  UUNU  PmIOM  OF  THE  CaROIOIjOi.Y  SEKVICI  OF  tH(  VA  HOUITAL 
WUT  ROXIUkV,  MA  <1336  PATIENTt)* 


Clinical 

(1) 

(2) 

<3) 

Computer 

<4) 

<S) 

<6) 

'2) 

Prior 

probabllitica 

N 

(I) 

76. 3‘ 

1.8 

3.2 

0.0 

13.4 

1.0 

2.2 

0.12 

AMI 

(2) 

3.5 

68.0 

3.8 

3.2 

19.2 

0.3 

2.0 

0.19 

PMI 

(3) 

1.3 

4.7 

84.2 

0.9 

6.5 

i.l 

1.3 

U.24 

LMI 

<4) 

1.2 

17.6 

1.2 

71.8 

7.1 

0.0 

1.2 

0.06 

LVH 

(S) 

12.7 

10.4 

6.1 

0.8 

64.7 

1.8 

3.0 

0.30 

RVH 

(6) 

21.3 

9.1 

8.3 

0.0 

14.9 

35.5 

10.7 

0.03 

PE 

<7) 

9.8 

IS.0 

12.1 

0.9 

11.0 

3.5 

47.8 

0.06 

* Total  pcreenltse  correctly  cluiifled  > 76.3  X 0.12  4- 68.0  X 0.19 69.9. 

* Note  that  24%  of  the  normal*  were  miiclauified  with  an  Inc  reate  in  correct  clauiflcationi'of 
abnormal*.  Thu*  *en*ilivily  and  *peeiHcity  of  the  method  can  be  adjutted  according  to  tpecilic 
requirement*. 
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StUctlon  and  Ranking  Procedures  for 
Multivariate  Normal  Populations* 


Shantf  S.  Gupta 
Department  of  Statistics 
Purdue  University 
West  Lafayette*  Indiana 


ABSTRACT. 

This  paper  deals  with  selection  and  ranking  procedures  for  multivariate 
normal  populations.  Let  be  N(]i.^i  c^},  1 ■ 1*....k*  be  k(^2)  multivariate 
normal  problems.  Procedures  for  selecting  a subset  containing  the  (unknown) 
population  with  the  smallest  generalized  variance*  the  largest  Mahalanobis 
distance  function  and  the  largest  (smallest)  multiple  correlation  coefficient 
are  described.  The  paper  also  surveys  other  known  results  In  ranking  problems 
for  these  populations  and  mentions  some  unsolved  problems. 


1.  INTRODUCTION.  The  classical  tests  of  homogeneity  are  Inadequate  In  many 
practical  situations  In  which  the  experimenter  has  to  make  a decision  regarding 
k populations.  This  Inadequacy  Is  not  In  the  development  of  these  tests  but 
rather  In  the  basic  formulation  Itself  which  is  not  designed  to  answer  many 
questions  which  are  of  real  Interest  to  the  experimenter.  The  early  attempts 
to  find  more  meaningful  formulations  led  to  partial  answers  in  the  form  of 
slippage  tests  and  tests  for  outliers.  Some  Important  contributions  have  been 
made  in  this  area«among  others»by  Hosteller  (1948)*  Grubbs  (1950),  Karlin  and 
Truax  (1960),  and  Doornbos  (1966).  The  initial  contributions  in  the  direction 
of  multiple  decision  problems  were  notably  made  by  Paulson  (1949)  and  Bahadur 
(1950).  The  basic  formulations  of  what  is  now  commonly  known  as  selection  and 
ranking  problems  are  due  to  Bechhofer  (1954)  and  Gupta  (1956). 


Let  ir^*...,ir|^  be  k independent  populations  with  underlying  distribution 
functions  Fg  * i ■ 1*...,k.  The  0^  are  unknown  values  of  a quality  characteristic 

0 which  is  used  as  the  criterion  for  ranking  the  populations.  To  be  specific. 
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wc  define  ir^  to  be  better  than  vj  If  0^  ordered  0^  be  denoted 

^M]  -^[2]  experimenter  Is  assumed  to  have  no  prior 

knowledge  regarding  the  correct  pairing  of  the  ordered  and  the  unordered  0^. 

The  goal  of  the  experimenter  1n  Its  simple  version  under  Bechhofer's 
formulation  is  to  choose  one  of  the  populations  and  claim  that  It  Is  the  best 
(I.e.  the  one  associated  with  A correct  selection  (CS)  In  this  formu- 

lation Is  the  selection  of  any  one  of  the  populations  associated  with 
Any  selection  rule  R Is  required  to  have  the  associated  probability  of  a 
correct  selection  denoted  by  P(CS|R)  at  least  as  large  as  a pre-determlned 

P*(^  < P*  < 1)  whenever  the  distance  (suitably  defined)  between  the  best  and 

the  second  best  populations*  denoted  by  ^[k-1]^'  least  as  large 

as  a specified  constant  6*  > 0.  Of  course,  the  experimenter  has  to  specify  P* 
and  6*  satisfactory  to  him.  The  problem  Is  to  determine  the  smallest  sample 
size  depending  on  6*  and  P*  and  other  parameters  which  will  meet  the  basic 
probability  requirement.  This  formulation  known  as  the  Indifference  zone 
formulation  derives  Its* name  from  the  fact  that  the  experimenter  Is  'Indifferent* 
to  distinguish  between  the  best  and  the  second  best  unless  they  are  sufficiently 
apart. 

The  goal  of  the  second  formulation  due  to  Gupta  (1956)  Is  to  select  a 
non-empty  subset  from  the  given  populations  so  as  to  Include  the  best  population. 
In  the  case  of  more  than  one  population  associated  with  one  of  them  Is  . 
assumed  to  have  been  tagged  as  the  best.  A correct  selection  In  this  case  will 
be  the  selection  of  any  subset  containing  the  best.  Under  this  subset  selection 
approach,  It  Is  required  that  for  any  rule  R,  P(CS|R)  >,  P*  whatever  be  the  true 
configuration  of  the  unknown  9^.  Here  the  subset  selected  Is  of  random  size 
and  one  wishes  to  select  a rule  which  satisfies  the  probability  required  with 
as  small  an  expected  subset  size  as  possible. 

Many  authors  have  contributed  to  the  area  of  subset  selection  procedures 
and  a general  survey  of  the  work  In  this  area  has  been  made  by  Gupta  and 
Panchapakesan  (1973).  Recently  some  work  has  been  done  by  Santner  (1973).  and 
Gupta  and  Santner  (1973)  connecting  the  Indifference  zone  and  subset  selection 
approaches . 

In  the  present  paper,  we  are  concerned  with  subset  selection  procedures 
for  multivariate  norma.l  populations  using  different  criteria  for  ranking  such 
as  the  generalized  variance.  Mahalanobis  distance  function  and  multiple 
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correlation  coefficient.  As  It  can  be  seen  from  the  subsequent  sections*  the 
statistics  employed  In  the  selection  rule  are  scalar-valued  and  have  univariate 
distributions.  Let  )^j*  J ■ 1,2*...»n,  be  a sample  of  size  n of  vector 
observations  from  ir^  which  Is  N(^*  £^),  1 - 1,2,...*k.  Let 

■ nTf  I “ ij)  (2L|o  “ i)'  ■ Sample  Covariance  Hatrix. 

#■1 


Now  we  discuss  the  selection  procedures  for  the  three  problems  mentioned 


above. 


iifii 


For  a multivariate  normal  distribution*  the  natural  measure  of  dispersion 
Is  the  covariance  matrix.  However*  It  Is  necessary*  for  the  purpose  of  selection* 
to  define  a meaningful  univariate  measure  of  dispersion.  Various  different 
measures  have  been  considered  In  statistical  literature*  but  none  of  these  Is 
uniformly  best*  In  the  sense  of  being  a robust  estimator  of  the  dispersion. 

The  generalized  variance  Is  quite  frequently  used  as  a measure  of  dispersion. 

So  we  discuss  selection  in  terms  of  this  generalized  variance  |z^|  associated 
with  ir^.  are  assumed  to  be  unknown.  Assume  also  that  are  unknown.  For 
selecting  a subset  containing  the  smallest  |£^|,  Gnanadesikcn  and  Gupta  (1970) 
studied  the  following  rule  R»  based  on  the  sample  covariance  matrices  S^, 

1 * l*2i...*k. 

R:  Select  Iff 

l^ll  ~ c I^Lln 

where  ■ m1n(iS^|,...,|S|^|)  and  c ■ c(k,p,n,P*)  Is  the  largest  value  to 

satisfy  the  basic  probability  requirement  Inf  P(CS|R)  >,  P*.  Note  0 < c je  1. 

It  has  been  shown  that 

Inf  P(CS|R)  - P(Y^  J - Z k)  where  Y,j 

are  independent.  Identically  distributed  random  variables*  each  being  the 
product  of  p Independent  factors,  the  rth  factor  being  distributed  as  a 
variable  with  (n-r)  d.f.  The  proof  follows  from  the  fact  that  |S^|  Is 
distributed  as  |£^|/(n-l)P  times  the  product  of  p ind.  with  (n-1), 
(n-2),...,(n-p}  d.f. 
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Th«  exact  distribution  of  Is  unknotm  except  when  p ••  2.  In  this  case. 

Inf  P(CS|R)  ■ P(Z,  Zj,  J ■ 2 k)  Mhere  Z^’are  1.1. d.  chi  square  with 

2(n-2)  d.f.  In  this  case  1$  the  lower  100(1-P*)  percentage  point  of 


min 


min 

2<J<k 


v.j^x  v.r  '' 


2n-4.  Tables  of  ^ are  available  from  Gupta  and 


Sobel  (1962)  who  studied  the  problem  of  selection  of  variances  of  normal 
populations. 

When  p > 2,  one  can  use  Noel's  approximation  for  the  distribution  of 

7 ' 

or  use  the  normal  approximation  for  x • Some  studies  of  these  approximations  were 
made  In  Gnanadeslkan  and  Gupta  (1970).  Heel  (1937)  suggested  approximating 

y|^P  by  the  distribution  having  the  density  function  g(y)  ■ x**^”“**^^^ 

y(p(n-p)/2)-l  ,-»y/r{Jp(„.p))  i . I 0 . lld^lLsijVp,  f„  p . 1,2, 


this  approximation  Is  exact. 


Performance  of  the  procedure  R was  studied  in  terms  of  risk  functions  using 
three  different  loss  functions.  If  the  ordered  generalized  variances  are  denoted 
1^1  [1]  Ul[k}*  functions  considered  for  including  In  the  subset 

the  population  whose  genVrallzed  variance  Is  were: 

(I)  h(E^)  - lE^I/lrlpj  - 1 

(II)  l-2^^i^  * *'*'^*^^  Increase  with  the 

generalized  variance,  and, 

(III)  l-3(s^)  ■ |p  where  S(1  <.  S <.  k)  Is  the  random  number  of  populations  Included 
in  the  subset. 

The  computations  of  the  risk  functions  associated  with  the  above  loss  functions, 

for  p - 2.  k • 2(1)5,  |i|  p j - where  a • 1.2(. 2)2. 0(. 5)3.0, 
n ■ 3(1)7  and  P*  - .75  indicate  that  £(12)  and  £(1^)  are  sensitive  to  changes  In 
the  values  of  the  parameters  and  are  decreasing  functions  of  a and  n.  In  the 
case  of  It  increases  in  the  range  of  values  of  a considered  when  n - 3 and 
for  other  values  of  n It  Increases  upto  a certain  point  and  then  decreases  as  a 
increases.  This  lack  of  monotonicity  of  E(L^  as  the  best  population  moves 
further  away  from  the  other  populations,  and  the  difficulty  of  its  interpretation 
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render  less  suitable  than  L2  and  Between  L2  and  due  to  ease  of 
Interpretation*  L3  seernfmore  appropriate  as  the  criterion  of  performance  of  R. 

Finally*  R was  shown  to  be  monotone  I.e.  for  all  1 < J* 

P[R  selects  the  pop.  with  1 P[R  selects  the  pop.  with  1^1  [jjl* 

On  approximating  the  constant  c - Aoproxlmatlon  to  the  dist.  of  Isl 

2 

Let  n * product  of  p factors  each  Ind.  central  x • the  rth  factor 
having  (n-r)d.f. 

(1)  Then  using  methods  of  probability  plotting.  It  Is  found  that  Noel's 

approximation  to  the  distribution  of  decreases  In  accuracy  as  p Increases. 

(11)  The  approximation  of  the  distribution  of  log  by  the  normal  distribution 

2 

Improves  with  d.f.,  v,  of  the  x variable.  For  v ^ 25*  the  maximum  differance 

between  the  quantiles  Is  £ .4  while  for  .05  ;<  a ^ .95.  the  difference  Is  less 

than  .05.  The  maximum  error  In  probability  In  using  the  percentage  point  of 

2 

the  standard  normal  distribution  as  those  of  standardized  log  x 
than  .02  for  n ^ 25  and  decreases  with  n. 

(Ill)  The  normal  approximation  for  log(general1zed  sample  variance)  Improves  with 
both  p and  n.  Approximating  the  dist.  of  ~ log  n by  the  normal 

Inf  P(CS|R)  - / ♦*‘"^(y-CM)de(y)  where  c?  “ (log  c)^/  X2(n-1)  where 

0 "*99”  1"1 

>2(n)  ■ Vardog  x„) 


3.  Selection  In  terms  of  distance  functions 


Gupta  (1966)  considered  the  problem  of  selection  of  a sqbset  of  k multi- 
variate normal  populations  which  would  Include  the  population  located  farthest 
away  from  the  origin,  where  the  distance  from  the  origin  of  the  population  with 
mean  vector,  and  covariance  matrix,  Is  defined  as  Mahalanobis 

distance  function.  Let  y^j  • where  we  assume  z^  are  all  equal  to  z 


and  x^j, 


1 ■ l.....ki  J 


on  the  1th  population.  Then 


1,...,n  Is  the  vector  with  p-components  of  observations 
n 


has  a non-central  x distribution  with 
1. 


np  d.f.  and  non-centrality  parameter  xj  ■ nx^  where  x^  ■ in*  selecting 


a subset  containing  the  largest  x^,  Gupta  proposed  the  rule  R. 

R:  Select  Iff  y^  >.  c max(y^,...,y|^)  where  0 « c ■ c(k,n,p,P*)  ^1  Is 
determined  to  satisfy  the  P*  probability  condition.  It  was  shown  that 

Inf  P(CS|R)“  Inf  / F!^T^(x/c)dF- , (x)  where  F.,(x)-cdf  of  a non-central  X^  with  np  d.f. 
X'>0  6 * * * 
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For  stitcting  the  populated  nearest  to  the  origini  R'  was  defined 
R':  Select  ir^  iff  m1n(yp...,y|^)  where  b ■ b(k»n,p,P*)  > 1 Is- 

again  determined  to  satisfy  the  P*  condition.  For  this  rule  R'. 

Inf  P(CS|R')  -Jnf  (x/b)]*'"’  dFj^,(x). 

Monotbnlcity  of  the  above  two  Integrals  wrt  x*  has  been  shown  by  Gupta 
(1966)  and  Gupta  and  Studden  (1970).  Both  Integrals  are  moncitonl tally 
Increasing  In  x*  so  that  the  Inf  takes  place  when  x*  - 0.'  Thus  the  problem 
reduces  to  selecting  the  gainna  population  with  the  largest  (smallest)  scale 
parameters t respect1ve1y»  which  Is  solved  In  Gupta  (1963)  and  In  Gupta  and 
Sobel  (1962)  where  appropriate  constants  are  available. 


To  be  precise!  Gupta  and  Studden  (1970)  considered  the  case  where 
are  not  necessarily  eoual  but  known.  In  this  case  the  procedure  Is  modified 
by  using  y^j  ■ They  also  studied  the  case  where  are  different 

but  all  unknown.  In  this  case,  let  Then  the  procedures  R^  and 

R*  are: 

I 


R^:  Select  ir^  Iff  cz^  >.max(z^ Z|^),  c > 1. 

R|:  Select  Iff  z^  b m1n(z^.....Z|^)«  b > 1. 


Gupta  and  Studden  (1970)  obtained  a sufficient  condition  for  the  monotone 
behavior  of  I(x)  ■ ^ Fjj'^(cx)dFj^(x)  and  J(x)  • 

• J 

where  fj^(x)  ■ J * 1 0 

4*0 

J "'Otl....  Is  a sequence  of  density  functions  on  [0,«).  This  condition  Is 
a special  case  of  a mere  general  condition  obtained  by  Gupta  and  Panchapakesan 
(1972)'  for  a class  of  more  general  rules.  The  sufficient  condition  Is  satisfied 
for  R.R*  and  also  for  R^  and  R|.  For  R^  and  Rj  the  constants  c and  b are  given 
by 


k-1 


« «(•)  Is  the  cdf  of  a central  F with  p and  n-p  d.f. 

Pgll-P 

It  should  be  pointed  out  that  the  procedures  R and  R*  for  C|  known  case 
are  not  strictly  analogous  to  the  procedures  R.|  and  Rj  for  the  unequal  and 
unknown  case.  If  we  use  In  R and  R' , the  constants  c and  b do  not 
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dtptnd  on  n,  a feature  which  Is  undesirable.  Alam  and  Rizvl  (1966)  use  this 
type  of  rule.  Another  procedure,  say,  for  the  case  of  ■ E,  for  all  1, 

'i  i W"*' 

where  d Is  given  by  Inf  / F*7  (x+d)f.,(x)dx  ■ P*  where  F and  f refer  to  non- 
xSO  0 * * 

2 ** 

central  x with  p d.f.  and  non-centrality  parameter  x*  ■ nx. 

Procedures  of  the  above  type  when  E^  ■ £,  known,  or  £^  not  equal  but  known, 
have  not  been  determined  In  the  sense  that  one  does  not  know  the  monotone 
behavior  of  the  Integral  Involving  d (above). 

Another  unsolved  problem  Is  the  case  where  £^  -...■  £|^  - £,  unknown, 
and  we  use  a pooled  estimate  of  £. 

4.  Selection  In  terms  of  multiple  correlation  coefficient 

The  random  vector  has  multivariate  distribution  N(ji^,£^)  where  and 
are  unknown.  Let  - P]  2 p multiple  correlation,  coefficient 

between  the  first  variable  and  the  rest  In  the  population  ir^  defined  by 

9 UJ 

1 - where  Is  the  leading  element  of  E^  and  Is  the 

matrix  obtained  from  e^  by  deleting  the  first  row  and  the  first  column.  This 
p^  (taken  to  be  the  positive  square  root  of  p^)  Is  the  maximum  of  the  correlation 
between  and  a linear  combination  of  x^2””'’^1p  possible  linear 

combinations  and  as  such  Is  a measure  of  the  dependence  of  ^1  on  ^^2**  * * *^lp* 

Gupta  and  Panchapakesan  (1969)  Investigated  the  problem  of  selectlno  a 
subset  containing  the  population  associated  with  P[|(](p[]]}>  ^ n.2.,.p 

denote  the  multiple  correlation  coefficient  obtained  from  the  sample  x^j, 

J > 1,...,n.  Two  cases: 

(I)  x^2"“>’^tp  fixed;  the  conditional  case. 

(II)  x.|2i...,x^P  are  random;  the  unconditional  case. 

The  following  rulei?has  been  Investigated  by  Gupta  and  Panchapakesan  (1969)  for 
the  selection  of  . 
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if:  Select  ift  >.  c max(R*^,.. . whore  R*^  ■ R^/(1-R^).  In 

the  above  rulOi  we  write  c(0  < c _<  1)  formally  both  for  the  conditional  case 
and  the  unconditional. 

Letting  , we  can  write  the  density  of  R*^  as 

^2(q+J),2m^’‘)*  unconditional  case 

“x<*^  " conditional  case. 

where  q ■ m ■ arid  ■ density  function  of  central  F with  r.s  d.f. 

It  Is  easy  to  show  that  u^^(x)  has  MLR  In  x and  hence  the  distribution  of 
R ^ is  stochastically  Increasing  In  x.  Hence 

Inf  P(CS|^  ■ Inf  ^ u|^’^(x/c)dUj^(x),  when  Uj^(x)  ■ cdf  corresponding  to  Uj^(x). 

A sufficient  condition  for  the  monotonlclty  of  the  above  Integral  Is 
obtained  by  Gupta  and  Panchapakesan  and  It  Is  verified  so  that  the  Inf  takes 
place  when  x ■ 0 for  the  unconditional  case.  For  the  conditional  case  the 
result  follows  from  the  paper  of  Gupta  and  Studden.  In  either  case  we  obtain 

• k.i 

Inf  P(CS)  ■ ^ ^ ^ to  central  F.  Table  1 

of  Gupta  and  Panchapakesan  (1969)  gives  values  of  the  constants  c.  which  are 
same  for  both  cases. 

For  selecting  the  population  with  the  smallest  p.  the  rule  1s^' 

if:  Select  ir.  Iff  dRj^  < min  R^^,  0 < d - d(k,n,p,P*  < 1. 

“ l<J<k  ”■ 

In  an  analogous  manner.  It  follows  for  both  cases 

(nf  P(CS|»)  . dFj,_2,(x)  . P*. 

Since  l"p2q,2m^*^^  “ ^2m,2q^H^'  coi^stantc  d can  be  obtained  from 
constants  c by  Interchanging  q and  m. 

Con.)d.r  J fJ5’_j„(|)<IFj,_2„(x)  • P*. 
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Hhtn  q and  n art  Integers  I.e.  p and  n are  odd,  we  can  use  series 
expansion  for  F2q  obtain  formulae  for  computing  c for  specified 

values  of  q,m  ana  P‘».  The  final  result  Is: 


p..  _JtosL_‘’V 

r(q)r(m)(l-c)"'  o-O  J«0 


(-n“(‘’J['’)a(k-l.J)(^j.)*^^K(c.m,q,opJ) 


where  a(r,J)  and  K(c,m,q,a,J)  are  given  by  certain  recurrence  relations. 
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UmtiffltBTATXai  or  analysis  of  variancc  effects  in  desions 

riELDINO  A SUBJECW  X TEBATHENT  IMTERACTIOM 


Ray  T.  Stamar,  Richard  S.  Tapllek,  and  Janaa  T.  Whaalar 
Latcaman  Amy  InaClCuta  of  Raaaareh 
Fltiaimona  Army  Madleal  Cantar 
Oanvar,  Colorado  802A0 


ABSTRACT.  Thla  paper  outllnaa  a propoaad  alcamatlva  analyala  for 
data  conwnly  obtalnad  undar  a ona-way,  wlthln-subjaeca  analyaia  of  vat- 
iaaea  daalgn.  Briefly . for  altuatlona  In  which  nultlpla  raplieataa  are 
obtalnad  within  traaCiaant  ealla.  It  la  arguad  Chat  Inclualon  of  Subjacta 
aa  an  indlganoua  factor  ylalda  laportaaC  Infomatlon  regarding  tha  nature 
of  aubjacta*  caaponalvlty  to  axparlnantal  traatnanta,  aa  wall  aa  tha 
rallablUcy  of  population  Infaranoaa.  Raaulta  of  an  anplrleal  application 
of  tha  analyaia  to  a aat  of  plaana  Vitamin  A obaarvaClona  obtalnad  from  8 
mala  vuluntaara  during  a auccaaalva»  50-waak  period  of  dietary  Vitamin  A 
raatrlctlon  ara  uaad  to  llluatrata  tha  approach.  Conwnta  from  dlacuaaanta 
almad  at  clarifying  (a)  legitimacy  of  tha  approach  (b)  potential  llmltatlona 
lopoaad  by  tha  oceurranca  of  a algnlflcant  Subjaeta  X Traatmant  term  upon 
Treatment  Infarancaa  and  (c)  altamatlva  malytlcal  proeaduraa  or  mathoda 
for  dealing  with  caaaa  yielding  auch  a Subjaeta  X Traatmant  Intaraetion 
ara  aoughe. 

1.  INTRODUCTI(ffl . One-way,  wlthin-aubjaeta  U.a.,  rapeaCad  maaauraa) 
tMlyaC*  of  vaTianca*  daaigna  ara  often  uaad  In  aaparlmanta  whaca:  (1) 

coats  of  tunning  multiple,  Indapendant  treatment  groupa  ara  prohlbitlva 
and/or  (2)  aatlnataa  of  axparlnantal  af facta  xalatlva  to  prior  control 
valuaa  offer  aufflclant  teat  of  propoaad  hypothaaaa.  Typically,  thla 
analyaia  partltlooa  total  axparlnantal  variation  Into  a Batwaan-Subjaeta 
and  Ulthln-Subjaeta  conponanta,  with  a aubsaquant  F-Ratlo  of  Batwaan- 
Traatnant/Raaldual  developed  from  the  Vlchin-Subjacta  component  (aaa 
Ulnar,  1971).  Although  thla  daalgn  controla  InCar-aubjaet  dlffamncaa 
In  variability  (l.a.,  variability  due  to  diffarancaa  In  tha  average 
raaponolvenoaa  of  aubjacta  la  removed  from  tha  Raaldual) , no  direct  teat 
of  aubjacta'  raaponalvlty  acroaa  traaCmanta  la  afforded  by  thla  analyaia. 

In  caaaa  whaca  nultlpla  raplieataa  ara  obtalnad  within  traatmant  ealla, 
however,  thla  aama  analyaia  can  be  viewed  aa  Involving  both  a Troatnant 
and  Subject  variance  conponant.  That  la,  eatlmataa  of  the  Batwaan-Subjacta 
and  Betwaan-Subjoeca  X Traatmant  varlanca  can  ba  obtained.  It  la  felt 
thaaa  eenponunta  provide  uaaful  Information  In  tha  aaaaeanant  of  tha  (1) 
nature  of  aubjact  raaponalvlty  (l.a.,  the  honoganaoua  or  hataroganaoua 
nature  In  the  way  aubjacta  raapond  to  apcclfle  traatnanta)  and  (2)  ganar- 
aliaablllty  of  on  obaarved  traatmant  affect  to  a population. 


2.  PR0P08BP  HOOKL.  Coosldst  Ch*  «n«ly«lt  of  vovtoneo 

nodol  u>o«»  «ic)>  Troocmone  a flxod  »d  Subjoota  • rondon  affoet  varlablo) : 


M 


•l  + bj  + 


*1J  “ij' 


(I) 


whoro,  X^j  rofora  to  an  obaarvatlon  of  aubJaot|  undar  traatnanti,  M 
rafars  to  tha  grand  oaan  tarm.  a^  rafara  to  a Sonatant  aaaoclatid  with 
aubjact^^,  bj  xafara  to  a conatant  aaaoelatad  with  traatmantj,  abij 
rafara  to  a aeoatant  aaaoelatad  with  tha  aubjao^  by  traatntntj  Ifttar- 
aetloo,  and  a«j  rafara  to  axparlmental  error.  Thla  la  tha  baaxe  addltlva 
■adal  lihleh  onaraetarlaaa  a a tralght forward  bfo-way  analyala  of  varianea 
oonprlaad  of  Subjacta  and  Traatnenta  (aaa  Ulnar.  1971). 

Xstandlng  tha  above  modal  to  tha  rayaatad  amaauraa  eaaa  In  which 
■ilelpla  roplleataa  ara  obtalnad  for  each  aubjaet  within  traatnant  ealla 
ylalda: 


*tjk  bj  + <1) 

whora,  rafara  to  a raplleata  of  aubjaet^  undar  traatnant j,  M rafara 
to  tha  grand  naan  tom.  a^  rafara  to  a conatant  aaaoelatad  wlm  aubjaet.  • 
bj  rafara  to  a conatant  aaaoelatad  with  treatment j.  CwCa^)  rafara  to  a ^ 
conatant  aaaoelatad  with  raplleata^  naatad  wlthuaubjaetj . abj^j  rafara 
to  a eonatant  aaaoelatad  with  tha  aubJact^  by  traatnant i Intaraetlon. 
bcjj((a|^)  rafara  to  a eonatant  aaaoelatad  with  tha  traatnantj  X raplieata|^ 
naitad  within  aubjaeti.  and  a^j|^  rafara  to  error.  Thua,  thi  propeaad 
nodal  nakaa  It  faaalbla  to  diaeuaa  the  potential  taatlng  of  varlaneaa 
attributable  to  Traatnant,  Subjaeta.  and  Traatnant  X Subjaeta  aourcaa. 
Additionally,  Inclualon  of  Sublacta  aa  an  Indlganeua  variable  would  aoan 
to  yield  laportant  Information  about  tha  uniformity  of  aubjaeta'  raapon- 
alvlty  to  aalaetad  axparlnantal  traatnanta,  highly  uaaful  data  la  attanpta 
to  ganarallaa  obaarvad  fladlnga  (traatnant  affaeta)  to  a daalgnatad  popu- 
lation . ^ 


3.  PgmCAL  APPLICATION  OP  THE  ANALYSIS.  In  a raeont  dietary  Vlta- 
nln  A raatrletloa  axparlnant,  50  weakly  Vitamin  A plaana  aatlmataa  (l.a., 
mg  Vltanla  A par  100  nl  Plaana)  ware  obtained  from  8 adult  nala  voluntaara 


^n  the  Dlaeuaalon  Saaalon  which  followed  praaantatlon  of  tha  currant 
papar.  Prof.  Cornfield  rafarrad  to  eartaln  alnllarltlaa  batwaan  tha 
eurrant  laaua  and  ona  alluded  to  by  hlnaalf  and  J.  U.  TOkay  la  aa 
earlier  publleatlen  (aaa  Cornfield  A Tukay,  1956). 
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for  purpoou  of  dotoninint  th«  "oharaetoriotle  Vlci«in-A-dop]Atloa  pocum  I 
of  hwMM."  Duo  eo  eonildoroblo  vorlobllicy  prooonc  In  eho  oboorvod  plosmo  I 

ootlMtoo  (portleulorly  during  th«  oorly  port  of  eho  oxporlnont) , It  woo  I 

doeldod  to  eroit  rootrletlon  oo  o "uecoocivo  oorloo  of  7.5,  2^ook  trootmont  j 
voJLuoo  (2  roplleotoo/ooooloa)  for  ooeh  oubjoet.  Moroovor,  o Log  eroni-’ 
fomotlon  of  eho  doto  woo  porfomod  In  ordor  to  (1)  ovoid  eho  llkollhood 
of  o trootnont  coll  of  foot  ylddlng  o nogatlvd  Vleonln  A value,  and  (2) 

Invoko  o oKilclpllcoclvo  modal  of  Viconln  A doplaclon,  an  approach  which 
aotnod  aora  raollotlc  for  daacriblng  tho  oxpoctad  daotaoooo  in  oubjocto' 
ploaao  At  Thua,  tho  doolgn  woo  oot  up  oo  a 25  (Traatmonea)  X 8 (Subjaoto) 

X 2 (Rapllootaa)  faoeorlol,  with  Traotaonto  and  Subjoeeo  vlawad  oo  ropoacod 
■oaauroa  and  Raplleatoo  nooeod  within  Subjoeca.  Thla  final  nodal  la  tho 
tana  aa  that  llotad  In  Equation  2,  with  tho  axeaptlon  that  Log  X^.,^  la 
aubatlcutad  for 

Raaulta  of  tha  analyala  of  varlanoa  aro  praaantad  in  Tabla  1.  Aa  anown, 
tho  Troatnant  X Subjaeta  (F*  2.65;  df"  168/192»  p<.05},  Traatmant  (F^  6.58; 
df  ■ 24/168,  p^.OS),  and  Subjaeta  tarma  (F*  7.04;  df"  7/8,  p<.05)  ware  all 
found  to  ba  algnlfleant.  \niaraaa  Intarpratatlona  of  tha  Troatnant  and 
Subjaeta  aaln  affaeta  ara  fairly  atralghtferward  (i.a.,  naan  Flaama  Vitanln 
A eatlnataa  dlffarad  algnifloantly  aereaa  tha  25  traatmant  aaaalona  aa 
wall  aa  batwaon  tha  8 aub jacta) , intarpratatlon  of  tha  Traatmant  X Subjaeta 
um  la  aora  diffieult.  Baaieally,  thla  tarn  Indieataa  that  tha  Flaama  A 
valuaa  for  aubjaeta  varlad  unlqualy  aa  a function  of  apaelfle  traatmant 
aaaalona . 


TABLE  1 

Analyala  of  varlanoa  for  Log  mg  Vitamin  A/100  ml  Flaama  valuot 
of  8 voluntaara  obtained  during  25,  2-waak  traatmant 
aaaalona  of  dlatary  A roatrietlon 
(I.a.,  2 raplleataa/aubjaet/traatmant  aaaalon) 


Source 

df 

MSq 

F 

Traataant 

24 

.988 

6.58* 

Treatment  X Subjaeta 
Traatmant  X Raplicetaa 

168 

.150 

2.65* 

w.  Subjaeta 

192 

.057 

Subjects 

7 

.777 

7.04* 

Raplloataa  w.  Subjects 

8 

.110 

Xn  an  attmapt  to  clarify  tha  Traatnaat  X Siibjoeta  InCaraetlon,  plota 
of  both  tha  rw  Plaana  A values  and  Log  Plasna  A values  for  each  subject 
by  treattaant  session  are  ahown  in  FiRucas  la  and  lb,  taepeetivaly.  (Hota 
that  tha  insert  of  Figure  la  also  shows  the  naan  ng  Vitamin  A/100  ad  Flesae 
by  Sessions  for  Che  group  of  8 subjects.)  As  can  be  seen  in  theae  graphs, 
whareos  all  8 of  Che  subjects  displayed  similar  dacraasas  in  Chair  Plasiae 
A values  during  the  first  part  of  restriction,  midway  through  tha  restrictive 
period,  5 subjects  showed  stabilisation  and  3 subjects  continued  Co  display 
large  decreases  in  Plasna  A.  This  indicates  s«d>Jects  were  heterogeneous 
in  f^air  response  to  prolonged  A restriction,  e result  which  Units  tha 
straightforward  inference  tliat  subjects  displayed  a charactarlstle  traatnant 
(dapletion)  pactacn  throughout  restriction. 

While  such  interaction  is  explainable  in  a nuiber  of  yimju  (i.e.,  widely 
differing  depletion  rates  among  individuals,  intake  of  foods  contai^ng 
Vicanin  A In  violation  of  dietary  ragiman,  etc.),  the  signifieanea  of  e 
Subj  lets  X Traatnant  term  would  sawn  to  argue  against  the  ganerelisabiUty 
of  tha  Treatnsnt  naln  affect.  That  is,  if  it  is  concluded  on  the  basis 
of  the  Traatnant  affect  tliat  SO  weeks  exposure  to  dietary  Vitasiin  A restric- 
tion produces  aignif leant  depletion,  any  inference  regarding  the  ''charac- 
teristic dapletion  rate  of  humans"  still  remains  suspect  due  to  the  apparent 
differences  shown  by  certain  of  the  subjects.  Thus,  whereas  under  the 
elassical  one-way,  wlthln-subjeets  analysis,  one  wo^d  be  led  to  conclude 
that  Vitamin  A was  slipiifieancly  daereoaed  during  a 50-week  period  of 
restriction  (i.e.,  a result  also  yielded  by  the  current  approach),  the 
occurrence  of  Std>Ject  X Treatment  interaction  in  the  proposed  analyels 
would  suggest  such  a conclusion  be  qualified,  if  not  ignored  altogether. 
Regardless  of  the  pragmatic  conclusion,  however,  the  current  analysis 
would  seen  to  provide  additional  Information  regarding  interpretation 
and  Inferences  about  the  Treatment  effect  which  has  utility  to  a variety 
of  reeeareh  situations. 

A.  PISCUSSAMT  QUESTIOMS.  In  conclusion,  several  questions  coneeming 
oppircotion *of 'the  propoa'ed  analysis  are  noted. ^ Specifically,  these  are: 

1.  Are  there  any  problems  with  legitinacy  of  tha  analysis? 

2.  I'Hut  are  tha  inference  limitations  imposed  upon  the  Treatment 
effect  by  occurrence  of  the  Subjects  X Treatnsnt  interaction? 

3.  What  would  be  an  appropriate  method  to  quantify  the  divergence 
of  subjects? 

4.  What  critaria  con  be  used  for  determining  the  appropriateness 
of  data  transformation (s)  in  the  currant  analysis? 


2 

Discussants  for  the  currant  paper  were:  Prof.  J.  Cornfield,  Prof. 

G.  Liebcrman,  and  Prof.  W.  A.  Thompson,  Jr. 
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Z eeaMad  thn  authora  for  an  intarnaclng  papar  with  wall  atatad  natba- 
natleal  aaauaaelona.  I hava  no  qualna  about  tha  nathanaeieal  nadal  and 
liialr  traatnant  of  it.  Uowawar,  Z hava  aound  raaarvatlena  about  dia  appli- 
cation of  tha  phpaical  problan  to  thia  nath  nodal.  Z aaplaln  aa  foUowat 

Tha  tan  "traatnant"  la  uaad,  and  than  an  25  "tnatnanta."  Bowavar, 
tha  "tnatMota"  an  Just  bi-waakly  obaarvationa , i.a.,  "tnatnanta"  an 
txna.  Thua,  tha  tan  tnatnant  la  artificial.  1 baliava  that  tha  autben 
aira  iatanatad  la  long  run  tranda,  aa  oppoaad  to  nlner  f luetuatlona . Tha 
auggaatad  aaalyala  of  varlanea  approach  deaan't  anawar  thia  quaation.  Purtbar- 
nora*  than  ia  a quaation  in  agp  nlnd  whathar  or  not  tha  hcnoaeadaatieitp 
•aauavtion,  within  a aubjaet,  la  walld.  Z baliava  that  ena  aubjaet  nay  ba 
non  variablo  than  anothar,  and  thia  variation  la  inportant.  1 baliava  that 
diaaa  oonnanta  addnaa  tha  flnt  ra&cam  nantionad  In  tha  papar. 

Tha  aaeond  eoneacn  can  ba  anawand  by  tha  uaual  anawar  for  naln  affaeta 
In  tha  pnaanca  of  Intaraetion.  Tha  Intaraetion  aaya  that  tha  vltnaln  A 
eoncantratlon  daeraaaaa  In  aona  aubjacta  and  ataya  tha  aana  or  parhapa 
Inenaaaa  in  othar  aubjacta.  Thia  InpUaa  than  an  "traatnant  diffaraneaa." 

Tha  third  ana  of  concern  la  tha  haart  of  tha  problan  In  diat  It  nqulna 
aona  auggaatlon  about  how  to  handla  tha  overall  analyala.  Zn  tha  abaanaa 
of  non  inforautlon,  Z would  plot  tha  vltaaln  A plaana  aa  a function  of 
tiaa  (par  waak)  for  aach  aubjaet,  and  aaa  what  conclualona  can  ba  drawn 
fron  aach  aubjaet. 

Tha  final  araa  of  concam  ia  dia  "tranaforaation."  Z approve  of  tha 
log  tranafornaticn  boeauaa  it  handlaa  tha  eaaa  whan  variability  ia  pro- 
portional to  the  ooncantratimt  laval,  and  Z baliava  thia  to  ba  valid  in 
thia  caaa. 


fxpt,  Thqpptwii 

An  altanuitlvt  ■iftlysli  of  thM«  data  la  augtaatad  by  Flguta  1.  Xt 
ippaan  that  a quadratic  cagraaaloa  aquation  of  Log  eoneantratlona  (2) 
tlM  (x)  nay  ba  fitted  to  tha  data  for  aaeh  veluntaar.  Thia  laada  to 
alidtt  ragraaalon  aquatloaa  oC  tha  form 

+ + (3) 

ana  for  aaeh  voluntaar.  Sagraaalen  aquatiena  of  thia  fom  would  ba 
particularly  InfotMtiva  If  8<0«  yfP*  for  tha  a*  would  ba  an  aayaptota  aa 
X It  would  alao  ba  latariMtlaii  to  taat  tha  hypethoala  that  all 
al|ht  ragraaaloa  aquatlona  ara  in  fact  tha  aaaot  for  than  tha  Indiwlduala 
of  tha  population  can  ba  thought  of  aa  having  tha  aaaa  daplotlan  pattacn. 
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ABSTRACT . To  utilize  tracer  data  to  assess  relative  rates  of 
Vitauin  A utilization  under  dietary  restriction  a four-conpartinent 
model  was  developed.  Ideally,  the  matrix  of  transition  probabilities 
for  this  model  could  le  obtained  by  finding  its  four  eigenvalues  and 
eigenvectors  by  fitting  an  equation  with  four  exponential  terms  to  the 
tracer  data  from  each  compartment.  However,  since  data  was  obtained 
from  only  two  compartments,  two  less  direct  techniques  were  utilized. 

In  one  attempt  to  solve  the  model,  tlie  data  from  each  of  these 
ft^o  compartments  was  fit  with  such  a multiexponsntial  equation.  The 
resulting  two  eigenvectors  and  four  eigenvalues  were  used  to  try  to 
solve  twelve  nonlinear  simultaneous  equations . Tills  proved  to  be  very 
complex  and  dependencies  were  eventually  uncovered.  A second  attempt 
utilized  the  eigenvalues  from  the  first  fit  to  derive  an  equation 
describing  tlie  second  set  of  data  explicitly  in  terms  of  transition 
probabilities,  volumes  and  two  eigenvectors.  The  parameters  of  this 
equation  were  then  adjusted  to  fit  the  data.  This  technique  yielded 
a physically  unrealizable  solution.  However  the  attempts  to  obtain 
solutions  using  these  methods  Illustrate  a number  of  problems  common 
to  this  class  of  models. 

1.  INTRODUCTIOU . In  the  late  1960s  eight  adult  males  were 
studied  for  a two  and  one  half  year  period  to  acquire  information 
about  human  requirements  for  Vitamin  A.  This  study  included  a 360 
to  771  day  depletion  phase  during  which  exogenous  Vitamin  A Intake 
was  to  be  eliminated.  At  tlie  beginning  of  the  depletion  phase,  seven 
of  the  subjects  were  given  an  intravenous  tracer  dose  of  labeled 
retinol.  At  vazrylng  intervals  tlie  label  present  in.  plasma,  plasma 
retinol,  feces,  urine  and  breath  was  determined.  The  original  intent 
was  to  use  specific  activity  of  the  tracer  to  cal.culate  the  body 
stores  of  Vitamin  A.  However,  since  this  involves  an  open  system  the 
label  will  never  equilibrate  with  the  body  stores.  Thus  specific 
activity  should  vary  with  time  and  cannot  be  used  directly  to  calculate 
body  stores  of  retinol.  Therefore,  an  alternative  method  to  estimate 
total  retinol  stores  as  a function  of  Cine  was  sought.  The  approach 
seJected  was  tc  model  the  system. 
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1111:  HOUEL.  The  slmplesC  model  whicli  is  in  any  way  realistic 

is  shown  in  Figure  1.  The  assumptions  made  for  this  model  are  as  follows: 

a.  The  loss  or  gain  of  retinol  in  any  compartment  follows  first 
order  kinetics.  Therefore,  there  is  no  active  transport. 

b.  Retinol  exists  in  blood  both  boimd  to  serum  proteins  and  in  a 
free  form. 

c.  All  conpartnents  cotmunicate  directly  with  tlie  free  serum  retinol 
compartment  but  not  directly  with  each  other. 

d.  The  volumes  of  all  compartments  are  fixed. 

e.  The  bolus  of  labeled  retinol  was  Introduced  directly  into  he 
free  blood  compartment. 

The  general  form  of  the  set  of  first  order  differential  equations 
generated  by  this  model  is  shown  at  the  bottom  of  Figure  1. 

These  equations,  written  explicitly  for  this  model  in  terms  of 
concentrations  rather  than  quantities,  are  seen  in  Figure  2A.  The 
Initial  conditions  are  given  in  Figure  2B.  Since  the  bolus  of  label 
is  introduced  only  into  the  free-blood  compartment  (C2) ; if  rapid  in- 
jection and  mixing  are  assumed,  tiie  label  in  this  cempartnent  at  zero 
tine  equals  tlie  initial  dose.  Additionally,  at  zero  tine,  there  can 
be  no  label  in  any  of  the  other  three  compartments. 

The  known  or  measured  parameters  used  in  seeking  solutions  of  the 
model  are  given  in  Figure  2C.  The  concentration  of  labeled  retinol 
in  blood  was  determined  at  varying  intervals.  Thus  these  values  reflect 
both  blood  compartments . Fecal  samples  were  collected  and  pooled 
for  one  week  periods.  A3_iquots  were  counted  and  total  weights  measured 
giving  a figure  for  label  lost  per  week.  This  was  converted  to  a 
one-day  figure  and  assumed  to  reflect  the  loss  at  mid-week.  Tlie  blood 
volume  was  detemined  by  dilution  tedmiques.  The  problem,  then, 
is  to  derive  the  parameters  of  t’.ie  model  from  tlie  data. 

The  general  form  of  tlie  solution  to  tlie 

set  of  differential  equations  is  shown  in  Figure  3A.  This  solution 
is  derived  by  taking  the  Laplace  Transform  of  the  equations  and  solving 
them  for  the  transform  of  the  concentration  in  any  compartment.  This 
solution,  shown  on  the  right  of  the  equal  sign  in  Figure  3A,  always 
has  a fourth  degree  polynomial  in  S for  a denominator.  A second  degree 
polynomial  in  S forms  tlie  numerator  for  all  compartments  except  the 
free-blood  compartment  wliich  is  third  decree  in  S.  The  inverse  Laplace 
transform  of  this  function,  shown  on  die  left  in  Figure  3A,  is  a weighted 
sum  of  four  exponential  terms  where  the  aj's  are  the  same  for  all 
compartments  and  the  's  differ. 


Any  attempt  to  solve  for  the  defining  parameters  of  the  toodel 
will  Involve  nonlinear  curve  fitting.  The  major  differences  among 
these  approaches  depend  upon  the  available  Information.  If  data  are 
available  for  the  concentration  or  amoimt  of  label  as  a fimctlon  of 
time  In  each  of  the  four  compartments  the  simplest  technique  Is  to 
fit  tlie  four  exponential  equation  to  the  data  for  each  compartment. 

Since  tlie  a^  are  the  same  In  each  compartment,  once  they  are  determined 
for  any  compartment  using  nonlinear  fitting  techniques , the  data  for 
the  remaining  three  compartments  may  be  fit  linearly.  As  Illustrated 
In  Figure  3B,  the  A^^.  are  components  of  the  eigenvector  corresponding 
to  the  eigenvalue  a,^for  the  matrix  of  transition  probabilities.  There- 
fore, as  Illustrates,  tlie  transition  probabilities  can  easily  be  calcu- 
lated If  (A{.)  Is  non-singular.  This  method  could  not  be  used  for 
this  model  since  a direct  measure  of  labeled  retinol  was  available 
only  for  the  combined  concentration  of  the  two  blood  compartments. 


It  Is  readily  shown  that  each  A^j  may  be  written  as  an  explicit 
nonlinear  function  of  transition  pr6babllJ.tles  and  volumes.  The  exact 
form  can  be  derived  from  the  equation  In  Figure  3C. 

The  a,  0 and  6 may  be  determined  by  placing  solutions  for 

concentrations  In  Laplace  space  Into  the  form  given  on  the  nj^t  In 
Figure  3A.  The  total  blood  concentration  can  be  expressed  as  a weighted 
sum  of  four  exponential  terms  since  It  Is  a linear  coirblnatlon  of  the 
two  blood  compartr>ents . A similar  form  can  be  derived  for  fecal  excretion. 
Therefore,  the  four  eigenvalues,  and  the  eigenvectors  for  the  total 
blood  concentration  for  the  fecal  excretion  may  be  found  by  nonllnearly 
fitting  one  set  of  data  and  using  the  eigenvalues  determined  from  this 
fit  to  linearly  fit  other  set  of  data.  The  two  eigenvectors  and  four 
eigenvalues  thus  determined  can  be  \ised  to  derive  twelve  equations 
which  are  nonlinear  functions  of  the  el^t  transition  prob^llitles 
and  the  four  volumes.  Eight  of  these  equations  are  derived  from  the 
equation  In  Figure  3C.  The  other  four  are  formed  by  writing  the  denomi- 
nator of  the  solutions  In  Laplace  space  In  the  form  of  the  denominator 
given  on  tlie  right  In  Figure  3A.  It  appeared  that  there  were  twelve 
equations  and  twelve  unknotms.  However,  after  considerable  algebraic 
manipulation,  dependencies  could  be  demonstrated  between  severail  of 
the  equations . Thus  It  was  apparent  that  a solution  could  not  be  derived 
In  this  fashion  and  this  method  was  abandoned.  Retrospectively,  this 
Is  obvious  as  half  of  the  eigenvectors  and  all  of  the  eigenvalues  are 
Insufficient  for  reconstructing  the  original  matrix. 


A second  approach  was  devised  which  uses  nonlinear  minimization 
techniques  to  find  the  unknown  parameters  using  as  few  variables  In 
tlie  minimization  as  possible.  Figure  4 Illustrates  this  approach 
for  the  blood  compartments . By  using  the  equation  relating  to 
C2 , (Figure  4A)  the  general  form  of  the  solution  (Figure  4B)  ^d  the 


unknown  oonsCralnCs  (Figure  4C)  the  total  blood  concentration  can 
be  written  as  a function  of  the  four  eigenvalues,  and  the  bound  blood 
eigenvectors,  voluiae  and  associated  transition  probabiliites . 

Figure  AE  illustrates  this  equation.  The  eigenvalues  were  deter- 
mined by  fitting  the  fecal  data  using  a nonlinear  least  squares  approach. 
Tills  data  was  chosen  rather  tlian  labeled  blood  retinol  data  because 
more  data  points  were  available  and  because  there  was  no  blood  data 
available  for  the  first  ten  hours  of  tiie  study.  Initial  values  for 
tlie  fit  were  estimated  by  peeling  two  exponentials  from  tlie  tail  of 
the  fecal  data  and  guessing  tlie  remaining  values.  It  was  also  evident 
that  all  eigenvalues  and  at  least  one  of  the  had  to  be  negative. 

The  fitting  routine  incorporates  provisions  for  random  searches 
and  several  gradient  and  nongradient  minimization  techniques.  Parameters 
may  also  be  fixed  while  others  are  permitted  to  vary.  A procedure 
is  also  available  to  attempt  to  subtract  out  a local  minima  and  continue 
tlie  search.  All  runs  were  on  a CDC  7600.  A positive  definite  Hessian 
matrix  was  eventually  found  although  several  parameters  had  to  be  altered 
manually  to  escape  local  minima-  A positive  definite  Hessian  was  also 
obtained  for  the  equations  of  Figure  AE  using  the  eigenvalues  derived 
from  the  fecal  data.  The  derived  parameters  appeared  reasonable.  Sub- 
sequently a linear  fit  was  performed  on  the  total  blood  compartment. 

Using  this  fit  and  the  calculated  bound-blood  equation,  the  equation 
for  the  concentration  of  retinol  in  the  fyce  blood  compartnent  was 
calculated.  This  produced  one  negative  component  in  the  eigenvector 
wliich  drove  the  calculated  labeled  retinol  negative  for  the  first  five 
hours  of  the  study  and  caused  a maxitmiia  to  be  reached  at  about  26  hours. 
Because  these  results  are  physically  impossible,  further  efforts  were 
abandoned.  However,  had  this  not  occurred,  a similar  technique  would 
have  been  used  to  determine  the  parameters  associated  with  the  liver 
compartment  in  conjunction  with  the  measured  fecal  excretion  and  calculated 
free-blood  pool.  The  parameters  for  the  last  compartment  (other  tissues) 
would  have  been  determined  using  the  sane  technique  along  vT  th  the 
calculated  label  remaining  in  the  body  (assuming  the  percent  metabolites 
to  be  insignificant)  minus  the  quantity  calculated  to  be  in  the  three 
determined  pools . The  resultant  eigenvectors  and  eigenvalues  were 
to  be  used  to  recalculate  the  volumes  and  transition  probabilities 
as  in  Figure  3B.  These  new  values  would  be  used  as  starting  points 
for  new  solutions  to  be  calculated  in  tlie  same  manner  as  the  original 
solutions . It  was  hoped  that  eventually  the  fitted  parameters  would 
correspond  to  those  calculated  from  the  eigenvalues  and  eigenvectors. 

The  reason  this  technique  was  to  be  employed  was  in  the  hope  of  circum- 
venting the  difficulties  inherent  in  the  use  and  interpretation  of 
nonlinear  .Jnimization  techniques. 
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4.  PROBLEMS  WITH  THE  TECHNIQUE.  Regardless  of  the  approach  taken, 
some  nonlinear  curve  fitting  must  be  performed.  If  measurements  are 
available  for  all  compartments,  onTy  one  nonlinear  fit  adjusting  seven 
parameters  is  needed.  This  method  was  utilized  to  fit  the  fecal  data. 

In  the  second  approach  used  to  solve  the  model  this  fit  was  used  as 
the  basis  for  a second  nonlinear  fit  adjusting  six  additional  parameters. 

An  alternative  would  have  been  one  fit  for  10  parameters  which  would 
have  also  determined  the  eigenvalues.  It  is  evident  that  when  fewer 
parameters  are  fit  more  nonlinear  fits  are  needed.  This  is  counterbalanced 
by  the  mounting  difficulties  in  fitting  more  parameters  simultaneously. 

All  fits,  regardless  of  technique,  are  dependent  upon  the  initial  values 
chosen.  In  this  study,  only  crude  guesses  could  be  made  for  initial 
values.  If  an  improper  set  of  initial  values  is  used,  the  nonlinear  fit 
becomes  trapped  in  a local  minimum.  This  was  amply  clear  from  futile 
attempts  to  better  the  fit  using  random  searches;  successively  fixing 
parameters;  and  subtracting  out  local  minima.  Yet  when  a different 
set  of  starting  values  was  selected  a better  fit  resulted. 

It  is  obvious  from  the  form  of  the  fecal  data,  which  is  initially 
zero;  reaches  a peak  in  about  24  hours  and  then  monotonically  decreases; 
that  at  least  one  of  the  A^^  had  to  be  negative  and  that  all  of  the 

eigenvalues  must  be  negative.  If  a physical  interpretation  could  be 
affixed  to  the  eigenvectors,  reasonable  starting  points  and  constraints 
might  be  derived.  However,  I am  unable  to  find  any  such  interpretion . 

Is  it  valid  to  assume  that  a fit  with  a positive  definite  Hessian  matrix 
is  the  best  fit?  If  so,  should  starting  values  be  altered  until  a 
positive  definite  Hessian  can  be  found.  If,  as  in  this  case,  the  model 
fails  to  yield  a reasonable  solution,  how  can  one  decide  if  it  is  the 
model,  the  techniques,  the  data,  or  a combination  of  these  factors 
causing  the  difficulty.  Additionally,  if  a reasonable  solution  is 
obtained  without  finding  a positive  definite  Hessian  is  it  valid  to 
use  this  solution  and  to  coct^are  the  solution  for  one  subject  to  another. 
Finally,  can  any  form  of  confidence  intervals  be  placed  around  the 
calculated  parameters? 

5,  COMMENTS  BY  ONE  OF  THE  PANELISTS.  The  author  is  grateful  to 
Professor  Jerome  Cornfield  for  the  following  remarks  on  a possible 
methods  for  treating  the  troublesome  problems: 
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X hcv«  b««n  itiaulcud  by  this  v«ry  ine«r«teing  pap«r  to 

[1]  eh*  «pplie*elon  of  H.O.  Hartlay'i  aatiiod  of  Incarnal  loose  squoroo 

[2]  eo  eho  anolyal*  of  Bulei'eaMporOMne  aod*!*.  Th*  nojer  rooson  for 
Invo* eigoelng  ehl*  oothod  i*  thoe  eortoin  poraoMeora  of  eh*  modol  can  be 
■ad*  eo  appear  linearly,  so  ehae  eh*  eonpueaeions  beeoM  greaely  alapllfiad. 

A Major  eonaequene*  of  ehla  aiaplieiey  ia  ^ac  eh*  iasu*  of  whoehor  the 
oxlaeonc*  of  four  eoaparbaonea  ean  b*  inferred  fron  neaaureaene*  qp  only 
evo,  can  be  Invoatigaeod  in  a very  direoe  way.  My  own  working  hypetheai* 

ia  ehae  only  diraet  neasurenenea  of  eoneenerationa  In  eh*  eonparbaanea 
in  queaeion,  aueh  aa  ehoa*  raporeed  by  Dunean  *e  al  [3],  }fill  provide 
aaeiafaogory  anawera.  Such  direoe  ■eaauranene  ia  noe  poaaibl*  when  eh* 
aubjecea  are  huatana,  so  ehae  ie  aeeaa  eaaeneial  eo  have  a aeaeiaeleal  baaia 
for  deeerAining  whoehor  a given  body  of  data  will  pamle  reliable  indireoe 
eaeiauieion  of  eh*  paraoMeera  of  unobaerved  eoaparcnonea  froa  direoe  Maeurenane 
on  obaerved  onea. 

One^Cowparbaant  Model 

Searting  wich  a one-oonpateaene  aodel,  tihe  diffareneial  equaeion,  uaisg 
quaneieioa  of  label  throughoue  ia 

(1) 

Ineegraeing  boeh  aides  fron  eine  0 to  e,  w*  have 

e 

(2)  Q - I-Xj  Qde  , 

where  I is  tii*  bolus  injeoeed*'  » 

If  observations  q|  are  nada  at  eiaa  t|  (i«l,2...r>,  estlaat* 


(3) 


3i 


lo««qi-i-lo8,  q, 


' 


L 


«h«M  «nd  qg"l* 

((3)  is  obtsinsd  by  pssslns  sn  sxponsntlsl  through  ths  points  st  t|.x*»^  t| 
snd  .intsgrsting. ) Sst 

<^)  «i  ^ 7f 

snd  sstlAsts  X ss  ths  constant  in  ths  linsar  nodal. 

<5)  qj  • I - XX|  •<*  c • 


r 

i.a.  by  minimising  '^XX()”/V|  (vhors  Var(q|)«V|)  ox  soma  othsr 

eonvaniant  proesdura.  A standard  srror,  eonfidanea  intarval  or  othsr  tusasura 
of  unoartainty  can  bs  similarly  obtainsd.  This  formulation^  whieh  is 
asssntially  dus  to  Hartlayt  llnaarisas  ths  problsm.  Hia  quaation  of  tha 
affieianey  of  ths  astlmata  ssaAs  of  sseondary  importanea  in  this  eontaxt 
and  wa  shall  not  pursua  it. 

Pwcompartoant  nodal 

Tha  modal  is  da fined  by  the  aquations 


(6) 


dQi 

Tt 


” (Xxa  + Xie)Qi  + ^iQs 


<»Qs 

dt 


XtgQi'dai  ‘^^e)Qs* 


Conpartmsnt  1 corrasponds  to  tha  blood-fraa  oomparnnant,  eompartmant  2 to  a 
honoganaoua  all-othar  eonpartaiant,  whila  Xie  ***  constants  governing 


31 


th«  eve  feena  of  eicer«tloo»  XnMgratlng  a»  befero 

Qi  ■ I - (Xx* +X»o)J*^Qxdt  + VnJ‘^Q,dt 

(7) 

Qa  ■ XxaJ^Qi^t  “(X*x +Xoo)J**^Qa^*  • 

0 0 

ObaarvaClena  of  mounea  in  oomparenont  1»  aro  Mda  at  tlna  and  of 
Uj|,  the  afflounC  axeracad  fren  eonpatenant  J batwaan  tj^i.x)  end  tj|  (J*lt2). 

Ho  obaarvaCiona  ara  mada  on  eomparanant  2.  Va  daflna  x^i  aa  In  eha  ona 

Zk  ,.64 

eompartnane  nodal  and  aatlnata  J^^Q^de  in  aquatlona  (7)  aa  x^g.  To 
aatlnata  Q^dt  va  lat 

(8)  • I • qjg-"eumulatlva  amt.  axeratad, 

whara  eha  laat  tarn  la  aaelnatad  fron  eha  U|g.  Ha  paaa  ovar  tha  datalla  of 
titla  aaeimaeion  aa  atraightfoiward  and  of  no  intrlnaio  inearaat*  Ha  nov 
eraae  eha  qn  In  eha  aana  faahlon  aa  eha  qg  of  eha  ona-oonparteane  nodal 
to  obtain  j^g  aa  aaeiaataa  of  J^*Q(dc.  Ha  titan  aatlnata  (Xia'*‘X|o)  *nd  l«x 
fron  eha  linaav  nodal 

(9)  ■ 1 • CXja '^Xio)*i4 +Xai>*ai 

by  laaat  aquaraa  or  aona  othar  oonvanlant  proeadura.  Xie  end  ean  ba 
aaelBMtad  fron  eha  llnaar  nodala 

(10)  Ugg  - Xjoyii  J ■ 

il 

For  eha  2 conparnsane  nodal  Qg  ia  a llnaar  eonbinatlon  of  2 axponanetala 
and  altamaelvaly  ona  night  oonaldar  paaaing  aueh  a eurva  through  tha 
A poinea  qg.q«  4|.|>  4t  end  qg^  ^ and  Intagrating  batvaan  qg.g  and  q.g. 
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Bttlnates  of  th«  uneartalnty  of  fcha  •■tlnaead  oonitantt  can  be  obtalnad,  at  for 
tha  one  oompartsnant  ease,  from  aCandard  linear  regreaalon  theory. 

Hiraa  compartment  modal 

The  foregoing  Is  all  preliminary  to  a consideration  of  whether  tha 
observations  and  Ujj  will  support  the  separation  of  the  assuaed  horoo- 
ganaous  all»othar  compartment  into  two  or  more*  The  differential  aquations 
are 

dQ. 

+Xia  +Xio)9i  * XeiQs+  XaiQs 

(11)  dt**  " 

“5^  ■ XiaQi  • (^1+  ^ao^Qs* 
which  on  integration  become 

fe  t t 

■ ^"^X^,+  Xjj+  XjQ>J^Q,dt  + laj/gPedt  + XaxJ'^jQjdt 

Q,  - Xi.;‘Qjdt.<X.,+Xao>J’oQsdt 

Qs  ' ^laJ’^Qjdt- (Xai +Xao)J’^Qadt 

Letting  Qg  > Qs '^Qs  have  from  the  sum  of  the  last  two  equations 

ci3>  qJ  - (Xjg +Xj,);Vdt- (x;^+xjg>;j;dt , 


where  X#i  + XJo  “ 


JqQs<**='*’(^3i'*'^sc^  JaQadt 


XSQsdt  + 


JoQadt 


Equation  (13)  is  of  the  some  form  as  the  second  of  aquationa  (7)i  except 
that  the  quantity  Xgg,  which  is  constant  over  time  in  that  equation 
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i>  liy  ^ wmgagv 

ov*r  tljM  if  J^Qa  dt/J^Qadt  t*  not  eontUat  for  oil  t.  Th«  ability  to 
break  the  lumpad  all*«tliar  oonpartnant  into  two  or  nora  aaparata 
eompartnanta  in  tha  abaance  of  dlraet  maaauronanta  ia  thua  antlraly 
dependent  on  the  non-conatancy  of  Xai+  ?ao  infaraneaa  that  can  be 

draim  from  thia  non^eonataney. 

Bahavior  of 

Iha  bahavior  of  tha  function  can  now  ba  directly  invaaeitatad 

by  firat  fitting  a two  eonpartment  modal  from  aquationa  (9)  and  (U^.  Ha 
than  aubatitute  obaarvad  quantitiaa  for  tha  aaeond  of  aquationa  (7)  to  obtain 

(14)  4ai  " ^ia*i.i“(^i‘*‘ ^o)*ai  • 

Uaing  tha  value  of  Xia  aatimatad  from  tha  bfo  eomparOitant  aaaunption  ona  can 
compute  for  each  t^  tha  quantity 

(15)  4ai*  ^ia*ti 

*bi 

and  obaerva  ita  bahaviot  over  tlrna*  If  it  ia  eonatant»  within  obaarvational 
error,  than  there  la  no  baaia  in  tha  data  for  breaking  down  tha  lumped  all* 
other  compartment,  Thia  atap  of  tha  invaatigation  would  benefit,  however, 
by  knowing  tha  bahavior  of  Xio  when  tha  three  oompartmant  modal  holda. 
Ona  way  of  proceeding  would  ba  to  aubatitute  for  J^Qgdt  and  JoPa^t  in 

^l'*'^o  tha  linaar  combination  of  three  axponantiala  obtained  by  tha 
aolution  of  aquationa  (12),  All  linear  propartiaa  are  not  loat,  but 
there  may  ba  no  almplar  procedure.  Under  aoma  circunatanoaa 
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My  b«  Bonotea*  in  tt  although  X hava  baaq  unabla  t»  prova  diat  thia  ia 
ganarally  trua  whan  dia  thraa  compa^tnant  awdal  holda*  Although  atora  can 
and  ahould  be  dona  to  investigate  the  behavior  of  point  of 

thia  note  ia  that  direct  Inveatigetion  of  the  behavior  over  tine  of 
expraaaion  (15>t  which  depends  only  on  siaply  conputad  obaarvablaa*  nay 
provide  a more  perspicuous  analysis  than  is  achievable  by  nore  standard 
aiethoda< 

Conanent 

The  foregoing  ia  best  interpreted  as  an  infernal  nano  to  a colleague 
on  a possible  new  line  of  investigation  that  may  bypass  some  difficulties, 
but  overlooking  many  details  which  must  eventually  be  filled  in.  Until 
this  investigation  is  undertaken,  X would  claim  no  nore  than  that  ttte 
general  approach  seems  promising* 
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EXPLICIT  EOUATI0NS  F0R  VITAMIN  A M0DEL 
(a)  EQUATI0NS  GENERATED  BY  M0OEL 


initiaC  mtiuvciMw 


FIQURE:  3 


I 


S0LUTI0NS  T0  C0MPARTMENT  M0DEL 

A GENERAL  F0RM  0F  S0LUTI0N$ 


C,  (0 


IF  Aij  KN0WN  F0R  ALL  i 


t^ijl  [A||l  ■ [A,J  (0|  8,|] 

1^1  ■ IA||]  [Oj  8||1  [A|jl 

C IF  EXPLICIT  S0LUTI0NS  ARE  DESIRED 


J#i 


K - I IF  i -2 
K «0  IF  1^2 

INVERSE  LAPLACE  TRANSFeRM 
S • C00RDINATES  IN  LAPLACE  SPACE 
Aii^Oj  ARE  CONSTANTS  FR0M  FITTING  DATA 
8|)  IS  KR0RECKER  DELTA 
[]  ARE  SQUARE  MATRICES 
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P 


A S0LUTI0N  F0R  BL00D  C0MPARTMENTS 


FIGURE: 


i- 


S»PI£  SIZE  OenRNDMnON  AND  1HE  CFERATING 
CHARACIttUSnC  CURVE  FDR  1HB  CIRCULAR 
PROBABLE  ERROR 


GidMn  A.  Giilpipp«r 

Raliability,  Availability,  and  Maintainability  Diviaion 
Any  Niialle  Taat  and  Evaluation  Diractorata 
US  Any  NhiU  Sanda  Miaaile  Rangt,  Nau  Maxico  88002 


ABSTRACT.  An  equation  ia  developed  containing  the  aaa|>le  aize  requlxed 
in  order  to  aMOt  a Circular  Probable  Error  raquirnent  axpreaaed  in 
tena  of  a dealrad  and  eaaential  value  and  the  correapondlna  producer 
and  uaer  riaka.  Prom  thla  equation  a table  ia  produced  giving  the 
required  aanDle  aize  for  the  risk  factora  involved  and  the  value  of  the 
Circular  Probable  Error  ratio.  Alao,  the  neceaaary  condition  ia  given 
that  the  CPE  eatlnate  auat  ftilfill  in  order  to  meet  the  criteria. 

An  Operating  Characteriatic  Curve  la  alao  conatructed  for  an 
exanple.  The  OC  Curve  la  baaed  upon  the  chl*aquare  diatributicn  with 
2N-2  degreea  of  fteedoai  and  the  ratio  of  the  eaaential  CPE  to  the  true 
CPE. 


i 

I 


PrueiK  Ufa  um 
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Th«  Circul«r  Probable  Error  (CPE)  io  ofton  uaod  ••  a maaiura  of 
accuracy  in  evaluating  the  performance  of  eurface-to>eurface  miseilee 
and  rocket!.  Various  formulae  are  used  in  estimating  the  CPE 
depending  upon  the  characteristic e of  the  miss  distance  data  collected 
from  the  firing  tests.  The  estimator  for  the  CPE  used  in  this  paper  is 


CPE 


1.  1774Sp.  where  Sp 


2 2 ■ 

A *yJ*  sample  variance 

Sp  is  the  pooled  or  average  variance  of  the  component  miss  distance 
data. 


The  problem  considered  here  is  to  determine  first,  the  sample 
sise  needed  in  order  to  meet  the  CPE  criteria  given  in  requirements 
documents  and  second,  to  find  what  the  condition  is  that  the  estimated 
CPE  must  fulfill  to  satisfy  these  requirements.  The  CPE  criteria  are 
assumed  to  be  given  in  the  following  form: 


CPE£  s>  the  essential  or  minimum 
acceptable  CPE 

CPEj^  ■ the  desired  or  specified  CPE 
CPEj.  > CPEj, 


The  following  risk  factors  are  either  given  or  assumed  for  the 
purpose  of  test  planning: 

P = the  user's  probability  of  the  missile  passing  the  accuracy  test 

if  the  true  CPE  of  the  missile  is  greater  than  CPE  . 

£ 

a 3 the  producer's  probability  of  the  missile  failing  this  test  if  the 

true  CPE  of  the  missile  is  equal  to  CPE^.  100(1 -P)%  is  interpreted 

as  the  confidence  that  the  true  CPE  5 CPE_  if  CPE  satisfies  a certain 

£ 

condition  (see  paragraph  on  next  page).  The  parameters 
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IcPEj;'  determine  the  temple  size  (N)  of  mlttllet  to 

be  fired  in  en  eccurecy  demonetretion  test. 

After  the  mitt  distance  data  have  been  collected,  the  CPE  it 
estimated  by  the  formula  = 1,  1774i_.  If  CPE  5K(CPE_), 

where  K s |x^(2N-2)/2N-2j  . then  the  mi  stile  hat  met  the  accuracy 
criteria,  that  it,  there  it  a demonstrated  100(1 -P)%  confidence  that 
the  true  CPE  - CPE^  and  if  the  true  CPE  a CPE^^,  there  it  a 
probability  of  100(l-o)%  that  the  mittile  will  be  accepted. 

The  partial  table  on  the  next  page  lists  the  a and  p risks,  the  ratio 
CPEp/CPE-,  N,  and  the  value  of  K.  In  forming  this  table  N,  a, 
and  p were  selected  first  and  the  ratio  CPE^/CPE^  was  computed 
last.  The  equation 

Xj  (2N-2)  /CPE_.2 

Xj.p(2N-2)  ^CPEjj-^ 

connects  the  quantities.  The  upper  percentage  points  of  chi-square  are 
used  with  2N-2  degrees  of  freedom. 

Numerical  Example. 

CPE„  = 300  meters,  CPE_  = 250  meters 
E D 

P B 0. 20  a = 0.  50 

CPE 

= |£2  = l.?,0.  N = 7 and  CPE  5 0.8067(CPE  ) 

CP£^  49v 
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CPE 

CPEt 


E 


N 


K such  that 
if  CPE  i K (CPE-) 
the  accuracy  critana 
have  baen  mat. 


a « . 50 

1.451 

5 

.6605 

1.  385 

6 

.6975 

P > . 10 

1.342 

7 

.7248 

1.309 

8 

.7459 

1.284 

9 

.7629 

1.262 

10 

.7769 

1.247 

11 

.7888 

1.225 

12 

. 7987 

a - .50 

1.264 

5 

.7575 

1.229 

6 

.7861 

p n .20 

1.205, 

7 

.8067 

1.  187  ' 

8 

.8224 

1.  173 

9 

.8367 

1.  162 

10 

.8466 

a « .25 

1.365 

6 

. 8208 

1.326 

7 

.8386 

P > .25 

1.298 

8 

.8521 

1.275 

9 

. 8628 

1.257 

10 

.8716 

1.242 

11 

.8790 

1.229 

12 

.8853 

1.218 

13 

.8906 

1.208 

14 

.8953 

1.200 

15 

.8995 

1.  192 

16 

.9033 

50 


If  an  OC  Curve  le  deelrad  for  this  design,  then  the  probability 
that  the  missile  will  pass  this  accuracy  test  (be  accepted  by  the  test) 
is  given  by 

e.  Prob[x^  (2N-?.)  < (2N-2)(^^)^  ] 


where  CPE^  « the  true  CPE,  If  N « 7,  |S  > 0. 20,  the  coordinates 
of  the  OC  Curve  are  given  in  the  table  below.  ■ 7.  81. 

s mU 

The  graphed  OC  Curve  follows. 


CPE^ 

(7.81)  X 
\CPE^/ 

p - 

180 

21.79 

.96 

200 

17.  57 

.87 

220 

14.  52 

.74 

240 

12.20 

.57 

260 

10.  40 

.42 

280 

8.96 

.29 

300 

7.  61 

.20 

320 

. 6.86 

. 14 

340 

6.  08 

.09 

350 

5.  73 

.07 

DESIGN  AND  ANALYSIS  OF  A HIT  PROBABILITY  EXPERIMENT  BASED  ON 
A BIVARIATE  NORMAL  DISTRIBUTION 

Robert  W.  Mil,  Data  Reduction  Section.  Technical  Test 
Support  Division.  Materiel  Test  Directorate.  Yuma 
Proving  Ground.  Yuma.  Arizona 


ABSTRACT 

The  paper  describes  a method  for  analyzing  the  results 
of  a hit  probability  experiment  In  such  a way  that  the 
producer's  r1'^k  (a  risk)  of  rejecting  a population  of  Items 
that  does  In  fact  meet  a specified  criterion  Is  controlled. 

The  procedure  described  Is  an  adaptation  of  the  methods 
ordinarily  used  within  AMC  when  a binomial  distribution  or 
exponential  distribution  Is  the  model. 

The  method  starts  with  a population  known  to  have  a 
hit  probability  equal  to  the  specification.  A procedure  Is 
defined  for  getting  a point  estimate  of  hit  probability  from 
a sample.  A rejection  point  for  the  point  estimate  from  a 
given  sample  Is  then  established  at  a level  that  will  force 
the  a risk  to  be  within  a elven  Interval. 

This  method  will  provide  Information  useful  In  evaluating 
the  acceptability  of  a test  item's  hit  probability  when  a 
bivariate  normal  distribution  Is  Indicated.  It  will  also 
help  to  determine  a sample  size  which  will  afford  desired 
protection  against  making  a Type  I error.  Investigation  Is 
underway  to  determine  Interval  estimates  for  the  risk  of  a 
Type  II  error  (I.e.  to  provide  quantitative  control  of  the 
0 risk  using  similar  techniques.) 
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INTRODUCTION 

This  paptr  Is  concerntd  with  the  tstlmstlon  of  productr' 
risk  a for  tests  of  hit  probability  where  a bivariate  normal 
distribution  Is  Indicated  and  Where  the  miss  distances  In  the 
horizontal  (x)  and  vertical  (y)  directions  are  Independent. 
The  a risk  had  to  be  quantified  so  that  the  project  engineer 
could  design  the  test  and  choose  an  analytical  plan  that 
would  follow  latest  Army  guidance  for  this  phase  of  testing. 
Guidance  has  been;  As  a result  of  reliability  growth  during 
the  test  cycle,  It  Is  Imperative  that  agencies  Insure  against 
rejecting  the  test  Item  early  In  the  test  cycle.  This  can 
be  accomplished  by  Insuring  a high  progablllty  of  accepting 
a population  of  test  Items  If  the  true  hit  probability,  Ph, 

Is  greater  than  or  equal  to  the  specified  hit  probability, 
PSPEC’ 


APPROACH  TO  THE  PROBLEM 

The  approach  taken  In  this  Investigation  was: 

(1)  Find  a hit  probability  estimator,  that  .ould  be 
easily  measured  and/or  computed  during  the  test. 

(2)  A rejection  point,  P^p,  must  be  computed  and 
compared  to  this  Ppp. 

(3)  If  we  set  up  the  hypothesis  that 

^H  1 *^RP  Ph  * PSPEC 

Ph  > PRP  Implies  Ph  > PspEC 

then  we  must  be  able  to  choose  Ppp  such  that  the  risk 
of  a Type  I error  Is  less  than  or  equal  to  o. 


INVESTIGATION  PROCEDURES  AND  RESULTS 

The  physical  set  up  of  the  test  hints  strongly  at  the 
choice  for  Ph  (the  hit  probability  estimator).  The  target 
was  to  be  rectangular  (or  square)  with  height  H and  length  L. 
Previous  test  results  had  shown  miss  distances  In  x and  y 
directions  to  be  Independent  and  normally  distributed. 

Also  the  system  could  be  boresighted  to  assure 

UX  • 0 - Wy 
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For  this  set  up  w«  know  that  the  hit  probability  could 
be  coMputad  at  the  product  of  the  probability  of  hitting  In 
X and  the  probability  of  hitting  In  y.  Alto  we  know  that 
the  probability  of  hitting  In  the  x or  y direction  can  be 
computed  bated  on  the  normal  dittrlbutlon. 

A An  obviout  choice  for  the  hit  probability  ettimator 
Is  the  one  described  by  the  following  eguatlons: 

Fx  * A(Zj|ii)  ♦ A{Z}(ii) 

* A(Zy.,)  ♦ A(Zy.,) 

, _ S - Xi 


Oy 

yi  ■ ^ 


where  x,:  x coordinate  of  left  edge  of  target 

X,:  X coordinate  of  right  edge  cf  target 

y^:  y coordinate  of  lower  edge  of  target 

y,:  y coordinate  of  upper  edge  of  target 

X : average  x coordinate  of  sample  Impacts 

y : average  y coordinate  of  sample  Impacts 

o^:  sample  standard  deviation  In  x direction 

Oy:  sample  standard  deviation  in  y direction 

Z : standard  normal  variable  with  mean  0 and 

variance  1 

A(Z):  Probability  that  the  absolute  value  of  a 

standard  normal  variable  will  not  exceed  Z 


P,.:  Stmplt  •stlmat*  of  tho  probobtlUy  that  tho 

X eoordinata  of  an  Impact  will  ba  within 
tha  bounds  of  tho  targot 

Py:  Sampla  ostimata  of  tho  probability  that  the 

^ y coordinate  of  an  Impact  will  ba  within 
tha  bounds  of  tha  target 


Tha  next  step  In  tha  Investigation  Is  to  find  rejection 
points  P|{p  for  In  such  a way  that  If 


**H  ■ >*SPEC 

then  In  a sample  of  size  N 

(*)  P(Ph  i PRP)  “ ® • 


We  see  from  tha  definition  of  P^^that  It  Is  computed  from 
the  sample  parameters  x.  9*  solve  equation 

i*)  for  Prp.  we  would  need  to  study  the  distributions  of  x.  y. 


'X* 


and  a 


:rp' 

y 


The  sample  parameters  X and  y are  normally  distributed 
with  means  and^  respectively*  and  standard  deviations 
0^  / ^ and  Oy  / ^ respectively  [1].  The  parameters  and 
Oy  are  each  related  to  chi-squared  with  N-1  degrees  of  freedom 


;t(N-i)  . J-l"JL.?,y.! 


To  investigate  Ppp*  we  need  to  know  how  x*  y»  and  Oy 
behave,  which  In  turn  depends  on  Py»  ^y  normal 

and  chi-square  distributions.  We  know  how  to  approximate  the 
distributions  and  we  know  that 


Ux  " 0 ■ My  . 

The  remaining  unknowns  are  o^  and  Oy.  Recall  that  we  arc 
trying  to  solve  equation  (*)  under  the  assumption  that 

Ph  “ PSPEC  • 

We  also  know  that 


Ph  ■ Px  Py 
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»>x  ■ AUx*i)  ♦ AUx.i) 
Py  ■ A(Zy,»)  ♦ A(Zy„) 


^X»  I ■ 


-L/2  - 


^x»t 


. ^ kn  - 


, - -H/2  - U. 

;T^ 

, - h/2  - W 

Zyi  • ; ^ 

y 

■ 0 Implies 

A{Zxn)  ■ A(2^,j) 
?x  ■ 2A(Zj^»i) 


S1ffli1ar1y« 


Py  - 2 A(Zy,,)  . 

In  this  tsst  th«  tixt  of  targat  was  such  that 


Oj,  « a o„  whara 


L •>  a H . 


With  this  simplification  wa  hava 

PX  ■ Py 
and 

P„  • P,*  • P/  ■ PspEt  . 
Thus  if  PspEc  ■ ’20  wa  hava 

■ Py*  ■ .90 

P«  ■ .94868  ■ P„ 


A(Z^)  - .47434  - A(Zy) 


■ 1.92426  ■ Oy. 

If  the  assumption  that  o^  ■ a Oy  when  L > a H Is  not  valid 
tnen  Iterative  numerical  techniques  are  required  to  solve  for 
and  Oy  given  a value  for  P$pEC  ” 

We  now  have  all  the  Information  required  to  solve 
equation  (*).  We  let 

S > ( (a*b,c>d)  / 

P(5x  > a,  Oy  >.  b«  |S|  > c,  IPI  i d)  ■ o > 

We  then  compute 

P(^(etb»c»d) , 

for  every  (a,b.c,d)  < S by 
substituting  • " Ox 

b - Oy 

c ■ 5 

day 

Into  the  equations  for 
Then  we  let 

P|^p  ■ N1n{  ^^(a.b.c.d)  / (a,b,c.d)£  5 ). 

If  we  do  the  above,  then 

’’h  “ '’spec 

Implies 

i **90)  1 • 

To  find  the  set  S,  we  observe  first  due  to  Independence 
of  X and  y that 

P(o^  > a,  Oy  > b,  |3t|  > c,  |y|  > d) 

“ P(ox  i ®)  '*<®y  * Ptlxl  > c)  P(|y|  >_  d). 


i 


[ 

I 

» 

i 

& 


i 

j. 


Wt  ROW  computt  vtiutt  for  (othtCtd)  atfoelitod  wfth  tht 
probabllltlos 

•i.x  • '*<®x  1 •> 

«I.y  - P(Oy  > »») 

•t.x  • PU*I  i e) 

•|.y  ■ P(|y|  > • 

For  oast  of  notation • wt  lot 
•»  ‘ •i.x  •i.y 
■*  “ *i,x  “t.y  » 

fo  that  wo  are  looking  for  (a.b«c.d)  such  that 
a ■ 0|  Oji  . 

An  oxamplo  of  the  computation  required  Is  given  In  table  1 
for  PspEc  ■ ‘50  • Ph»  “ * ^ 

The  observations  made  during  computation  were: 

(1)  For  a given  a^*  the  minimum  ^^(a.b*c»d)  occurs  where 


®»,x  - «i.y 


(Z)  For  a given  value  of  a,,  the  minimum  value  for 

^H(a.b,c,d)  occurs  when  a,  ^ • a,  or  a,  y > a, 
depending  on  whether  a,^y  A ai^^  *>«y  ^ 

respectively. 

(3)  For  a given  value  of  a.  the  minimum  P^^la.b.c.d) 
occurs  where  a . ■ 1.00  and  a^  > a and  (from  (1) 


where  ai 


) 


■ a 


‘.y 


Thus  Pnp  can  be  computed  for  a^glven  N,  a,  Pcpcr  by 
making  one  set  of  computations  for  Pu(a»b,c.d)  for  cne 
(a.b.c.d}  associated  with  the  probabilities 


*«,x  " « “ ‘i.y 


'*.y 


■ 1.0  • a,^j 
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Cxanpliii  of  ^arfout  rtiaetlon  points  ind  astoclattd  a 
risks  art  shewn  In  figures  1 - 4.  in  figure  l!  for  exXole. 
where  the  specification  hit  probability  was  .00  and  the 
sanple  size  ***  38*  one  can  choose  any  desired  a risk  for  a 
test  by  singly  flndlng^the  rejection  point  Ppp  associated 
with  0.  Then  compute  for  the  sanple  and  reject  It  If 
1 Prp  and  accepting  It  If  Pu  > **rp  . 
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TABLE  1 


a 

• •’»  ^PEC  ■ 

.90  - P^ 

SAMPLE  SIZE  « 

38  1 

•‘.X 

•i.y 

•i.x 

®*.y 

i 

1 

Ph 

« 

•i  ■ •. 

,x  “j.y  " -10  • 

•i  ■ •i.x 

a,  V ■ 1.00 

.1000 

1.0000 

1.0000 

1.0000 

.9118 

.2000 

.5000 

M 

II 

.8806  ' 

.3000 

.3333 

II 

II 

.8786 

.3162 

.3162 

11 

M 

.8785 

.3500 

.2857 

M 

M 

.8787 

.4000 

.2500 

II 

N 

.8791 

.5000 

.2000 

II 

II 

.8806 

.6000 

.1667 

II 

II 

.8828 

1.0000 

.1000 

1.0000 

1.0000 

.9118 

•t.K  ‘iiy  •i.jt 


•l  • *1.* 

•l.»  • 

•«  • • 

.2000 

1 . 0000 

.5000 

M 

M 

.6000 

N 

4 

N 

.7071 

M 

H 

.8333 

.2000 

1 

.3000 

1.0000 

1.0000 

.6667 

.5000 

M 

N 

.6000 

N 

91 

.7071 

M 

H 

.8333 

.3000 

.6667 

1.0000 

;4162 

.4162 

.5000 

M 

N 

.6000 

N 

i 

H 

.7071 

M 

.8333 

.4162 

.4162 

1.0000 

.5000 

.4000 

.5000 

M 

N 

.6000 

N 

H 

.7071 

N 

M 

.8333 

.5000 

.4000 

1.0000 

*.6667 

.3000 

.5000 

" 

H 

.6000 

M 

N 

.7071 

M 

H 

.8333 

.6667 

.3000 

1.0000 

1.0000 

.2000 

.5000 

N 

II 

.6000 

! X 

H 

.7071 

* M 

U 

.8333 

1.0000 

.2000 

1.0000 
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1.0000  .9245 

.8333  .9253 

.7071  .9257 

.6000  .9258 

.5000  .9262 

1.0000  .8987 

.8333  .8992 

.7071  .8992 

.6000  .8991 

.5000  .8988 

1.0000  .8917 

.8333  .8922 

.7071  .8923 

.6000  .8922 

.5000  .8917 

1.0000  .8960 

.8333  .8965 

.7071  .8966 

.6000  .8965 

.5000  .8960 

1.0000  .8988 

.8333  .8991 

.7071  .8992 

.6000  .8992 

.5000  .8987 

1.0000  .9262 

.8333  .9258 

.7071  .9257 

.6000  .9253 

.5000  .9245 


A 


•».X 

•».y 

•l.X 

•ity 

•i  ■ *l.x 

a^^y  * .3162 

•i  • “l.x 

a,  V - .3162 
■ *y 

3162 

1.0000 

.3162 

1.0000 

.9342 

.4000 

.7905 

.3162 

1.0000 

.9124 

,5000 

.6324 

.3162 

1.0000 

.9092 

iS623 

.5623 

.3162 

1.0000 

.9088 

.6324 

.5000 

1.0000 

.3162 

.9092 

.7905 

.4000 

1.0000 

.3162 

.9124 

1;0000 

.3162 

1.0000 

.3162 

.9342 

®i  • ‘l.X 

•i.y  ■ •♦OOO 

•t  • ‘..x 

*>ty  * 

.6325 

.6325 

.2500 

1.0000 

.9167 

- «i.x 

a|^y  ■ .5000 

•i  • •i.x 

a, ^y  ■ .2000 

.7071 

.7071 

.2000 

1.0000 

.9251 

•i  ■ •»  ,x 

ai^y  ■ .7000 

•*  - ‘l.X 

a, ^y  • .1429 

.8367 

.8367 

.1429 

1.0000 

.9419 

a ■ a « 

a w > 1.0000 

• / 

a ■ a y 

1 A 

a w ■ .1000 
»y 

1.0600 

1.0000 

.1000 

1.0000 

1.0000 
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MODEL  FOR  PROBABILITV  HIT  ANALYSIS 
OF  20t«l  PROJECTILES 


Diana  L.  Fraderick 
Frankford  At’stnal 
Phlladalphla,  Pannsylvania 


ABSTRACT.  An  •nalytlcal  datarmlnatlon  of  probability  of  hit  (PH) 
for  aanunltlon  flrad  from  a hallcoptar  or  flxad  wing  aircraft  waa 
calculated  by  a modal  utlllilng  Haa tinge  Error  Function.  The  modal 
can  incor potato  orrora  for  varloua  alant  rangea  and  target  elaaa. 
Prlmarllyi  the  modal  provided  trajectory  compariaona  and  probability 
of  hit  data  for  a propoaad  20nun  1950  grain  HE  prejaetlle  with  an  M305 
fuaa  noaa  contour  and  the  recently  developed  20na  PCU  3^B  Samt«Armor 
Piercing  Incendiary  (8API)  projectlla  for  mixed  fir Inga  at  10  x 10  and 
100  X 100  feet  targata. 

■L.  INTRODUCTION.  Thla  analytical  model  provldea  a meana  of 
comparing  mlamatchad  ammunition  when  fired  In  the  aama  buret  and  la 
particularly  uaeful;  for  cxampla,  In  comparing  kinetic  projactilae 
with  high  exploalve  projectllea.  However . apaolflc  data  on  theae 
projectllea  for  a flxad  eat  of  cendltlona  were  not  Immediately  avail- 
able; therefore,  the  model  ueed  axlatlng  data  for  ammunition  under 
development.  The  modal  repreaenta  an  Input  to  the  Syatame  Analysle 
teak  for  ACTS. 

The  purpoae  of  thla  model  waa  to  provide  a tool  for  determining 
and  comparing  probability  of  hit  data  for  a propoaad  20mm  1930  grain 
HE  projaetllei  Figure  I,  and  the  newly  developed  Armor  Piercing 
Incendiary  (AP)  ammunition.  Figure  2,  when  uaed  in  combination  In 
the  M61  gun.  Since  the  firing  ayatam  allowa  only  one  ammunition  type 
to  be  entered  In  the  computer'  ayatem  of  the  weapon  and  alncc  the 
weapon  could  fire  mlamatched  anununltlnn  In  the  lame  burat,  the  question 
aroae!  How  doea  the  limitation  on  the  weapon  ayatem  and  the  variation 
In  projectile  design  effect  the  probability  of  hit? 

A summary  of  projectile  characteristics  follows  In  Table  I. 

TABLE  1 


Prolectile 

Length 

(In) 

Ammunition  Charactarlatlca 
Muazle  Nose 

Weight  Velocity  Length 

(are ) (fps)  (In) 

HE 

3.600 

1930 

2930 

1.A40 

AP 

3.123 

2100 

2830 

1.462 

PrscBilliii  pile 

blank 
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b.  Body  »nd  Rotating  Band  Assembly 
Figure  2.  20  mm  AF  Projectile 


Til#  probability  of  hit  eaUuUtlona  roqutro  • tinatoa  for  tho 
following  arror  valuta: 


1.  Trajactory  dlaparalon  cautad  by  variation  in  aanunition 
paramatart  tueh  aa  idrag  waight  and  auaala  valoeity, 

2.  Projaetlla  praelaiont 


3.  Byatam  arroracauaad  by  tha  waapon  nount  typa  and  novanant, 
functional  nachaniam,  and  aanunition  Intaraction. 


2.  PBOCEDUHE.  Tha  conputar  program  waa  ant  up  for  uaa  throngh 
card  data  Input  or  data  Input  on  a talatypa.  Tha  output  from  DIANA  PH 
(nana  of  program)  la  tha  probability  of  hit  for  a apacifiad  alant  ranga, 
alaa  for  alngla  and  nuiltipla  rounda*  Data  inputa  to  tha 
program  ata  target  alaa,  alant  ranga  and  tha  arror  aatinataa.  All 
diatrlbuciona  conaldarad  wara  normal. 

Ph  ■ P*  Py 

whara 


whara 


Px 

Py 

Px  ■ Prob 


Py  ■ Prrb 


probability  of  hit 
targat  langth  probability 
targat  width  probability.^*. 


< Hic  ‘X  \ 
( .:Hy  J <y  ^ Hy  \ 


X ■ continuoua  random  variabla  of  dlaparalon  In  x diraetlon 
X ■ maan  dlaparalon  in  x diraetlon 
Kx  ■ 1/2  targat  width 

Y ■ continuoua  random  variabla  of  dlaparalon  in  y diraetlon 

Y ■ naan  dlaparalon  In  y dlroction 
Hy  ■ 1/2  target  height 

8X  ■ alant  ranga 
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At  " all  arrorst  alia 
? - £ Al* 

^ -^<SR/1000> 

Px  and  Py  ware  avaluatad  from  application  of  Hastinga  Error  Approximation, 
that  la  If 


»*  ■ g t* 

•fv  Jo 


.tx2 


dtx 


wharc 


and' 


tx  ■ ttc 

✓r  A 


whara  ty  - Hv 

•/r  p 


than  tha  approxloatlona  ara: 


Px  « 1 - 1 

tl  ♦ aj  aj  i*  + aj  P **4  5^  + 

«3  2*  ♦ *6  5*3 

and 

1^  » 1 - 1 ^ 

Cl  + aii  + aji^  + aji^  ♦ a^^  + 

*3  5*  + «6  5*3  ’*  • 

vlth: 

a|  - .0705.2307,64 

aj  - .0422,8201,23 
aj  - iOOd2,70S2,72 
a^  - .0001,3201,43 
aj  - .0002,7656,72 
ag  - .0000,4306,38 
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Alto  for  RHilttple  routidt 


I 


Pn  » 1 • (1  • P)" 


Synbolt  uttd  in* Cht  conputtr  progrtn  «rt  «t  folloira: 


SR 

Slant  range 

BML 

fialllatlc  error  In  mlla 

AML 

Ammunition  mlamatch  error  In  mlla 

REML 

Range  aatimata  error  in  mlla 

SHAPE 

Projectile  daalgn  nama 

Hx 

0na*half  targat  length 

Hy 

0na>half  targat  width 

IND 

Index 

Px 

Targat  length  probability 

Py 

Targat  width  probability 

P 

Probability  of  hit 

Pn 

- 

Probability  of  hit  of  n rounda 

' Tht  progrtm  la  dttetibtd  in  th«  flow  chart  In  Flgwo  3.  7t  la  tat  up 
to  do  nultlpla  runa  whan  INO  la  aqual  to  taro.  Tha  program  will  parfora 
probability  of  hit  caleulatlona  for  varlput  arrora  ualng  tha  aaaa  targat 
alca  and  projaetlla  ahapa.  If  IND  la  not  aqual  to  taro  tha  program  can  ba 
tarmlnatad,  tha  targat  alca  can  ba  ehangad,  or  tha  projaetlla  can  ba  changed. 


TAH.B  II 
Data  Inputa 

( Card 


I2U2S 

Columna 

Fotiaat 

BxpUnatlon 

1 

2 • 24 

4A6 

Projaetlla  ahaj^ 

2 

1 • 10 

F10.2 

0na*half  targat  width 

11  • 20 

F10.2 

One* half  targat  length 

3 

1 • 10 

F10.2 

BHL 

3 

11  • 20 

F10.2 

AML 

21  - 30 

F10.2 

REML 

31  • 40 

F10.2 

SR 

41  . 45 

X3 

IND 

The  fortran  program,  aampla  data  Input  and  aampla  data  output 
follow  In  tha  Appandlcaa. 


DISCUSSION 

An  axampla  of  an  application  of  DIANA  PH  la  tha  probability  of  hit 
analyala  performed  on  two  20mm  projactilaa  ualng  trajectory  data  ganaratad 
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Figur*  1.  Flow  flhwrl  for  Progr«in 
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•t  Frftnkford  ArttMl.  Figura  4 eentalna  tha  drag  eurvaa  for  thaaa  two 
projaetllaa:  tha  HE  and  AF.  Tha  lowar  drag  of  tha  AF  projaetila  raaulta 

from  Ita  longar  and  mora  alandar  noaa  ahapa.  Thua.  tha  AF  projaetila 
travela  furthar  with. a ahortar  tina  of  flight,  aaa  Figura  S. 

Miamatch  ia  a function  of  ranga,  muaala  velocity,  altitude  upon 
firing,  and  aircraft  diva  angle  and  apaad.  Miamatch  waa  calculated  from 
tha  difference  between  tha  trajactoriaa  of  the  ttro  projectilea.  Thia 
atudy  concerned  variation  of  only  ttro  errora:  ayatem  diaperaion,  BML, 

and  trajectory  diaperaion,  AML.  Ranga  aatimata  diaperaion,  REML,  raaainad 
laro.  Tha  atudy  covarad  tha  following  four  eaaaa: 

TABLE  111 

Variation  of  AML  and  BML  Errora  (Frobability  of  Hit) 

Caaa  1 --  BML  ■ 1 for  both  projaetilaa, 

AML  - 0 for  AF 
AML  - X(i)  for  HE 

X(i)e  mil  diaparaion  between  trajactoriaa  of  the 

two  projaetilaa  at  tha  apaeifiad  a lent  ranga. 

In  thia  caaa  tha  value  ia  taken  to  be  3.47 
at  a ranga  of  230$  feat. 

Caaa  11  • Same  aa  Caaa  I except  rai^a  yaa  6$28  feat  and  X(i) 
waa  13.7. 

Caaa  111*  Same  aa  Caaa  11  except  BML  • 4 for  both  projaetilaa. 

Caaa  IV  • BML  - 1 for  HE 
BML  ■ 2 for  AF 

X(i)*-  18.3  at  a range  of  10,381  feat 

Table  IV  contains  tabulationa  of  tha  probability  of  hit  compariaona 
between  tha  HE  and  AF  projaetilaa  for  aingla  and  multiple  round  burata. 

Tha  valuaa  came  from  axareiae  of  the  computer  program  with  tha  input 
data  aa  ahown  in  tha  table  plua  that  ahown  in  Table  III.  Tha  program 
haa  incorporated  tha  drag  curve  for  tha  AF  and  HE  projaetilaa.  From  the 
raaultant  trajectory  mismatch  between  the  two  projaetilaa,  tha  program 
computes  tha  probability  of  hit  for  both  types  of  projectiles  but  with 
tha  AF  being  tha  reference.  Tha  trajectory  miamatch  ia  shown  in  Figura  6. 

The  firing  system  is  programmed  for  one  ammunition  ayatem  only. 

Thia  report  assumes  the  projectile  drag  curve  programmed  ia  tha  AF. 

Thus  the  AML  error  is  saro  for  this  round  and  soma  value  Xi  for  HE. 
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Figure  6-  Trajectory  Mismatch 


Visur*  7 ihowi  eha  probabtllcy  of  hie  vvrsua  numbtr  of  rounds.  Ths 
data  graphed  Is  Cakan  from  Table  IV. 

Table  V compares  probability  of  hie  baewesn  a small  and  large  target 
at  short  and  long  ranges  with  data  obtained  from  eaercisa  of  the  program 
as  a second  example. 

The  data  sets  for  these  exercises  are  contained  in  the  Appendices. 
These  data  are  graphically  presented  fh  Figures  8 and  9 for  two  different 
target  slsess  a small  target  10  by  10  feet  and  a large  target  100  by  100 
feet. 
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Probability^  of  Hit  varatw  NnihboT  of  Rooado 
10  feet  X 10  feet  target 
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.9495 

• 1160 

• 218$ 

• 3092 

12.00 

•0*00  •0.0000 

•020S 

• S449 

.1424 

• 0984 

• 1871 

.2671 

1.40 

•0*00  •••0000 

• $199 

1*0000 

1.9909 

• 974$ 

• 9993 

l.oooo 

AtlS.O* 

2.00 

•0.00  •o.oooo 

• U95 

• 9991 

1.9909 

•6049 

• 8439 

• 9383 

1.00 

•0*00  *0.0000 

*0794 

.9569 

.4491 

• 3388 

•S629 

• 7110 

4.00 

•0.00  •••0000 

*04$s 

• 8297 

.4710 

• 2078 

• 3724 

• 5028 

9.00 

•0»00  •0*0000 

*0294 

*6781 

.9444 

• 138$ 

.2579 

• 3607 

0.00 

•0*00  •0*0000 

*020$ 

*$449 

.7424 

• 0984 

• 1871 

•2«n 

*41S.S0 

7.90 

•0*00  -o.oooo 

*01S1 

• 4J92 

.4454 

• 0733 

• 1612 

• 2062 

0.00 

•0*00  •0*0000 

*0)16 

• 3578 

.5474 

• 0566 

• 1100 

• 1606 

4.00 

•0*00  •0*0000 

*0092 

• 29$3 

.5934 

*0450 

• 0880 

• 1290 

10.00 

•0*00  •0*0000 

• 0074 

*2469 

.4329 

• 0366 

• 0719 

• 1059 

11.04 

•0*00  •0*0000 

• 0061 

*2089 

.3741 

*0304 

• 0598 

• 0883 

441S.AS 

12.00 

•0*00  •o.oooo 

• 00S2 

*1787 

.3255 

• 02S6 

• 0$0S 

• 0768 

ST7*.«« 

1.00 

•0.00  •0*0000 

• 3764 

1-0000 

1.9999 

.90S7 

• 9911 

•9992 

STT4.«« 

2.00 

•0*00  •0*0000 

• 1122 

*9892 

.4444 

•4486 

• 6959 

• 8323 

STT4.40 

1.00 

•0*00  •o.oooo 

*0$16 

• 86oS 

.4922 

• 2328 

• 4114 

• 5666 

S7T4.0A 

4.00 

•0.00  •0*0000 

• 0294 

• 6780 

.9493 

• 138$ 

• 2579 

• 3607 

sm.ea 

5.00 

•0*00  •0*0000 

• 0189 

•$1$9 

.7457 

• 0910 

• 1738 

• 2690 

S7T4.0A 

0.00 

•0*00  •0*0000 

• 0132 

*39S8 

.4359 

• 0642 

• 1242 

• 1806 

S774.AA 

7.00 

•0*00  •0*0000 

• 0097 

• 3094 

.5231 

• 047S 

• 0928 

• 1360 

S774.SA 

0.00 

-0*00  •0*0000 

• 0074 

*2468 

.4325 

• 0366 

.0719 

• 1059 

S774.S« 

4.00 

•0*00  •0*0000 

*00S9 

*2007 

.3411 

• 0290 

• 0572 

• 0846 

S774.0A 

10.00 

•0*00  •0*0000 

*0048 

• I6S9 

.3943 

• 0236 

• 0466 

’ .0691 

S774.S0 

11.00 

•0*00  •o.oooo 

• 0039 

• 1393 

.2541 

• 019$ 

• 0387 

• 0575 

S774.AA 

12.09 

•0*00  *0.0000 

*0033 

• 1184 

,.2229 

• 0164 

• 0326 

• 0485 

•«Z9.2« 

1.00 

•O.CO  •0*0000 

*260$ 

1*0000 

1.9900 

•son 

• 9628 

• 9928 

••2S.Z0 

2.00 

•0*00  *0.0000 

• 0794 

• 9Sb9 

.4491 

• 3389 

•5629 

• 7110 

A4ZS.2* 

3.00 

•0*00  *0.0000 

*0362 

*7$32 

.4341 

• 1622 

• 3080 

• 4244 

««ZS.2« 

4.00 

•0.00  •o.oooo 

• 0205 

• S449 

.7424 

• 0984 

• 1871 

• 2671 

•S2S.20 

5.00 

•0.00  *0.0000 

• 0)32 

.3959 

.4350 

*0642 

• 1242 

• 1H04 

*«2«.2* 

0.04 

•0*00  *0.0000 

• 0092 

• 29S3 

.5934 

• 04S0 

• 0880 

• 1290 

*«24.2» 

7.00 

•0*00  *0*0000 

*0067 

• 2268 

.4021 

• 0333 

• 0654 

*0965 

**2t.2t 

0,90 

•O.WO  *0.0000 

• 00$2 

• 1787 

.3255 

• 0256 

> .0505 

• 0748 

4S2A.20 

4.00 

•O.Oi  *0.0000 

• 0041 

• 1641 

.2474 

• 0203 

• 0401 

• 0596 

4S2A.29 

10.00 

*0.00  *0.0000 

• 0033 

• 1184 

.2229 

• 6164 

• 0326 

• 0465 

AS24.2S 

11.00 

•0*00  *0.0000 

• 0027 

.0969 

.1440 

• 0136 

• 0270 

• 0403 

4474.20 

12.00 

•0*tf0  «0*0000 

.C023 

• 0636 

.1604 

*0114 

• 0228 

• 0340 

7440.04 

1.04 

•0*00  *0*0000 

*246? 

1.0000 

1.0000 

.7567 

• 9408 

•9656. 

7440.40 

2.00 

•0*00  «o*oooo 

• 0666 

.9327 

.4455 

*2989 

• 5084 

.6554 

7440.00 

3.00 

•0*00  "0.0000 

• 0311 

.6990 

.4044 

*1461 

.2709 

.3774 

7440.00 

4.00 

-0*00  *0*0000 

*0176 

*4911 

.7410 

• 0050 

.1629 

• 2341 

7440.00 

1.90 

-0*00  '0.0000 

*2347 

1*0000 

1.0000 

• 7375 

• 9311 

.9819 

7440.00 

2.00 

•0*00  -0*0000 

• 06SO 

*9222 

.4434 

• 2854 

.4893 

• 6350 

7040,00 

3.00 

-0*00  -0.0000 

.0294 

• 6769 

.9464 

• 1388 

.2584 

.3613 

7440.00 

4.00 

•0*00  -0.0000 

.0167 

.4722 

.7215 

• 0807 

• 1546 

• 2230 

7440.00 

l.OO 

•0*00  -0.0000 

• 2220 

.9999 

l.OUOO 

.7150 

• 9186 

• 9768 

7440.00 

2.00 

-0*00  -0.0000 

• 061 1 

.9089 

.4417 

• 2704 

• 4676 

• 6US 

7440.00 

3.00 

-0*00  -0.0000 

*0277 

• 6555 

.9413 

• 1308 

• 2445 

• 3433 

7440.00 

4.00 

-0.00  -0.0000 

*0157 

*4509 

.6485 

.0759 

• 1460 

*2107 

404.1.00 

1.00 

-0.00  -0*0000 

*2152 

• 9999 

1.0090 

.7022 

• 9113 

• 9736 

0041.00 

2.00 

-U.OO  -0.0000 

*0590 

• 9009 

.4402 

• 2623 

*4557 

• 5965 

0043.00 

3.00 

-0.00  *0.0000 

*0267 

• 6423 

.9721 

• 1265 

• 2371 

• 3336 

0041.00 

4.00 

-0.00  -o.oooo 

• 0151 

*4393 

.4954 

*0733 

• 1612 

• 2042 
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mOICCTlLB  0KS1QN  IS  SAPl  (coiil*4) 

TAAorr  vumi  is  . ioooooooe«oi 

TAKOn  UMOTM  IS  . lOOOOOOOKtOl 


a 

au. 

AML  A£UL 

p 

P36 

F7* 

PS 

PIO 

PIS 

l.M 

•OoOO  ••oOO^fi 

• 2061 

.6666 

1.6666 

.*656 

.901* 

.9*90 

UM.tt 

7.M 

•do0«  ••ooooo 

• OSOS 

.6662 

.6666 

.2521 

.**09 

.5619 

3.M 

•OoOO  «0o0000 

• 02SS 

.6257 

.6566 

.1213 

.2279 

.3215 

tZM.O* 

6.M 

•OoOO  •OoOOOO 

.OUO 

.62*7 

.**61 

.6702 

.135* 

.19*1 

l.M 

•OoOO  •Qoooeo 

«190T 

.6666 

1.6066 

.*717 

.6922 

.9**6 

A*K.eo 

7.M 

•0,00  «0«0000 

• 0$<*4 

.6605 

.6657 

.2*39 

.*283 

.5*77 

3.M 

•0«0b  -0o00«0 

• 0246 

.6113 

.6*66 

.11*9 

.2201 

.3113 

i«u.«o 

6.6« 

•OoOO  -OsOCOO 

• 0139 

.612* 

.65*7 

.0*7* 

.130* 

.1*93 

1.6« 

-0*00  •OoOOOO 

• U9S 

.6661 

1.0660 

.*050 

.6*39 

.936* 

7.M 

•OoOO  •OoOOOO 

• 04SS 

.6267 

.6716 

.2078 

.372* 

.5028 

3.6* 

•OoOO  -OoDOOG 

• 0209 

.5**6 

.7626 

.096* 

.1*71 

.2*71 

6.M 

•OoOO  •O.OOOO 

•oiu 

.3576 

.5677 

.05*6 

.1100 

.1*0* 

l.M 

•OoOO  •OoOOOO 

.1S40 

.6663 

1.0666 

.5**7 

.6123 

.9167 

7.M 

•OoOO  •OoOOOO 

.9411 

.76*6 

.6587 

.1892 

.3*26 

.**70 

«TX.*0 

3.M 

•0.00  •OoOOOO 

61^109 

.56  77 

.7577 

.0690 

.1702 

.2**0 

«TM.*0 

6.6* 

•OoOO  •0.0000 

•0i04 

.1236 

.5*6* 

.0511 

.099* 

.1*5* 

6.06 

•OoOO  •OoOOOO 

.006T 

.i?S3 

.3666 

.0330 

.0*50 

.0950 

6.M 

•OoOO  •OoOOOO 

• 0047 

.162* 

.2665 

.0231 

.0*5* 

.0*7* 

VTM.Oa 

7.M 

-OoOO  •OoOOOO 

• 0034 

.1221 

.2263 

.6170 

.0337 

.0501 

«TM.0« 

6.M 

-0*00  -OoOOOC 

• 0026 

.06*6 

.1606 

.6130 

.0259 

.036* 

«TM.0« 

6.M 

•0*00  •OoOQCA 

• 0021 

.6756 

.1*56 

.0103 

.0205 

.030* 

16.60 

-0*00  -O.OO'J 

• 0017 

.0*16 

.1166 

.006* 

.01*7 

.02*9 

«TM.IO 

ll.M 

•0,00  -OoOOOO 

• 0014 

.051* 

.1601 

.66*9 

.0136 

.620* 

«7M.0» 

12.00 

•0.00  -0*0000 

• 0012 

.6*1* 

.66*6 

.6658 

.011* 

.0173 

1.00 

•0*00  -Oofloao 

.1477 

.6677 

1.6660 

.5502 

.7977 

.9090 

«4*1.30 

2.60 

-0*00  -0,0000 

• 0393 

.7616 

.•IS?* 

.1615 

.3301 

.*517 

9«U.3« 

3.M 

•0*00  -O.OOOO 

.0177 

.*616 

.7*17 

.6652 

.1*32 

.23*5 

6.M 

-0*00  -0.0000 

.0100 

.3167 

.5331 

.0*69 

.095* 

.139* 

loMi.ao 

1.60 

-0*00  -Ooecob 

• 1369 

.66*3 

t.oooo 

.5210 

. 770* 

.6901 

iejM.ot 

2.00 

-0.00  -0.0000 

• 0362 

.75*0 

.6365 

.1*65 

.306* 

.*251 

UlAl.tO 

3.M 

•0.00  -0.0000 

.0163 

.**16 

.712* 

.6766 

.1513 

.21*2 

KMI.IO 

6.00 

-0.00  -0.0000 

.0092 

.2656 

.50*2 

.0*51 

.66*2 

.1293 

16391.00 

S.M 

•0.00  *0.0000 

• 00S9 

.2011 

.3*10 

.0291 

.657* 

.66*6 

10361.66 

6.M 

•0.00  -0.0000 

.0041 

.1*** 

.2*76 

.6263 

.0*02 

.0597 

163*l.66 

7.M 

•0.00  -O.OOOO 

• 0030 

.1062 

.26*6 

.6156 

.6297 

.0**2 

16361.06 

6.M 

•0.00  -0.0000 

• 0023 

.06*0 

.1*66 

.6115 

.0226 

.03*6 

16361.60 

6.00 

-0.00  -O.OOOO 

• 0019 

.0*70 

.126* 

.6691 

.0161 

.6276 

16361.66 

16.00 

•0.00  -0.0000 

•oois 

.05** 

.16*2 

.607* 

.61*7 

.6219 

16361.66 

ll.M 

•0.00  -0.0000 

• 0012 

.0*53 

.666* 

.66*1 

.6121 

.6181 

16361.66 

12.00 

•OoOO  -O.OOOO 

• 0010 

.0362 

.6750 

.6051 

.6162 

.0153 

16T6T.69 

1.00 

-0.00  -O.OOOO 

• 1273 

.66*1 

1.0060 

.*937 

.7*37 

.6702 

lOfOI.OO 

2.00 

•0.00  -O.OOOO 

• 0339 

.72*5 

.6252 

.15*6 

.2*96 

.*605 

16767.66 

3.60 

-0.00  -0.0000 

• OlSl 

.*361 

.66*3 

.6736 

.1*07 

.2635 

16767.66 

6.M 

•O.OO  -0.0000 

• 0095 

.2776 

.*772 

.6*16 

.0616 

.1202 

11366.66 

1.00 

•0.00  -0.0000 

.1190 

.660* 

.6666 

.*591 

.707* 

.6*17 

11366.66 

2.00 

•0.00  -0.0000 

• 0303 

.4667 

.6637 

.1*27 

.2*50 

.3699 

11366.66 

l.M 

-0.00  -O.OOOO 

.0130 

.*05* 

.**67 

.6*62 

.1279 

.165* 

11166.66 

o.M 

-0,00  -0,<  ' 

6>'^T7 

.2517 

.**31 

.0376 

.07*1 

.1091 
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■Ml  If  IALLISTIC  (OHOM  in  nils.  4NL  IS  kININO  tNROH  lU  MIL»  NCNL  IS  R*N>'<e  ESHHATC  EMROR  IN  MILS 
S*  IS  SLANT  M4N0C 

mnojcctilc  ocsisn  is  msos 
TtRbci  nioth  IS  .i«sueo«nE*03 
TARGET  length  IS  .lOSOaOOOCtO} 


SM 

UML 

AHL  NEHL 

P 

P36 

P76 

PS 

PIO 

PIS 

ZIOS.AO 

1.40 

3. *7  *0.0000 

1.0000 

1.0000 

1.0000 

l.OOOO 

1.0000 

1.0000 

tits. 40 

2*00 

. 3.A7  *0.0000 

1.0000 

l.OOOO 

1.0000 

1.0000 

l.O'JOO 

1.0000 

1304.40 

3.00 

3. *7  -0.0000 

1.0000 

l.OOOO 

1.0000 

i.ooon 

1.0000 

1 .0000 

Z304.40 

o«oo 

3. *7  *0.0000 

.0009 

1.0000 

1.0000 

l.OOOO 

l.OOOO 

1.0000 

E30S.40 

1*00 

4. MS  *0.0000 

.0434 

1.0000 

1.0000 

1.0000 

l.OOOO 

1.0000 

1304.40 

2*00 

4. OS  *0.0000 

*0306 

1.0000 

1.0000 

1.0000 

l.COOO 

1.0000 

1304.40 

3*00 

4. OS  *0.0000 

*9303 

1.0000 

l.OOOO 

l.OOOO 

l.OOOO 

l.OOOO 

7314.40 

4*00 

4. OS  *0.0000 

.9104 

1.0000 

1.0000 

1.0000 

l.OOOO 

1.0000 

1304.40 

1.00 

13.46  *0.0000 

.7712 

l.OOOO 

1.0000 

• 9994 

1.0000 

1.0000 

7304.*; 

2*00 

13.46  *0.0000 

• 7662 

l.OOCO 

l.OOOO 

.9993 

1.0000 

1.0000 

7304.40 

3.00 

13.46  *0.0000 

.7S00 

1.0000 

1.0000 

.9992 

l.OOOO 

1.0000 

7304.40 

4.00 

13.46  *0.0000 

.7466 

l.OOOO 

1.0000 

.9990 

l.OOOO 

1.0000 

' 7304.40 

1*00 

IS.60  *0.0000 

• 60S6 

1.0000 

1.0000 

,997<» 

1.0000 

1.0000 

7304.40 

2.00 

15.60  *0.0000 

.6013 

1.0000 

1 .OUOO 

.9972 

1.0000 

l.OOOO 

7304.40 

3*00 

15.60  *0.0000 

• 6842 

1.0000 

l.OOCO 

• 9969 

1.0000 

1.0000 

7304.40 

4*00 

15.60  *0.0000 

• 6744 

l.OOOO 

l.OOOO 

.9953 

1.0000 

1.0000 

4AI4.00 

1.00 

21.30  *0.0000 

• 1S08 

.0980 

1.0000 

• 5584 

.8050 

.9139 

4014.00 

2*00 

21.30  *0.0000 

• 1409 

.0979 

1.0000 

• 5561 

• 0029 

.9125 

4014.00 

3*00 

21.30  *0.0000 

• 1484 

.0978 

1.0000 

.5522 

.7994 

• 9102 

4014.00 

• *00 

21.30  *0.0000 

• 1464 

• 9076 

1.0000 

•5468 

.7946 

• 9069 

STT4.00 

1*00 

26,60  *0.0000 

• 07S6 

♦ 9496 

.9975 

.3251 

• 5445 

• 6926 

STT4.00 

2.00 

26*60  *0.0000 

• 07S3 

• 9489 

• 9974 

.3238 

.5427 

• 6908 

S7T4.0U 

3*00 

26.60  *0,0000 

.0747 

• 9476 

.9973 

• 3216 

.5398 

.6070 

STT4.00 

«*00 

26.60  *0.0000 

• 0739 

.0459 

.9971 

.3187 

.5358 

.6037 

0470.20 

1*00 

13.70  *0.0000 

• 1606 

.9987 

1.0000 

.5833 

.0263 

.9276 

*470.20 

2.00 

13.70  *0.0000 

• IS83 

• 9986 

1.0000 

.5775 

.0215 

.9246 

*470.20- 

3*00 

13.70  *0.0000 

• 1S46 

.9083 

1.0000 

• 5682 

.0136 

.9195 

*420.20 

4.00 

13.70  *0,0000 

.1497 

.9979 

1.0000 

.5556 

• 0025 

.9122 

*470.20 

1.00 

23.00  -0.0000 

• 0S67 

.8012 

• 988? 

.2531 

.4422 

.5034 

*420.20 

2.00 

23,00  *0.0000 

• 0S64 

.8899 

• 9879 

.2520 

.4405 

.5015 

*420.20 

3.00 

23.00  *0,0000 

♦ 0S50 

.8876 

• 9874 

.2501 

.4376 

.5703 

0470.20 

4oOO 

23.60  *0.0000 

♦ 0S53 

• 8848 

.9867 

.2475 

.4337 

.5739 

*470.20 

1*00 

26.50  *0.0000 

• 0460 

.8331 

.9721 

• 2099 

r3757 

• 5067 

*420.20 

2*00 

26.50  *0.0000 

• 04S8 

• 8316 

.9717 

• 2091 

.3744 

• 5052 

*470.20 

3*00 

26.50  *0.0000 

• 04SS 

• 8297 

.0710 

.2078 

.3724 

.5020 

*470.20 

4*00 

26.30  *0.0000 

• 04S1 

• 8267 

• 9700 

.2060 

• 3695 

.4994 

7*40.00 

1*00 

30.00  *0.0000 

• 0204 

.6785 

• 8966 

• 1387 

• 251^1 

• 3610 

7*40.00 

2*00 

30.00  *0.0000 

• 0293 

.6772 

• 89S8 

• 1383 

• 2S74 

.3601 

7*40.00 

3*00 

30.00  -O.OOoO 

.0202 

.6752 

.8945 

• 1376 

«2S62 

• 3S8S 

7*40.00 

4.00 

30.00  *0.0090 

♦ 0289 

• 6724 

• 8927 

.1366 

• 2545 

.3563 

00*3.00 

1*00 

22.10  *0.0000 

.0465 

• 8480 

.9772 

• 2202 

.3910 

.5257 

00*1.00 

2.00 

22.10  -0.0000 

.0482 

.8471 

.9766 

• 2190 

• 3900 

• 5236 

00*7.00 

3.00 

22.10  *0.0000 

.0478 

• 8442 

.9757 

.2170 

.3870 

.5200 

00*3.00 

4.00 

22.10  -0.0900 

.0471 

• 8402 

.9745 

.2144 
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U.S.  Amiy  Construction  Engineering  Research  Laboratory 
Champaign,  Illinois 


INTRODUCTION 

the  quantification  of  facility  deterioration  Is  a problem  currently 
facing  the  U.S.  Amy  Corps  of  Engineers.  Quantification  Is  Immediately 
necessary  for  determination  of  maintenance  costs  over  the  life  of  the 
facility  and  for  projection  of  facility  maintenance  requirements  for  use 
In  programming  and  budgeting  maintenance  resources. 

The  analysis  of  maintenance  cost  over  the  life  of  the  facility  Is 
Inherent  In  tne  process  of  life  cycle  costing  alternate  facility  construe* 
tion  systems,  e.g.,  brick  and  tile  vs.  frame  and  shingle.  Life  cycle 
costing  is  required,  by  regulation,  on  all  new  construction.  The  projec- 
tion of  maintenance  requirements  Is  made  necessary  by  the  scarcity  of 
maintenance  resources  and  the  need  to  start  programming  process  some  two 
to  three  years  prior  to  the  budget  year.  A major  problem  with  both  efforts 
Is  the  quantification  of  the  condition  of  the  facility  over  time  In  terms 
that  are  common  to  all  facilities  and  are  easily  convertible  to  dollar 
costs  or  some  other  unit  of  measure  necessary  for  policy  formulation. 

The  Office  of  the  Chief  of  Engineers  (OCE)  and  the  Office  of  the 
Deputy  Chief  of  Staff  for  Logistics  (0CSL06)  are  currently  developing  an 
Army  facilities  Information  system,  the  Integrated  Facilities  System  (IPS), 
which  provides  a scheme  for  breaking  facilities  Into  common  components  (See 
Figure  1)  and  evaluating  each  component  In  terms  of  1t$  condition,  I.e., 
good,  marginal,  poor.  Condition  Is  also  reported  In  terms  of  dollars  re- 
quired to  return  component  to  oood  condition.  Condition  data  Is  collected 
through  direct  inspection  of  all  components.  The  IPS  1s  primarily  designed 
as  a reporting  system  for  actual  maintenance  requirements.  When  Implemented, 
however.  It  may  provide  data  useful  for  analyzing  and  projecting  mainte- 
nance costs  over  time.  It  was  this  conjecture  which  led  to  the  develop- 
ment of  the  proposed  model . 

In  the  course  of  developing  this  model.  It  became  apparent  that  facil- 
ities could  not  be  easily  fit  Into  traditional  models  of  failure  such  as 
the  exponential  chance  failure  model  or  wearout  failure  model.  A deteri- 
oration phenomenon,  however,  seemed  to  be  common  to  most  facility  component 
wearout.  In  particular,  there  1$  seldom  a point  where  one  can  Identify  a 
complete  component,  or  facility,  failure.  Instead,  the  component  charac- 
teristics describing  Its  performance  change  gradually  over  time,  making 
failure  difficult  to  define  In  meaningful  terms.  The  deterioration  pheno- 
menon, or  parameter  drift.  Is  more  difficult  to  deal  with  when  applied  to 
complex  systems;  the  traditional  model  Is  not  easily  applied  to  situations 
where  data  gathering  Is  automated  and  large  amounts  of  data  are  encountered. 
In  light  of  the  present  configuration  of  the  IPS,  from  which  Input  data  will 
be  taken,  a discrete-state  Markov  model  has  been  formulated,  making  use  of 
existing  data  formats  and  compatible  with  the  general  scheme  of  IFS  report- 
ing. 
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NOMENCLATURE 


ij 


(k) 


F(k) 

6. 


one-Btep  transition  pro^jabilityt  th«  conditional  probability 
that  component  k will  go  from  state  i to  state  j 
one-atep  transition  Matrix  for  component  k 
steady* state  probability  that  consonant  k will  be  in 
state  j in  the  long  run 

Bteady*8tate  probability  vector  for  conponent  k 
average  recurrence  time  for  conponent  k to  return  to 
state  j 

the  occurrence  of  a transition  of  component  k from  state  i 
to  state  j I for  the  hth  facility  observed 
matrix  of  observations  of  transitions  at  data  point  i for 
component  k 

transition  data  matrix  at  data  point  i 

theoretical  transition  probabilities  calculated  from  a 

polynomial  model 

theoretical  transition  matrix 

parameter  of  polynomial  equation 

least  squares  estimate  of  parameter  of  polynomial  equation 
ith  variable  describing  a conponent 

the  extent  that  the  kth  component  in  the  ith  state  degrades 
the  mission  of  a facility,  expressed  as  a decimal  fraction 
mission  effects  matrix  for  component  k 

jolunii  vector  of  mission  effects  for  mission  j , component  1: 
ineffectiveness  vector  for  conponent  k 


■3 


1 


18 


f^Oc) 

•j(k) 

q 


I 

N 

R 


1 

NR 

M 


lnaff9ctlv«n«Bs  of  cotnponent  k on  facility  miaiion  j, 

axpressed  aa  a decimal  fraction 

effectiveness  of  co  lent  k on  facility  mission  j, 

i 

exp)?essed  as  a decint  ■.  fraction  j 

matrix  portion  for  absorbing  Harkov  chain  which  does 
not  contain  ahsorption  probabilltios 
identity  matrix 

(I  ~ Q)~^»  or  fundamental  matrix  of  absox4>ing  chain 
absorption  state  vector  porticn  of  absorbing  state  transition 
matrix 

column  vector  of  all  l*s 

vector  of  mean  absorption  probabilities  from  any  state ^ 

mean  numbor  of  steps  for  absorption  from  any  state  | 
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APPLICATION  OF  THE  MARKOV  MODEL 


The  typical  facility  as  a system  exhibits  a continuous  ppocess  of  de- 
terioration over  time,  a complex  process  in  which  a large  number  of  inter- 
related performance  characteristics  change  to  produce  overall  reduced  system 
effectiveness.  The  relatively  complex  nature  of  the  facility  system  does  not 
lend  itself  to  the  discrete  failure  model  in  which  there  are  only  two  possible 
states,  "failed"  and  "not  failed,"  it  being  difficult  even  -to  define  the  term 
"failure." 

Chance  failure  and  wearcut  failure  are  treated  primarily  as  discrete, 
attribute  events;  the  process  is  one  of  counting  rather  than  measuring. 

Failure  rates,  the  parameter  of  the  chance  failure  models,  are  defined  as 
failures  per  unit  time,  or  percent  failures  per  unit  time;  wearout  failure 
parameters  are  the  mean  wearout  time  and  variance  of  the  wearout  time. 

Deterioration,  or  degradation,  is  a dif^rent  phenomenon  in  that  the 
performance  parameter  of  a component  is  measured  over  time,  with  the  change 
in  the  parameter  representing  the  deterioration  of  the  component.  Pre- 
sumably, the  parameter  being  measured  contributes  to  the  ability  of  the  com- 
ponent to  perform  its  function.  If  the  parameter  value  falls  outside  some 
design  limit,  a deterioration  failure  occurs.  In  a deterioration  failure 
model,  the  rate  at  which  the  parameter  changes  over  time  is  a measure  of  the 
component  reliability. 

A stochastic  deterioiation  model  would  define  the  performance  character- 
istics of  the  system  as  random  variables,  where  the  parameters  of  the  distri- 
butions of  the  performance  characteristics  are  functions  of  time;  for  example, 
let  q equal  the  component  performance  measure  and  let  q have  a normal  distri- 
butlon  at  any  given  time  with  mean  and  variance  o^.  Let  these  parameters 


1 

i 
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(9) 


b»  • fundti«n  of  tlM, 


y^(t)  - f(t) 

oi|(t)  « »<t)  (10) 

9 


Let  tlM  dosi^  liait  of  tbo  oonpoaont* 

Th«  haiard  function  for  tho  oeaponmt  would  take  tho  fom 

-Co  - f(t)3^ 


i(q) 


2 


2 ya(t ) 


(11) 


By  integration t the  failure  tine  distribution  fuaetion  would  bet 

-Cq  - f(»)3i 

• dq  df 

teO  q«0 


F(t) 


/ 


/ 


(12) 


The  deterioration  nodal  la  nore  descriptive  of  the  deterioration  in 
a facility  aysten»  but  it  does  not  make  easier  the  dafinition  of  the  failed 
condition  of  the  component.  The  deterioration  nodal  still  peredts  only  two 
distinct  states  and  makes  it  difficult  to  adequately, include  the  intemsdi** 
ate  steps  in  the  deterioration  process,  which  are  also  of  interest  in  axrir- 
ing  at  policy  decisions. 

The  Harkov  model  falls  somewhere  between  the  chance  failure  nodal  and 
the  continuous  deterioration  model  by  providing  for  any  number  of  discrete 
statee  into  which  the  system  may  fall  during  the  process  of  deterioration. 
The  Markov  model,  unlike  either  of  the  others,  looks  at  the  ohemg*  in  state 
of  the  system  and  is  in  this  sence  a more  dynamic  model.  This  approach  ia 
particularly  suited  to  the  facility  situation  in  providing  very  relevant 
management  information  in  a form  that  is  directly  useful. 


Um  of  th«  discrete  state  model  for  the  detarloratian  phenononon  re- 
quires that  the  conponent  performance  continuum  be  divided  into  a ouMber 
of  mutually  exclusive,  but  all-inclusive,  states,  and  for  practical  pxir- 
poses  it  is  desired  that  these  states  be  minimum  in  nusber  while  adequately 
representing  the  range  of  deterioration  and  in  sufficient  detail  to  avoid, 
ambiguity  in  the  definition  of  the  states.  It  is  assumsd  that* this  approxi- 
mation to  the  continuous  nature  of  the  deterioration  model  will  not  seriously 
effect  the  results  obtained  with  the  model. 

Me  attempt  is  made  here  to  defin>  all  components  and  the  oorrespcDding 
states.  General  guidelines  for  cooq>onent  definitions  are  suggested  as  folr 
lows: 

a.  Coo^nent  breakdown  should  be  on  a functional  basis  as  each  com- 
ponent relates  to  the  facility  as  a whole,  rather  than  according 
to  shop  responsibilities,  size,  capacity,  etc.  The  general  func- 
tion for  the  conponent  defined  sho\ild  be  the  sans  for  all  facili- 
ties regardless  of  type. 

b.  All  components  should  be  defined  as  the  same  level  of  detail;  in 
this  respect,  a hierarchical  or  tree  structure  nay  be  helpftil. 

c.  Components  should  be  primarily  divided  as  building  co^>onents  and 
non-building  components.  The  number  of  components  which  nay  be 
applied  to  both  broad  categories  will  probably  be  siaall. 

d.  Components  should  be  mutually  exclusive. 

The  definition  of  the  component  states  is  similar  to  the  condition 
rating  scheme  used  in  the  early  versions  of  Xrs  [2].  This  scheme  defined 
four  states  into  which  the  condition  of  all  components  would  fall.  Bench- 
marks for  evaluation  of  conponent  condition  related  the  component  condition 
classification  with  the  effectiveness  of  the  facility  as  a whole  and  did  not 
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diffkvmtiat*  th«  coMpoiMnt  eonditlon  from  th«  rclativ*  of  my  pap- 

tioulap  oonponent  on  a paz^iculap  facility  mission. 

The  daflnl'cion  of  ooaponsnt  states  suggested  fop  the  Markov  model  is 
perfbrmed  Independently  of  the  censideration  of  the  effect  that  a component 
condition  nay  have  on  a facility  as  a whole  and  represents  a significant 
improvement  on  the  present  condition  rating  scheme  with  the  greatest  improve- 
ment being  that  each  component  condition  is  given  in  terms  of  that  component 
only.  General  guidelines  fop  definition  of  the  cosponent  states  are  sug- 
gested as  follows i 

a.  Conponant  states  should  be  clearly  defined  in  terms  of  meas\irable 
quantities  such  as  capacity » or  in  clearly  defined  attribute  terns. 

b.  Each  state  should  be  defined  in  terns  of  the  particular  cosponent 
without  regard  to  other  components  or  facility  functions. 

c.  States  should  be  defined  in  sufficient  detail  to  avoid  ambiguity; 
unnecessary  detail  should  be  avoided  to  nininize  oonplexity  of  the 
resulting  state  model. 

It  nay  be  reasonably  assumed  that  the  state  transition  pr^abilities 
at  any  given  time  will  depend  upon  a set  of  variables  which  determine  the 
way  the  system  wil?  Mhave.  Added  dynamic  dimension  is  achieved  in  the 
model  by  formulatinf  the  trmsition  probabilities  as  functions  of  this  set 
of  variables,  as 

Plj  = f({V),  {P)>  (13) 

where  (V)  a the  aet  Of  variables  and 

(6}  > a set  of  porametere  of  a polynosdal  model. 

The  polynomial  model  allows  the  inclusion  of  all  relevant  and  si^tificant 
factors  which,  logically,  will  have  an  inpact  on  the  deterioration  of  a 
facility. 


1 
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St  ahaiiM  b*  nstad  that  ttw  wtaUaa  m for  tiM  fhoility 

* 

w a lAtoXa,  md  tha  aat  of  valuaa  of  tba  oariabloa  will  bo  roughly  tbo 
•OM  far  all  eooponantai  In  practloa,  tha  valuaa  of  tha  variablaa  any 
41ffir  for  dlffarant  oeapoaanta  within  tha  bom  faeiilty,  or  aay  only 
difftr  froa  facility  to  facility!  or  aay  vary  cnly  fhoa  inatal^atlon  to 
iaatallation.  In  all  caaas  tha  aat  of  variablaa  arrlvad  at  will  bo  tha 
aaaa  for  all  inatallationa!  all  faellitlaa,  and  all  eeapcaionta.  It  la^ 
thaaufora,  through  tha  daflaitlma  of  tha  eeapenantat  tha  ocnponant  atataa* 
and  tha  aipiif leant  variablaa!  that  tha  nodal  aehUvoa  ita  gmarality,  and 
through  tha  applleatlcn  of  tha  particular  valuaa  of  tha  variablaa  and  ala- 
aion  analyaia  (covarad  latar)  that  tba  nodal  ia  applied  to  apaoifio  cireun* 
ataacaa. 

Ubtiaataa  of  tha  paraaatara  of  tha  pelynonial  nodal  ara  obtainad  by 
tha  nathod  of  laaat  aquoraa  fTon  tha  obaarvatien  of  aanplaa  of  faoilitiaa 
evar  a "tiuaaltirn  atap,"  nonally  a ehanga  of  otota  fTon  ona  year  to  tha 
aairt. 


AfPLICATIOH  OF  ABSORBING  STATE  MODEL  TO  FACILITIES 

The  obaorbing  atata  nodal  haa  a aonawhat  dlffarant  dcvolopnaat> 

All  though  tha  baalo  atataa  ara  tha  aona  aa  thoaa  liatad  obova!  thara 
ia  ona  nora  atata  that  nuat  ba  addad.  Thia  atatai  tba  aboorblng  atata! 
will  papraoant  tha  point  In  tlna  whara  tha  conponant  of  tha  facility 
hoa  dar«dad  to  auch  a point  where  It  ia  diapoaad  of. 

It  ahould  bo  noted  that  a particular  coaponant'a  dlapooal  nay  or  nay 
not  naan  that  tha  facility  Itaalf  ia  diapoaad  of.  For  enanplO!  a gaa 
boating  ayatan  nay  ba  raplaood  by  on  alactrical  heating  ayatan  with  no 
affoct  to  tha  facility.  Howovor!  if  a roof  ia  diapoaad  of,  tha  build- 
lag  itaalf  will  alao  ba  diapoaad  of  <ailaaa  tha  roof  ia  only  being  ra- 
plaeadi  in  thla  oaaa,  tha  conponant  goaa  book  to  tha  boat  condition. 

Iho  prcbabllltiao  for  tha  aboorblng  chain  arc  conputad  tha  aana 
any  tba  probabllltlaa  for  tha  regular  chain!  with  tha  aweaptlon  that 
for  tha  kth  abaorbing  atata,  Pyj  ■ 1 and  pj^,  for  all  J la  0. 
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EXPERIMENTAL  0ESI8N 


Eiq>«rienc«  with  facility  data  haa  auggaatad  that  tha  varlablaa 
which  aay  detarmlna  tha  change  in  atata  of  eonponanta  nay  ba  divided 
into  thraa  broad  catagoriea  with  corresponding  important  \ariablas 
in  each  category  as  followa: 

1.  Daaiiin  Variables— -the  variabloa  whose  values  are  detemineu 
at  the  time  the  conponent  is  dabignad  and  constructed  and 
remain  unchanged  throughout  the  life  of  tha  cong)onant,  such 

as: 

(a)  Type  of  oonstruetion— pensanent  or  temporary » masonry 
or  woodt  etc., 

(b)  Size  or  capacity— square  feet»  Btu/hour,  parsons • etc., 
and 

(c)  Year  constructed— tha  age  of  the  component. 

2.  Environmental  Variables— describe  tha  actual  conditions  under 
which  tha  component  is  operated,  such  as; 

(a)  Component  loading— actual  load  being  placed  on  tha  com- 
ponent as  compared  with  designed  capacity,  and 

(b)  Climactic  conditions — heating  degree-days,  annual  rain- 
fall, etc. 

3.  Policy  Variables— variables  describing  the  operational  and 
maintenance  policies  of  the 'organisation  responsible  for  the 
operation  and/or  maintenance  of  the  component,  such  as; 

(a)  Dollars  spent  on  preventive  maintenance  of  the  component  and 

(b)  Dollars  spent  on  corrective  maintenance  of  the  component. 
This  list  of  variables,  although  reasonably  complete  without  the 

benefit  of  extensive  data  analysis,  should  not  be  considered  as 
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•xhaustiv*  by  «ny  ntans.  All  i>«MOMbly  poMibla  variiblas  of  mum 
should  bs  Ineludsd  in  the  data  gatherinf  prooess  so  that  all  possibla 
sourOas  of  variation  may  be  aoeounted  for.  Tha  largar  tha  list,  how- 
avar,  tha  more  data  points  will  ba  raquirad  in  order  to  gat  independent 
astinatas  of  tha  least  squares  psrsMtars,  and  for  this  reason  tha 
variables  included  in  tha  analysis  should  ba  ohoMn  with  care. 

The  data  for  the  analysis  should  ba  ooUsotad  according  to  a two- 
laval  factorial  design  sohaas;  in  tha  csm  of  tha  seven  variables  listed, 
a*2^~^  fractional  factorial  design  could  ba  used,  and  by  confound- 
ing the  main  affects  of  three  of  t'^a  variables  with  third-order  and 
fourth-order  interactions,  it  is  possibla  to  gain  independent  estimates 
of  aain  effbots  and  all  second-order  interactions.  An  assump- 
tion required  for  the  s»del  is  that  all  third-  and  higher-order  inter- 
actions will  be  statistically  insignificant,  s reasonable  assumption 
under  the  cireumstanoes.  The  desiffi  matrix  is  shown  on  the  following 
page.  High  and  low  levels  of  the  variables  should  be  chosen  so  that 
they  lie  at  or  near  the  extreme  values  to  be  reasonably  enoounteredT  in 
practice. 

The  fractional  factorial  design  win  permit  independent  estimates 
of  the  least  squares  parameters  of  first-  and  second-order  terms;  use  ! ; 

I i 

of  the  factorial  also  perodts  the  Inclusion  of  attribute-valued  variables 

which  have  two  levels  In  the  modsl  [3].  ] 

i 

The  response  of  the  component  to  be  observed  is  whether  or  not  the  J 

component  changed  state  from  one  condition  evaluation  to  the  next.  Ob- 

? 

viously,  this  requires  that  the  aoma  Mt  of  facilities  and  components 
be  observed  under  the  sane  or  nearly  same  conditions  for  two  years  con- 
secutively. The  observed  data  would  be  recorded  as  a matrix  as: 

i 


■J 
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Design  Matrix— 2 Fractional  Factorial  Design 
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wh«r«  n la  tho  Hize  of  tha  total  aampla  takon  at  data  point  i 

y /i  if  component  goea  from  atate  i to  atata 
Tilj  'O  otharwisa  * 

It  ahould  ba  noted  that  in  affect  tlMPa  will  be  three  aamplaa 

taken  at  each  data  point,  inaamuoh  as  the  transition  matrix  which 

will  result  from  the  observation  matrix  is  a series  of  conditional 

probabilities,  and  thus,  each  row  of  the  transition  matrix  must  add  to 

1.0. 

From  the  observation  matrix,  taken  at  each  data  point  of  tho  factorial 
design,  a transition  matrix  is  calculated: 

n 

Z *1.11 

Pii**’  ■ Hr — <“> 

Z Z *1.11  <*’ 

j ■ 1 h ■ 1 

The  resulting  transition  matrix  is  referred  to  as  the  transition  data 
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mtrix,  and  thera  will  ba  a tranaition  data  matrix  for  aaoh  data  point; 

7-3 

in  tho  casa  of  tha  2 daaign,  thara  will  b4  16  auch  data  natricas; 

■ transition  data  matrix  at  data  point  i 


CPij(k)j^  = (15) 

Bacausa  tha  data  balng  oollaotad  v.ill  ba  of  an  attrlbuta  naturst 
a rathar  larga  aampla  will  ba  raquirad  in  ordar  to  maintain  tha  dasirad 
praclslon  of  tha  aatimatad  transition  probabilltias.  Tha  astimata 
Pih(Ic)  will  hava  a varianca 

Pij(k)  ■ (16) 

whara  n 3 tha  total  numbar  of  componants  which  wara  initially  in  stata  1. 
The  variance  of  tha  astimata  p will  ba  a maximum  whan  p^j(k)  3 o.SO; 
tharafora*  in  ordar  to  hava  a praclslon  of  ±1  parcant. 


0.50^ 

0. 


n > 25 


(17) 


This  is  not  to  suggest  that  a sample  of  at  least  25  components  in 
state  1|  25  in  stata  2,  etc.*  be  taken  for  purposes  of  precision;  tha 
total  sample  of  components  taken  at  a data  point  should  ba  as  random  as 
possible  in  ordar  to  hava  some  idea  of  tha  distribution  of  the  initial 
statas.  The  samples  should  be  sufficiently  large  that  thera  are  about 
25  components  in  each  of  the  Initial  statas;  barring  this,  tha  roisulting 
precision  of  the  estimate  should  ba  kept  in  mind. 
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LEAST  SQUARES  MODEL 


Th*  data  derived  from  the  obaervatlons  Is  used  to  estimate  the 
parameters  of  a second-order  least  squares  model  as  follows: 

P„(k)  ■ k,  k , ...  * b.  t bj,  V, 

* - * '■in  ’l  ’n  ^ Vl  ’»  * <«> 

Estimates  of  parameters  are  obtained  by  the  method  bf  least  squares 
in  matrix  notation: 

b(k)  ■ (V'V)“^ 

where  b(k)  vector  of  parameter  estimates 
V ■ the  design  matrix 

Yij(k)  > the  vector  of  the  p^^j(k)  estimates  from  all  data  points, 
where  y^(R)  ■ Pj^jO<)  «t  data  point  h 
Analysis  of  the  data  by  least  squares  will  result  in  a set  of 
polynomial  models,  one  for  each  possible  state  transition: 

M ■ the  number  of  state  transitions,  and  least-squares  poly- 
nomial models  rsquitbed,  where  N « the  number  of  states. 

This  provides  an  additional  reason  for  keeping  the  number  of  states  at 
the  minimum  necessary. 

With  the  parameter  estimates,  it  is  possible  to  calculate  a transition 
matrix  from  a set  of  values  for  the  independent  variables.  Beosusw  of  the 
lack  of  fit  and  residual  e^ror  inherent  in  the  least-squares  process,  it 
may  be  necessary  to  adjust  the  derived  transition  probabilities  so  that 
m 

^ Pijtk)  ■ 1.0  (20) 

j " 1 

To  do  this,  a dummy  term  is  introduced  so  that 
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(21) 


in 


m 


I 


j - 1 


Pij(X) 

Pi^(k) 


C = 3.0 


1.0  + c 


3 ‘ ^ 


(2?) 


(23) 


ThuSt  dividing  each  element  in  a row  of  the  derived  transition  matrix 
by  the  sum  of  the  probabilities  in  that  row  will  result  in  a corrected 
row  of  transition  probabilities  whose  sun  will  be  equal  to  1.0. 


HISSION  ANALYSIS 


Each  component  of  a facility  can  be  e)^cted  to  effect  the  mis* 

Sion  of  the  facility  depending  on  the  state  that  the  component  is  in; 
the  states  of  the  component  can  be  expected  to  have  different  impacts 
on  the  different  missions  for  which  a facility  may  be  used.  As  an  in- 
dependent part  of  the  analysis,  and  as  a part  of  the  generalized  aspect 
of  the  model,  it  is  necessary  to  assess  in  quantitative  terms  the  im- 
- pacts  that  the  component  states  will  have  on  the  different  missions. 

This  multiple  mission  concept  will  apply  most  to  the  coinponents  which 
will  apply  to  the  buildings  rather  than  to  the  non-building  facilities. 
Non-building  facilities  will  mom  likely  have  a sinlge  mission  or  func- 
tion. 

The  process  for  estimating  these  effects  is,  for  the  most  part, 
subjective;  the  accuracy  and  reliability  of  the  effectiveness  measure 
obtained  will  largely  be  a function  of  the  skill  and  experience  of  the 
person  or  persons  making  the  estimates.  The  procedure  and  resulting 
mission  effects  matrix  is  easily  understood  and  lends  itself  to  easy 
correction  and  arrival  at  a consensus  where  there  may  be  differences  of 
opinion.  In  many  cases,  the  degradation  of  the  facility  mission  will  be 
very  closely  correlated  with  the  effectiveness  of  the  facility  as  a 
whole,  e.g. , the  electrical  power  distribution  component  in  a missile 
launcn  facility,  while  in  other  cases  there  may  not  be  a clear-cut  re- 
lationship (e.g.,  with  the  roof  component  of  a wwehouse  facility}.  It 
is  hoped,  however,  that  by  making  the  mission  analysis  an  independent 
undertaking  from  the  condition  of  the  component,  that  a maximum  of  ob- 
jective and  reliable  mission  effectiveness  estimates  will  result. 
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At  th*  onsst,  all  facility  miaaiona  abeuld  ba  liatad  to  inoluda  all 
typaa  of  faollltiaa  which  may  contain  tha  oonponant  in  quaation.  Naxt , 
theae  facility  miaaiona  ahould  ba  grotqwd  according  to  any  oonannality 
of  the  apacific  function  that  tha  eonq>onent  is  to  perform  (see  numerical 
example).  This  will  bettor  relate  the  component  to  ttio  mission  of  the 
facility  and  cut  down  the  complexity  of  tha  astimating  procasa. 

Vfhan  all  missiona  of  tha  facility  have  been  listed,  a fraction  is 
assigned  to  each  state  of  the  component  for  each  facility  mission  that 
may  be  encountered,  the  ftpaction  indicating  the  degree  to  which  tha  fa- 
cility mission  is  degraded  when  the  component  is  in  a particular  state, 
the  resulting  mission  effects  matrix  0(k)  will  appear: 


mission  j a 

1 

2 

a 

*1 

^11 

(k) 

d^2  (12)  ... 

dj.0.7 

“2 

8^  a . 

a 

<*21 

a 

a 

(k) 

^22  *** 

dj.  0.) 

a 

■m 

a 

<>ml 

(k) 

^jb2 

no 

Mlssi«i  Effects  Matrix 

Ihe  estimates  d^j(k)  are  required  to  be  in  the  range: 

0<di^(k)<l.C  (24) 
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TOTAL  COMPONENT  EFFECTIVENESS 

Th«  affect Ivneness  of  a component  may  be  computed  from  two  determin- 
ing inputs:  the  set  of  design,  environmental,  and  policy  variables  which 
describe  the  component,  and  the  mission  of  the  facility  or  facilities 
which  contain  the  component  by  way  of  the  mission  effects  matrix. 

The  variable  values  arf  applied  to  the  polynomial  equations  to  ar- 
rive at  a theoretical  onevstep  transition  matrix.  After  any  necessary 
adjustments,  the  matrix  P(k)  is  taken  to  a power,  usually  5 or  6,  suf- 
ficient to  arrive  at  steady-state  probabilities  [ir(k)].  These  represent 
the  long-nm  probabilities  that  the  component,  under  the  conditions  as 
set  by  the  values  of  the  input  variables,  will  be  in  a given  state. 

Multiplying  the  steady-state  probability  vector  by  the  mission  ef- 
fects matrix  results  in  on  ineffectiveness  vector,  showing  the  long-run 
degradation  of  the  component  on  the  missions  of  facilities  containing 
the  component,  as: 

Cx(k)]  • D(k)  « F(k)  (25) 

The  component  Ineffectiveness  is  expressed  as  a decimal  fraction. 
Multiplying  the  steady-state  probability  vector  by  a single  column 
vector  from  D(k)  will  result  in  the  element  from  the  ineffectiveness 
vhetor  for  a particular  mission  in  question: 

Cir(k)]  • Dj(k)  = fj(k)  for  the  mission  (26) 

The  effectiveness  of  the  component,  as  applied  tP  a facility  with  mission 
j,  is: 


ej(k)  = 1.0  - fj(k) 

(27) 

0 < Sj(k)  < 1.0 

(28) 

S«t  of 
Polynomial 
Equations 
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USING  THE  KTA  DISTRIBUTION  TO  SUGGEST  THE  DISTRIBUTION 
OF  COMPUTER  ACCESS  TINES  TO  STORAGE 


Walter  D.  Poster 
Of flea  of  Tho  Surgeon  Genoral 
Information  Systems  Office 


ABSTRACT 


In  comparing  two  or  more  candidate  storage  devices  for  all  or  parts  of 
a computer  configuration,  problems  arise  In  which  It  would  be  helpful 
If  a distribution  of  access  times  to  storage  were  available.  For  the 
case  at  hand,  three  values  were  listed  by  the  manufacturer:  maximum, 
minimum,  and  mean.  The  problem  consisted  of  contriving  astlsMtes  of 
several  percentiles  of  a distribution  purporting  to  represent  the  unknown 
distribution  of  access  times. 

Because  the  Beta  distribution  Is  bounded,  Is  defined  by  mean  and 
standard  deviation  as  parameters  (thru  m and  n),  can  take  many  degrees 
of  skewness  either  positive  or  negative,  and  Is  extensively  tabulated. 

It  was  selected  as  a basis  for  suggesting  the  requested  percentiles. 

Its  characteristics  are  presented  along  with  helpful  Ideas  for  plotting. 

What  Is  lacking  Is  any  Idea  of  how  good  the  percentile  estimates  might 
be.  Because  actual  data  on  which  to  base  statistical  astimatei  generally 
do  not  exist,  the  question  of  accuracy  cannot  be  answered.  An  approach 
Is  offered  by  postulating  that  the  true  distribution  Is  Beta  In  fonn  with 
known  mean  but  with  poorly  estimated  standard  deviation.  The  effect  of 
error  In  estimating  the  standard  deviation  on  the  percentiles  Is  given  In 
tabular  form.  A second  approach  to  the  effect  of  error  constitutes  the 
question  for  the  panel. 


I.  BACKCROUND  AND  OBJBCTIVES: 

In  preparing  to  ataulata  the  uaa  of  1)  Digital  Zqulpawnt  Corp'a 
tP0*3  disk  and  '*.)  IBM's  3330  disk  %dth  tha  PDP-11  computer  In  GP8S 
on  tha  IBM  360-30,  a specific  problem  arose  concerning  the  distribution 
of  aeeaas  tlsws  to  disk  manory  for  various  storage  locations  on  tha  disk 
and  for  a variety  of  Infontatlon  Items  to  be  retrieved. 

PDP-11  literature  gave  the  minimum  access  time  as  7.S  msecs,  the 
mamimum  as  S5,  and  the  average  as  42  msec.  With  only  this  amount  of 
Information,  tha  problam  «aa  to  salect  or  contrlva  a probability  dis- 
tribution mhlch  would  serve  as  a first  approximation  to  the  (unimown) 
true  dlatrlbutlon  of  eceest  times  and  to  obtain  tha  Sth,  10th,  2«^th, 

50th,  75th,  90th,  and  9Sth  percentiles  of  this  distribution. 

II.  ANALYSIS 

Because  of  the  obvious  akewneaa  of  tha  true  dlatrlbutlon  as  Indicated 
by  the  three  given  values  of  access  tlsm,  any  symnetrlcal  distribution 
such  as  the  normal  or  rectangular  would  not  be  appropriate.  However,  the 
Beta  distribution, 


.1 

B(m,  n)  - (1  - 


which  is  a bounded,  unimodal,  continuous  distribution  with  domain  tetio 
to  unity  and  paramaters  m and  n,  la  capable  of  exhibiting  skawnesa  to 
the  right  (m<n),  left  (m>n),  or  symmetry  (m  • n).  It  has  mean. 


u ■ m/  (m  n) 


node, 


mode  ■ - l).'(m  + n - ^) 


and  variance. 


i/(n  n)*  (n  + n 1) 
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This  dlttrlbutlon  d*«Md  ibl«  to  provldt  a first  approxiadtlon  to 
tht  oetuol  distribution  of  tho  occsss  tlsiss  undsr  tlio  ossusiptions  that 
ths  truo  distribution  Is  unlswdsl,  continuous,  bounded,  and  reasonably 
regular  In  Its  characteristics.  Tha  following  aatheauitleal  davolopnant 
shows  the  basis  for  the  conputatlen  of  the  desired  percentiles. 

The  first  step  was  to  transfom  the  scale  of  the  original  variable,  t 
(for  access  tlsM  In  Billiseconds),  to  that  of  X with  upper  and  lower 
bounds  of  sero  and  unity  at  required  by  the  Beta  dlstilbutlon.  Such  a 
transfematlon  Is  given  by 

X - (t  - a)/  (b  - a) (5) 


where 


a ■ lower  bound  In  t*scale,  and 
b ■ upper  bound  In  t-scale,  such  that  when 

t ■ a,  X ■ 0,  and  when 
t « b,  X * 1,  as  raqulred. 

Tha  opportunity  to  astlaate  the  Beta  distribution  paraBaeatg,*  and  a, 
lay  In  solving  aquations  (2)  and  (4)  slBultaneously  undar  tha  aaebmptlena 
that  the  nean,  u,  and  variance,  a*,  were  known  and  tha  distribution  was 
known  to  be  tho  Beta  In  form.  The  mean  was  one  of  the  given  values,  42 
In  the  t-scale  and  .7263  In  the  X*seale  according  tn  (5).  Knowledge 
of  the  variance  was  contrived  according  to  the  following  devolopaent.  It 
was  assumeit  that  the  essential  domain  of  both  tha  actual  and  tha  fitted 
Bata  distributions  was  equivalent  to  six  standard  deviations.  A pracadant 
for  this  assunptlon  In  using  the  Beta  distribution  exists  In  the  statistical 
theory  underlying  the  development  of  the  PERT  charting.  Similarly,  tha 
domain  of  any  normal  distribution  Is  oftsn  taken  to  be  asaentlally 
equivalent  to  six  standard  deviations.  Therefore,  ve  sat  the  range  of  the 
equivalent  Beta  distribution  equal  to  six  standard  deviations; 

6 0 a 1 • 0 from  which 

® a 1/6. 

Simultaneous  solution  of  equations  (2)  and  (4)  yielded  explicit  estimates 
of  the  two  paramuters  as  follows: 


■ ' (w/o)*  (I  - u)-W (6) 

n-m(l/  u-  1)  -.-.--.(7) 

with  numerical  estimates 
m a 4.713  and 
n i 1.6847. 


With  the  fitting  of  the  equivalent  beta  distribution,  it  remained  to 
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find  th«  d««irtd  p*re*nMl«i.  ThsM  wr«  in  T^bl*  111.  10, 

fnrenntaf*  folntt  of  tho  Boto  Dlstrlbutioti  J/  . Aa  .coquirod,  m tot 

■ 2n  ■ 3.37  and 

V2  ■ 2m  - 8.9* 

•ad  omployod  doublo  Intorpolation  to  croato  tha  following  tabla  of  X for 
tha  raquaitad  pareaatllao: 


Fareantila 

X 

t 


5 

.4145 

27.2 


10 

25 

50 

75 

90 

95 

491 

.621 

.753 

.859 

.922 

.951 

30.8 

37.0 

43.3 

48.3 

51.3 

52. 

Cenvarsion  of  tha  X valuas  to  tha  t>aeala  waa  aeeompllahad  by  tha  Invaraa 
aolutlon  of  (5)  giving 

t-(b-a)X+a (8) 

For  purpoaaa  of  illuatratlon,  tha  erdinataa  of  tha  fittad  Bata 
diatrlbutien  wara  eomputad  from  tha  firat  darivatlva  of  (1)  .for  arbitrary 
Ineramanta  of  X.  Figura  1 ahowa  thla  diatrlbutien  with  both  tha  X and  t* 

aealaa. 

III.  BOH  AOOURAn  AM  THE  PERCINHUIS? 

Vhat  ia  lacking  ia  any  idea  of  hay  good  tha  pareantila  aatiauitaa 
might  ba.  Baeauaa  aptual  data  on  which  to  baaa  atatiatioal  aatimataa 
did  not  axiat,  tha  quaation  of  accuracy  cannot  ba  anawarad.  An  approach 
la  of farad. by  poatulating  that  tha  trua  diatribution  ia  Bata  in  form 
iAth  known  naan  but  with  poorly  aatinatad  standard  daviation. 

Two  approachaa  have  baan  followed  in  aaaasaing  tha  affact  on  tha 
parcantilaa  of  a poorly  aatinatad  atandard  daviation. 

The  firat  conaiata  of  a ainpla  aansitlvity  analysis  in  which  tha 
25*th  pareantila  has  baan  conputad  for  a two-way  tabla  of  maan  and 
standard  daviation.  This  is  givan  in  tha  following  table  where  it  is 
easy  to  parcaiva  the  change  in  tha  25-th  pareantila  for  ehangaa  in 
either  tha  naan  or  tha  standard  daviation  or  both. 


TABU  1.  VALUES  OF 

^25 

FOR  VARIOUS  V 

.70 

.79 

.80 

Maan 

.85 

■ 90 

.09 

.666 

.710 

.794 

.804 

.868 

.10 

.634 

.686 

.739 

.795 

.858 

.15 

.601 

.697 

.716 

.784 

.20 

.25 

.971 

.543 

.630 

.597 

.700 

Suppose,  for  axampla,  that  the  trua  distribution  is  Bata  in  fom  with 
aman  .75  and  standard  daviation  .29.  Howavar,  it  is  assunad  that  the 
maan  is  .75  but  tha  standard  deviation  is  .15.  Than  from  tha  cable,  it 
can  ba  seen  that  P25  is  thought  to  ba  .657  whan  ib  really  is  .997. 
Sinilar  affects  can  ba  obtained  for  a change  in  the  maan  or  a change  in 
both  aman  and  standard  daviation.  . 120  . 


FICI/RC  J.  fitted  beta  DI:L;-n.lliUTluN  J11H  FAKAkSTUtS 


The  second  approach  has  the  same  objective,  what  Is  the  effect  of 
a change  In  standard  deviation  on  the  percentile.  It  consists  of 
applying  the  delta  process  to  the  Beta  distribution.  The  question  to 
the  panel  consists  of  both  the  need  for  this  approach  and  Its  appropriateness. 

Let  us  denote  the  change  in  X by  i X as  effected  by  a chanoe  In  the 
standard  deviation  thru  the  Beta  parameters  m and  n.  By  requiring  the 
original  Beta  Integral  to  have  value  equal  to  the  desired  percentile,  e.g. 

.25,  as  well  as  the  augmented  Beta  Integral,  we  have 


kj  t"'“^l-t)""^dt  • kJ 


“"TfsTrlnT- 


K « and 


P ■ specified  percentile 


Differentiation  with  respect  to  X gives 
k(X)'""\l-X)"*^  • K(X+iX)"^^'”"Vl-X-aX)'^'^^"“^ 


L vxav  Aw  1 V *V  ^ 

(S^l)  (x+aX)  0-x-ax) 


i - (i+^)'"’^[(i+^)^V'"j{i-f^)""’jji-^)^"(i-x)^"^ 
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Th‘«n  ^ ■ (m+.\n-l)»n(l+^)+fcm  inX  + (n+An-l)tn(l-^^)  + in(1>X) 

which  beconies  by  taking  the  first  tern  In  the  series  expansion  for  tn  w: 

tn  ^ • (ni+i,m-l)  + in  +(n+in-1)(|^*^)  + in(l-X)‘"” 
whence 

X(l-X)Anpi'X"^"'(l-X)'^'n 

AX.«  j.  ' ■ ' !•> "al  (9) 

Rl-X)(m+Am-l)-X(n+An-lJj 

Evaluation  of  Ltn  and  An  In  (9)  was  accomplished  by  aucnentlng  o In 


equation  (6): 

m+Am  ■ (r-rr)^  (l-u)-p  whence 

0 ' 

Am  « (1-u)  (19) 

Similarly  from  equation  (7),  we  have 

An  ■ Am  {-^  -1)  (11) 


The  evaluation  of  equation  (9)  caused  considerable  consternation 
to  my  little  desk-top  Olivetti  lOl  and  despite  its  valiant  efforta,  I 
think  I managed  to  gum  it  up  by  errorc>o£  my  ovn.  Ac  leeec  I heven't 
been  able  to  duplicate  any  effect  In  Table  1 as  yet. 

X had  hoped  that  a formulation  like  that  In  equation  (9)  would 
provide  aome  insight  on  tha  effect  of  AO  on  AX  and  possibly  a not-too- 
naaty  computation  of  it.  Perhaps  your  answer  to  ny  question  la  tha  samt 
aa  mint...  Ugggghhhh! 


^ Cherdcal  Kubbar  Csr..,’;?.ry  Handbook  of  Tables  for  Probability 
and  Statistics, 
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OK  tmooMiTt  n PiMMomatiziD  Awosranuc  mddils 

AMD  SOME  SOLimOHS  TO  AVOID  IT 
Otkar 

Phyileal  Selaneas  Dlraetorat* 

US  Amy  Miaalla  Raaaareh,  Davalopmnt  and  Englnoarlng  Laboratory 

US  Amy  Mias  11a  Coaaand 
Sadacona  Araanal,  Alabama  3^609 


ABStlACT.  Tha  blaudallty  In  tha  fraquancy  diitributldna  of  atmoa- 
pbarle  data  aaaplaa  la  axaminad.  If  tha  blmodallty  la  lanaratad  by  a 
■Istura  of  populationa  baaad  on  diffaraneaa  in  phyalcal  bahavlor,  It 
nay  only  aonatlnaa  ba  poaalbla  to  aaparata  tha  individual  collactivaa 
a*  priori. 

A aaeond  elaaa  of  data  axiata  whara  binodality  in  tha  fraquancy 
diatributiona  ia  alao  eauaad  by  phyaical  bahavior.  but  ia  producad  by 
aithar  paramtariaation  or  daaign  raquirananta.  Thia  binodality  can 
uaually  ba  avoidad,  but  tha  mathoda  of  aolution  may  not  alwaya  ba 
trivial. 

Soma  bimodalitiaa  of  fraquancy  diatributiona  for  atmoapharie 
ala  manta  fall  into  thia  aaeond  eatagory.  It  ia  illuatratad  how  to 
aliminata  tha  bimodality  in  caaa  of  an  angular  yariata  profila  aueh 
aa  in  tha  paramatariaation  of  tha  wind  diraetion  profila  aa  a function 
of  altitude.  Another  axanpla  ia  taken  from  engineering  raquirananta 
where  tha  principle  of  atationarity  of  time  aariaa  or  honoganaity  of 
eliauta  ia  violated. 

1.  IHTBODUCnOH.  Ordinarily  it  la  expected  that  aampling  from 
one  population  ahould  lead  to  uniinodal  fraquancy  danaity  diatributiona. 
Bi-  or  multinodality  in  tha  aampla  fraquancy  ia  tharafora  attributed 
to  random  affaeta  of  data  aampling  and  can  generally  ba  naglaetad  by 
tha  atatlatlcian, 

Tha  problem  bacomaa  more  aarioua  when  tha  phyaical  background 
for  data  aampling  la  hataroganaouai  and  conaldaratlon  muat  be  given 
to  tha  fact  chat  tha  aampla  may  comprlaa  more  than  one  Individual 
population.  Thia  mixture  of  populationa  could  lead  to  multlmodalicy 
In  the  fraquancy  diatrlbution.  In  this  caaa.  the  Individual  paaka 
in  tha  fraquancy  danaity  era  atatlatlcally  algnlflcant,  and  tha  dia- 
tribution  can  no  longer  ba  treated  by  atandard  ataciatlcal  mathoda. 


Pr8ceding  page  blenk 
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Although  advuictd  tochnlquos  h«v«  boon  dovolopod  for  trotting 
mlxod  dlotributlono  (o.g.  Pooroon,  Dootoch,  19^6,  1936; 

Eotonwongor,  1955*  and  othoro)  ovory  blmodol  or  nultimodol  dlatrl- 
butlon  ohould  not  automatlcolly  bo  congidorod  to  In  tho  group  of 
mlxturoo.  Tho  history  of  tho  data  oampla  should  ba  analyzed,  and 
tho  quostlon  Investigated  whether  the  piiyslcal  background  or  be- 
havior of  the  observed  property  justifies  the  clasalficatlon  as  a 
mixture  of  populations.  Even  though  multimodallty  may  be  produced 
by  dlfferancos  of  physical  bahavlor  unimodality  can  somotlmos  bo 
restored  by  appropriate  procedures.  These  procedures  for  the 
elimination  of  mixtures  In  populations  may  sometimes  be  very  Intri- 
cate. 


The  following  discussions  Illustrate  the  ease  of  a blmodallty 
ganerated  for  an  angular  variate  and  some  techniques  of  circumventing 
this  blmodallty. 

A second  example  la  presented  which  frequently  occurs  In  the 
establlehmsnt  of  design  criteria  for  syetems  analysis.  Input  ra- 
qulremanta  for  atmospheric  data  may  have  been  requested  which  Ignore 
the  statlonarlty  or  homogeneity  such  as  In  atmospheric  time  series 
or  In  tho  uniformity  of  the  climatic  reglsie.  Multimodallty  in  the 
frequency  density  will  bo  the  result  of  this  neglect.  In  this  ease, 
efforts  should  be  made  by  the  climatologist  to  achieve  modification 
of  the  requlreswnte. 

The  outcosM  may  be  beneficial  to  both  the  engineer  and  climato- 
logist. Usually  the  result  only  needs  a slaqple  treatmant  by  standard 
statistical  proceduroe  with  a meaningful  interpretation  of  the 
statlatlcal  parameters  with  respect  to  physical  properties. 

g.  EXAMPLES  OF  BI-  AMD  MULTlMUDALm.  In  the  following  examples 
the  wind  as  an  atmospheric  element  has  been  selected.  Although  cases 
of  bl-  or  multliDodallty  are  not  restricted  to  this  atmospheric  para- 
meter, quantities  of  multidimensional  proportion  are  more  likely  to 
develop  a heterogeneous  background.  A complex  treatmant  may  enhance 
the  chances  that  physical  conditions  for  one  of  the  parameters  in- 
volved become  diasimllar  as  is  the  case  for  the  mathematical  description 
of  the  wind  direction  profile  presented  below. 
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Conpltxity  of  doserlptlon  olonot  howvvcr,  dots  not  noeossarlly 
lead  to  the  ganaration  of  blmodallty.  E.g,  altapla  aodali  of  surface 
tenparatura  ditcloaa  multiple  peaks  aa  can  be  found  In  numerous 
refarancas,  among  them  this  writer's  articles  in  19??b. 

Even  in  the  case  where  bimodality  is  being  introduced  by  the 
mathematical  or  statistical  tool  under  consideration,  it  should  be 
pointed  out  that  the  effect  on  the  frequency  distribution  of  the 
data  acmple  cannot  always  be  pcedlctad  a'  priori.  In  final  analysis, 
it  is  the  physical  behavior  which  causes  these  multiple  paako.  The 
bimodality  by  the  left  or  right  turn  of  the  wind  direction  profile 
aa  a function  of  altitude  or  tha  non-stationarity  of  meteorological 
time  series  is  a phyaical  phenomena. 

2. a.  The  Wind  Direction  Profile.  Before  the  actual  blmodalit; 
of  tha  frequency  distribution  of  the  characteristic  paramstar  for 
the  wind  direction  profile  is  illustrated,  a few  cosnants  on  para- 
msterisation  may  be  appropriate. 

While  wind  speed,  temperature  and  density  can  be  treated  with 
straight-forward  methods,  the  analysis  of  the  wind  direction  re- 
quires some  definitions.  It  is  self-evldeitt  that  Che  wind  velocity 
could  be  separated  into  sonal  and  meridional  eonqtonants  whose  pro- 
file analysis  needs  little  further  explanation.  These  profiles 
would  be,  however,  a function  of  the  coordinate  system  as  they  differ 
when  new  references  ere  established.  Nonetheless,  sonal  and  meridional 
components  are  coordinates  of  special  interest  to  the  meteorologist. 

The  rare  separation  into  wind  speed  and  direction  can  also  be  attributed, 
however,  to  the  difficulties  arising  in  statistical  treatment  of 
angular  variates. 

The  first  problem  is  the  assignment  of  a direction  for  calms. 
Otherwise  they  would  appear  as  an  angle  of  sero  degrees  according 
to  the  reported  code.  Without  trens format ion  the  calms  may  create 
excessive  outliers  In  profile  anal3rsi8.  It  was  decided  to  perform 
a linear  vertical  inter-  or  extrapolation  (end  points)  of  the  profile. 
Although  a higher  order  curve  fitting  was  studied  the  outcome  dis- 
played no  significant  difference  from  Che  linear  system  and  could 
be  neglected  for  practical  purposes. 
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TtM  ■•cond  problam  It  th*  tllalnatlon  of  tht  dltcontlnulty  at 
0 or  ^0  dogrtot.  Thlt  goal  It  achitvtd  by  rattrictlng  tha  Moclana 
Mgnltuda  of  tha  angular  diffarancat  batwaan  two  altituda  lavalt  to 
180^  and  adjuttlng  tha  aubaaquant  dlraetlonal  valuaa  by  adding  or 
aubtractlng  ^60  degraat.  (E,g.  tha  aaquanca  ^50,  10  would  ba  con- 
vertad  to  35C,  370  but  10,  350  would  ba  ehangad  to  10,  -10,  ate.) 

Ihaaa  two  eondltlona  alladnata  auat  of  tha  dlffleultlaa  in 
dlraetlonal  profile  analyala.  Ona  raaMlnlng  problan  la  llluatratad 
In  Tlgura  1,  Two  dlraetlonal  profllaa  art  daplctad  at  Chateauroux 
In  July,  whara  tha  wind  valoelty  ehangaa  froai  a waatarly  raglBM  In 
tha  tropoaphara  and  lowar  atratotphara  to  aaatarllaa  abova  20  km. 

Mo  eomplleation  would  arlte  balow  20  km.  Tha  Important  aat  of 
turfaca  to  23  km  profllaa  axeaada  thla  altituda  thraahold,  howavar. 
Thla  blmodallty  la  alto  abaant  in  tha  winter  montha. 

VIhlla  tha  proflla  of  21  July  vaara  with  height  to  aaat,  tha 
19  July  proflla  turna  eountarclockwlaa  Into  aaatarllaa.  Thla 
difference  In  tha  directional  ahlfta  eraataa  a blmodallty  In  tha 
dlatrlbutlon  of  tha  alopa  of  a polynomial  rapraaantatlon  (Fig.  2) . 

Tha  naan  alopa  raaultlng  from  tha  blmodallty  In  tha  dlatrlbutlon 
of  tha  llnaar  coefficient  would  provide  an  analytical  proflla  with 
no  turn  to  tha  aaat  In  tha  layara  above  20  km.  Although  thla 
'Saathamatlcal  coeipronlaa"  la  correct  from  a fomallatlc  viewpoint 
of  putting  a mathamatlcal  formula  Into  praetlcai%'tha  j^yalcal 
behavior  would  ba  conplataly  auppraaaed. 

A atudy  of  tha  average  wind  direction  by  Individual  altituda 
.lavala  (aaa  Baaanwangar  I96I,  196k)  ravaala  that  "backing”  of 
tha  proflla  la  aupportad  by  tha  turn  of  tha  mean  direction  (Fig.  1) . 

A procedure  waa  daalgnad  to  relax  tha  aacond  condition  ( lladtatlon 
of  I AM I to  180^)  for  ona  point  of  tha  proflla.  Thla  la  aeeompllahad 
by  tha  aatabllahment  of  a conalatant  proflla,  flrat  with  tha  turfaca 
direction  and  than  with  tha  angle  of  tha  top  altituda  (l.a,  23  km) 
at  tha  Initial  rafaranea.  Tha  two  profllaa  coincide  or  are  n • 3w 
dagraaa  apart.  Than  tha  two  dlraetlonal  profllaa  are  compared  with 
tha  mean  profile . Ualng  a point  by  point  aalactlon  at  every  altituda 
level  each  point  with  tha  minimum  departure  from  tha  mean  directional 
profile  la  aalactad.  In  tha  caaa  of  conformity  of  tha  two  conatruetad 
profllaa  ( from  the  aurfaca  or  from  the  top  altituda)  no  changa  or 
awltch  will  ba  nacaaaary.  If  tha  profllaa  ara  not  congruent  a awltch 
from  ona  profile  to  tha  other  will  taka  place  at  one  point.  Thla 
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Afe*r  thla  ttap  was  introduesd  ths  bloodsllty  dlssppssrsd 
( ses  Fig.  2) , snd  ths  nsw  nssn  slops  rsflscts  ths  shift  of  ths 
wind  dirsctlon  from  wsst  to  ssst.  Mow  the  profile  snslysis  esn 
proceed  in  s manner  similar  to  procedures  outlinsd  for  the  wind 
speed  or  other  stmospheric  elements  (see  Bssenwsnger,  197^) • 

First  s nsthemstiesl  description  is  ebtsined  by 

0(h)  - + Difl^(h)  + D,0^(h)  +...+  D^0jh)  (1) 

The  0 denotes  the  wind  direction  sa  s function  of  the  altitude  as 
described  above,  snd  the  0.  terms  are  Tchabychaf  orthogonal  poly- 
nomials. The  D as  the  sman  direction  nay  axeead  360  degrees 
from  the  eonversion  of  the  directional  profile  into ‘a  consistent 
form,  but  can  be  converted  without  any  effect  into  the  boundaries 
of  0 through  }60  degrees. 

The  final  model  assumes  the  form 

0(h)  - + 0(h)  (2) 

which  again  displays  only  one  variate  whose  frequency  distribution 
can  bo  found.  After  the  bimodality  was  elistinated,  these  distri- 
butions exhibited  one  central  peak,  and  could  be  well  fitted  by  a 
Veibull  isodel« 

In  coma  instances  i 

; 

0(h)  -%[d^+  0^(h)  + d,0j(h)  +...+  d^0^(h))  (5) 

and  the  mean  term  cancels  out  in  equation  (2).  Then 

» 

0(h)  - I^Cd^+  ^(h)  + d^0,(h)  +...+  d^0jh)l  (2a)  j 

i 

As  it  has  bean  demonstrated,  the  blmodelity  introduced  by  j 

backing  or  veering  of  the  wind  with  altitude  can  ba  straamlin^  to  ! 

provide  a unlsm>dal  frequency  density.  The  reconstructed  analytical 
direction  profile  now  reflects  the  proper  change  from  the  westerlies 
in  the  lower  troposphere  to  the  easterlies  in  the  20-2^  km  altitude 
layer  during  July  at  Chateauroux.  Thus  the  introduced  change  in  the 
profile  analysis  procedures  has  not  only  eliminated  the  bim^ality, 
it  has  also  led  to  a more  appropriate  and  simpler  representation  of 
the  physical  background  in  general. 
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It  *houU  b«  ■ftiMlfd  tliAt  tiM  adopted  additional  condition 
has  not  oliainatad  iroaring  or  baeking  of  tha  wind  with  altitude, 
first,  anaadnation  of  dm  adjuatad  fraguaney  in  figttra  2 raraals 
that  dariations  froa  the  aean  era  poaitiao  and  nagativa.  This 
fact  indicates  davlatieni  froa  tha  aaan  conditions  idiidi  still 
rsasin.  Tha  asjor  ehanga  took  place,  honavar,  in  tha  aligcaant 
with  tha  naan  conditions  ( Table  1) . Tha  seasonal  shift  frea 
wastarlias  in  winter  to  asstarlias  in  aiaasr  at  20-2?  ka  altitude 
at  Ghataauroua,  which  is  of  interest  hare,  la  new  raflactad  In  the 
seasonal  variation  of  tha  atan  coafficiants.  This  result  can  be 
nueh  aora  easily  intarpratad  and  is  asaningful  because  the  asan 
conditions  are  aoat  frequently  aneeuntarad. 


Table  1. 


Mean  Coafficiants  for  Wind  Dirsetion  Profile  at 
Chataauroux. 


o 


Jan 

Tab 

Mar 

Apr 

May 

Jun 

Jul 

Aug 

Sap 

Oet 

Mov 

589 

30^ 

511 

505 

516 

240 

258 

245 

275 

290 

276 

■7.5 

-.1 

5.0 

4.1 

9.5 

-16.0 

-15.5 

-12.6 

1.1 

6.0 

7.2 

3lB  dagraas 
-6.0  dagraas 


2.b.  .t  Tlmmt  nt.  .Mind 

point  of  caution,  tha  non-stationary  behavior  of  astaorological  alaasnts, 
is  wall  known  sad  has  also  ba«i  traatad  by  other  authors  such  as  Godaka 
(l962,196$a,19$6b)  ate.  it  is  aspacially  appliesbla  to  tha  derivation 
of  charactaristic  variates  for  nstaerologieal  alaaants  (sea  Issanwangsr,  197S) . 
Tha  goal  of  tha  reduction  is  tha  astablishnant  of  a variate  whose  frequency 
distribution  is  aiapla  or  at  least  untnodal. 


The  alinination  of  one  kind  of  blnodality  was  discussad  in  section  1. 
In  that  case  tha  blnodality  was  eausod  by  tha  peculiarity  of  an  angular 
variate,  such  as  tha  wind  direction,  and  the  physical  behavior  in  tarns 
of  tha  general  circulation. 


Tha  frequency  distribution  of  tha  characteristic  variates  nay  nlso 
disclose  blnodality  caused  by  tha  non-stationacy  behavior  of  atnos  ric 
paranatars.  Let  ua  aaauna  that  wa  ware  to  coabina  tha  obsarvationai 
data  of  tha  antira  year  to  dariva  an  "annual"  avaraga,  aa  it  ia 
favorably  looked  upon  noatly  by  anginaars. 


FonMllstloslly  th*  tteholquM  d«terlb«d  by  tb«  Author  (1972)  can 
bo  applied  to  tho  oboorvotional  data,  and  achaaatleally  a varlata  with 
annual  conatanta  (aaa  oqn.  b balow)  eon  ba  obtolnad,  Unlaaa  thla 
cooblnqtlon  la  Juatlflad  by  tha  elliMtle  hoaoganalty  or  atatlonarlty 
within  tha  aalactad  tlaa  fraaa  for  tha  nataorologleal  alaaanta  under 
conaldaratlon  tha  raaultlng  fraquaney  dlatributlon  of  tha  charoctarlatlc 
varlata  may  not  ba  unliaodal  or  may  eonalat  of  a mlxtura  of  fraquaney 
dlatrlbuclona  whoaa  atatlatlcal  traatnant  la  aa  difficult  aa  the  tool  of 
multivariate  analyaia.  Wa  would  have  gained  vary  little  in  eoaiparlaon 
with  a oMiltivarlata  ayatam. 

An  axampla  la  now  llluatratad  In  Figure  b.  Tha  aurfaea  to  2^  km 
wind  profile  haa  been  rapraaantad  by 

\ •in(<»n+  Bi)  + B.)  +...]  (4) 

idiara  the  k.  danotaa  conatanta  darlvri  over  a “a  tat  ionary*'  tlM  period 
aueh  aa  a ownth  or  aaaaon. 


I;  Tha  fraquaney  dlatributlon  of  tha  coefficient  for  Montgomery, 

!f  Alabama,  la  given  In  Figure  4,  where  tha  odddla  and  lower  diagram  dla> 

I play  tha  winter  and  auanar  aaaaon,  raapoetlvely.  Combination  of  tha 

I fraquanclae  for  an  annual  rapraaantatlon  Inevitably  laada  to  a bl> 

modal  fraquaney  danalty  aa  exhibited  In  tha  top  diagram  of  Figura  4. 

It  la  evident  that  thla  blaodallty  muat  ba  attributed  to  tha 
^ violation  of  tha  principle  of  atatlonarlty.  In  fact,  a eloaar 

axeadnation  of  tha  middle  diagram  (Fig.  4)  from  tha  winter  aaaaon 
ravaala  that  even  tha  winter  aaaaon  may  comprlaa  an  Inhomoganaoua 
time  period.  The  quaatlon  of  whether  thla  la  tha  eaaa  cannot  ba 
anawarad  from  thla  diagram  alone.  It  would  be  naeaaaary  to  break 
tha  frequency  down  Into  tha  individual  montha.  Another  cheek  la 
the  fitting  of  tha  frequency  danalty  by  a atatlatlcal  modal  (auch 
aa  tha  Valbull  frequency)  and  the  axmalnlng  of  tha  atatlatlcal 
algnlflcanca  of  the  departure  from  tha  model  by  ualng  eatabllahed 
atatlatlcal  teat  proeadurea.  Tha  latter  procedure  wea  choaan.  In 
thla  particular  caae  It  waa  poaalble  to  conclude  that  tha  devlatlona 
ware  within  tha  aurglna  of  non-algnlflcance.  Sinew  atatlatlcal  taata 
arc  a function  of  the  nuadiar  of  obaarvatlona,  however, xe-examlnatlen 
with  a longer  period  of  record  may  not  confirm  thla  raault. 
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XIm  41tplay«d  biao4«lity  in  eh*  fra^uatiey  4«tialty  of  Cho  onnuol 
■UMMury  for  tho  eharae tort* tie  eoeffleiont  of  the  eurfeco  to  2?  lot 
profile  «u  eMy  to  roeogalao  by  tho  two  poeko.  A furthor  oxeaplo 
le  added  fro«  cha  analyala  of  the  ebaraeteriatle  eoafflelant  for  the 
aurfaee  to  l6  ha  profile.  Xn  thla  particular  eaaa  the  Miltlandallty 
la  not  atrlklnp  at  the  flrat  glance  ( aee  Fig.  ;) . Althou^  the 
expanded  peak  region  aa  llluatrated  by  the  hlatograai  of  the  frequency 
denalty  for  the  aianaar  aeaaon  at  Chataauroux  tnay  create  euaplclon, 
only  the  detailed  analyala  with  the  Individual  nontha  and  the  atatlatleal 
teat  ean  ravaal  the  heterogeneity.  Aa  diaoemad  by  the  three  dlagraan 
June*  July  and  Aoguat*  only  the  two  auauMr  nontdia  July  and  Auguat 
indicate  ecaa  kind  of  a unifom  atatlonary  reglna.  IHirlng  June 
apparently  a different  pattern  of  the  general  circulation  axlata  idilch 
ganeratee  a different  eat  of  wind  profllee  ( aurfaee  to  16  bn)  than  In 
the  aubaequent  nontha.  Agaln»  final  Judgnant  auat  be  raaarvad  until 
the  atudy  la  repeated  with  a longer  parl^  of  record. 

the  atatlatleal  oaidelllng  by  eqn.  (4)  danonatrataa  the  advantage 
of  a rapraaentatlon  by  a ainple  uaanlngful  auithanatleal  character  la  tic 
for  a aniltlvarlate  ayatan.  Von«atatlonary  bahavler  can  be  readily  die* 
covered  by  the  alMcantary  analyala  of  the  frequency  dlatrlbutlon  of  thla 
oharacterlatic  paraaeter  idilla  ccnplex  aatrix  tabulatlona  of  corralatlona 
or  vector  notatlona  uaually  would  not  pemlt  Inalght  Into  atatlonarlty*. 

Preaarvatlon  of  atatlonarlty  and  hoaMgej^lty  of  tha  nataoro- 
logical  tlna  aerlaa  nay  at  flrat  alght  appear  to  the  engineer  to 
be  an  Ineonvbnlanee  rather  fhan  a naeaaalty  beeauaa  It  leada  to 
nore  than  one  frequency  nodal.  It  ahould  be  reallaed  that  tha  trade- 
off la  the  gain  of  a naanlngful  atatlatleal  repraaantatlon  by  a uni- 
nodal  frequency.  Even  thoutfi  mon  than  one  nenthly  or  aeaaonal 
frequency  naada  to  be  atudled  In  ayatena  analyala  or  dealgn.  the 
benefit  of  an  Interpretation  of  the  atatlatleal  eharacterlatlca  In 
tema  of  a unlaodal  dlatrlbutlon  nay  by  far  exceed  the  lower  eon- 
puter  eoeta  for  a naanlngleaa  atatlatleal  eharaetorlatlc  fren  one 
nultlpeaked  nodal.  Irronaoua  conelualona  drawn  fron  non-rapraaentative 
atatlatlca  nay  lead  to  extra  coata  which  anre  than  offaet  the  aavlnga 
Intended  by  utlllaatlon  of  an  annual  average,  not  to  nantlon  the 
poaalblllty  of  Inproper  functioning  of  a ayatan.  The  anact  penalty 
being  paid  for  the  nalfunctlon  or  cha  Inability  to  achieve  the  atated 
raqulrenanta  under  true  ataoapherlc  condltlona  can  aonatlnaa  not  ba 
determined. 


5.  OOMamiKMB.  Hm  bl-  or  HUltiaodAUey  WM  for 

■ow  froquoney  dooilty  diotrlbutlono  froa  data  smivIob  of  atwapharle 
pataaatara  for  ayataa  analyala  and  daaltn.  Slnea  aultiaAdallty  aay 
laad  CO  ala intarpra Cation  of  atatlatical  eharaetariatlca  tha  raaaon 
for  chla  Bulclpla  paakadnaaa  la  vary  loportant. 

Tha  author  (a.g.  1999)  haa  dlaeuaaad  In  aona  arclclaa  diat  tha 
hataroganaoua  phyaleal  background  aay  laad  f t j nlxtura  of  populatlona . 
and  conaaquanCly  to  nultlpla  paaka  In  tha  fraquancy  danalcy.  In  thia 
eaaa  tha  cmly  proeadura  for  battar  atatistical  rapraaantacion  than  a 
aaaninglaaa  approKlaation  by  a unlaodal  fraquaney  la  uaually  tha  da<* 
eoapoalng  Into  partial  oonponanta. 

A aaeond  eauaa  for  blaodallty  nay  ba  tha  paraawtarlaatlon  or 
tha  atatlonarlty.  As  llluatratad  In  tha  praeadlng  aaetloniy  thla 
cypa  of  biaodallty  can  ba  avoldad  although  tiia  nathod  of  solution 
nay  not  alwaya  ba  trivial. 

• 

In  tha  flrat  axanpla  tha  blaodallty  la  Introduead  by  tha  nathod 
of  aatabllfhlng  a oharaecarlatlo  eoafflelant  for  nathaantleal  rapra- 
aantatlon  of  an  angular  varlata  prof 11a  ( aurfaea  to  &9  !■>) • ^ 
taehnlqua  to  avoid  tha  blaodallty  was  sueeaaaful  In  atraaadlnlng 
tha  wind  prof 11a  aplral  to  turn  aoat  fraquantly  In  tha  dlraetlon  of 
a aaan  prof 11a  daflnad  from  Individual  altltuda  laval  atatlatiea. 

In  tha  aaeond  axaapla  It  la  aheim  that  violation  of  tha 
prlaelpla  of  atatlonarlty  by  anglnaarlng  raqulraaMnta  laada  In- 
avltably  to  blaodallty  which  can  only  bo  avoldad  by  aodlfleatlon 
of  tha  raqulraaant  to  account  for  tha  raaltty  of  ataoapharle  be- 
havior. Than  unlaodal  fraquancy  danaltlaa  will  ba  raatorad.  Thla 
eorracclon  aay  acaatlaas  ba  aceaptad  vary  raluetantly  baoauaa  It 
nay  laad  to  aora  eenputar  work  In  ayataa  analyala  or  axpandad 
atudlaa  for  daalgn.  Tha  banaflta  ahould  ba  obvlouci  howavar. 

‘Tha  calculations  of  statistical  eharaetariatlca  peculiar  to  a uni- 
nodal  fraquancy  nay  laad  In  the  eaaa  of  nultlpla  fraquaney  paaka  to 
a naanlnglass  Intorpratatlon  and  conaaquantly  to  Inpropar  function- 
ing of  tha  daslgnad  ayataa.  Thus  atauMpharle  conditions  ahould  always 
ba  axaalnad  for  thalr  agraaaant  with  reality,  and  sons  pitfalls  can 
ba  avoldad  by  proper  consideration  of  tha  {diyaleal  behavior  of 
atanspharlc  variables. 
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TOHOD  tB  PBDICnOlf  OF  IfFICTS  Of  ULTIA-SBOIT  LA8n  PIOJIS 


I.  W.  Stuablng,  I.  A.  LucU,  «ad  F.  D.  Vardcraao 
PltMan-Duim  Laboratorpi  Fraakford  Araanal 
US  Anqr  Anuuiant  Coaaand 
Phlladalphla.  PA  19137 


ABSTRACT.  Tha  racantly  davalopad  noda-loefclng  tachnology  for 
produelat  ultraahort  (plooaacond)  laaar  pulaaa  la  baing  faplarad  for 
■llltary  applleatlona.  UBdarataadlng  tha  bahavlor  of  aboorblng  aadla 
toward  laaar  pulaaa  of  pleoaaeood  duration  raqulraa  datallad  aodallBg 
of  Intraaolaoular  anargy  tranafar  prooaaaaa  baeauaa  tha  tlaa  aeala  of 
such  procaaaaa  aay  ba  eonaldarably  longar  than  tha  antlra  duration  of 
tha  pulaa.  Syataaa  of  eouplad  dlffarantlal  oquatlona  in  two  dlnan- 
alona  ara  foranilatad  for  eandldata  anargy  tranafar  aehaMiaa  and  thalr 
aolutlona  eoaparad  to  original  axparlaantal^  avldanea  In  four  tlaa 
raglBoa.  Tha  aquatlona  ara  aolvad  nunarleally  by  flnlta  dlffaranoa 
■athoda  and  altamatlvaly  by  Monta  Carlo  taohnlquaa.  A eoaq>arlaon  of 
tha  two  approaohaa  la  glvan. 


riOH.  Tha  tria  (p-dlalkylaalnophanyl)  anlnlun  haxa* 

f luoroantlaonataa^  ara  a aarlaa  of  dyaa  davalopad  by  tha  Anarlean 
Gyanaadd  Corpotatlon*  Bound  Brook»  NJ  undar  eontraeta  with  Frankford 
Araanal.  Ona  eoiq^ound  of  thla  claaa»  trla  (p^ lathy laalnophanyl) 
aalhlua  haxafluoroantlavnata  (TBAAF)  haa  baan  tha  kay  Ingradlant  In 
fonulatlona  for  laaar  oountargMaauraa,  gogglaa  and  vlaora  affaetlva 
agalnat  ruby  and  naodynlua  laaara.  Whan  dlaaolvad  In  vinyl,  calluloatle, 
or  acrylic  plaatloa,  TBAAF  atrongly  abaerba  ruby,  Nd,  2 x Ruby,  GaAa, 
Maon  and  argon  Ion  laaer  radiation,  yat  trananlta  a large  portion  of 
tha  vlalbla  opaetrua  (Sac  Flgura  1).  With  aultabla  addltlvaa,  thla  dya 
la  vary  atabla  toward  haat  a^  light  and  aaoaa  not  to  ba  Irravaralbly 
affaotad  by  vary  high  powarad  q-awltehad  ruby  and  naodyalua/glaao  laaar 
pulaaa.  Plaatlo  foraulatlona  of  TBAAF  ara  now  coBaonplaca  for  providing 
adaquata  and  rallabla  protection  aapeclally  agalnat  pulaad  l.OSyn 
laaar  radiation  by  abaorblng  tha  prapondoranca  of  tha  Intanaa  Q*awltohod 
light  to  which  thay  ara  axpoaad  while  oalntalnlng  thalr  ehanlcal  and 
phyalcal  proper tlaa  even  after  rapaatad  axpoauro.  In  the  near  future. 

It  la  anticipated  that  now  liquid  formulatlona  utllialng  thla  compound 
for  protaetlva  and  siaaklng  tactiea  will  ba  davalopad  and  uaad.  The 
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objective  of  thle  etudy  wee  to  dleeover  the  effect!  of  ultreehort 
puleee  of  aeodyalua  leeer  redletlon  on  eeverel  TKAAF  pleetle  fonule- 
tlone  now  In  uee  end  to  uaderetend  the  intreaoleeuler  end  Intarnoleculer 
energy  trenefer  proceeeee  which  effect  ebeorptlon  of  redletlon  ee  e 
function  of  peek  power  end  pulee  wldthe  In  the  plcoeecond/glgewmtt 
reglae. 

Dete  for  thle  etudy  wee  gathered  at  X > 1.06yn  In  four  tine 
reglaee  using  the  Cary  14  speetrophotonater  (CW)*  • Kored  Model  l>2 
Hanoeeeond  Leeer  dyeten  (20  nsec),  and  a Kored  Model  K-ISOO  Mode-’loekad 
Laser  Syetai  (18  peee),  all  In  our  laboratory,  and  leeer  equlpnent  avell- 
abla  to  ue  at  Mevel  Raaaereh  Laboratory. with  250  pleoeeeond  (VHHN)  dura- 
tion pulses.  The  last  two  laaers  will  be  referred  to  as  picosecond 
systans.  Kcference  to  Figure  1 (lower  curve)  shows  that  1.06yn  Is  not 
exactly  at  the  absorption  nexisun  but  rather  on  the  low  frequency  side 
of  the  broad.  Infrared  absorption  naxlnun  of  TKAAF  centered  at  about 
990  na.  With  the  picosecond  systans  at  1.06wb  new  and  unexpected  effects 
have  been  observed  with  TKAAF  dissolved  at  several  concentrations  In 
nathyl  nethacrylata  nononar,  claar  plastic  polyaathylnathaerylate  and  In 
polyeallulose  propionate  natrix.  Maan.ly,  we  have  observed  a narkadly 
enhanced  optical  density  at  1.06)ai  at  irradlance  lavala  .(power  per  unit 
area)  coaparable  to  those  of  Q-switched  pulses;  a reversible  bleaching 
at  higher  peak  powers  in  the  several  gigawatt  regljMS,  and  a strong 
fluorescsnee  In  nany  sanples  especially  during  exposure  at  higher  powers. 
The  results  era  corralated  with  theory  based  upon  rates  of  energy  trans- 
fer anong  the  available  IKAtf  energy  lavala.  In  these  energy  level 
schenes  the  rate  of  vibrational-vibrational  ralaxatlons  cannot  be 
naglaetad  and  therefore  would  give  rise  to  con^lleatad  rata  exprasalons. 

In  view  of  conjectures  before  these  experlaents  were  conducted 
about  the  kinds  of  effects  to  be  expected,  it  is  equally  laqwrtant  to 
stress  what  was  not  observed.  No  cracking,  erasing,  spallation,  bum 
spots,  or  pemanent  damage  of  any  kind  could  be  observed  under  micro- 
scopic examination.  This  kind  of  dsmage  Is  more  likely  energy  dependent 
rather  than  power  dependent,  and  only  a small  total  energy  (-  1 Joule) 
waa  deposited  even  at  the  highest  peak  powers. 


2.  EXPERIMENTAL  RESULTS.  Typical  results  for  samples  of  TKAAF  in 
polyeallulose  propionate  (PCF,  Lexan)  and  in  polymethylmathaerylate 
(PIOIA,  Plexiglass)  are  shown  In  Figures  2-4.  Sample  thicknesses  were 
adjusted  so  that  the  optical  density  toward  light  of  ordinary  Intensities 
(as  measured  on  the  Cary  14) >would  be  approximately  one.  The  Cary  14 
OD  Cf  each  sample  le  shown  by  a dotted  line  on  each  figure,  where  OD  Is 
measured  by 

OD  - - logjQ  (I/Ijj)  (1) 
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nononoK  rati 


for  X bolng  tho  Incldont  boos  iatoMilty.  and  I boing  tbo  intnulty 
tronollteod  by  tho  ooaplo.  Piguro  2 ohoira  that  tha  dya  blaaehaa 
undor  axpoauro  to  20  naoc  pulaaa  ovar  Irradtaaea  lavala  of  3 to  70 
■agawatta/cB^t  hawavatt  tha  blaachlng  la  not  eataatrophlc  (virttially 
eoaplata  loaa  of  OD)  but  lavala  off  aftar  a raduetlon  to  about  2/3 
of  tha  original  OD  and  than  appaara  to  ba  fairly  Inparvloua  to  furthar 
Incraataa  In  powor.  Purthanora,  tha  blaachlng  la  ravaralbla;  a saapla 
axpoaad  to  70  ttf/cn^  ahowa  cooiplata  racovary  of  Ita  abaorptlon  propar- 
tlaa  whan  aubaaquantly  axpoaad  to  5 W/car  or  Cary  14  nanauroaMata  at 
tha  aana  alta.* 

Tha  raaulta  with  230  paae  pulaaot  Plgura  3»  ahow  a now  a^  unaxpae- 
tad  affaet.  Por  Irradlanea  lavala  In  tha  ranga  100-400  Mi/cai^t  tha 
aaapla  ahowad  a aarkad  anhanead  abaorptlon  rathar  than  blaaehl^.  At 
higher  powara  tha  aaapla  blaaehaa  la  about  tha  aaaa  way  (noneataatroph- 
leally)  aa  with  20  naae  pulaaa»  with  tha  eroaaovar  froa  anhancaaant  to 
bleaching  oceurlng  at  roughly  400  Mf/ea^. 

Por  18  pace  pulaaa»  Plgura  4.  anhancaaant  again  oceura  In  tha  ranga 
100-2SO  Mf/ea^t  eonvartlng  to  bleaching  at  higher  powara.  Tha  abelaaa 
on  Figure  4 la  plotted  on  a log  acala  due  to  tha  wide  powar  range  of  tha 
Inatruaant.  Whan  thia  data  la  plotted  on  a linear  acala  eoaparabla  to 
Plguraa  2 and  3«  than  tha  data  of  Figure  4 fella  on  a curve  whoaa  ehapa 
raaaiiblaa  tha  two  pravioua  flguraa:  peaked  aharply  to  tha  ‘left  with  tha 
bleaching  flattening  out  to  a long,  horiiontal  line  at  about  OD  ■ 0.6. 


3.  TBgQBBTlCAL  AMALTSIS.  Tha  lowaat  lying  energy  atataa  of  a 
typical  aroaatle  aolaeula  are  aehaaatleally  llluatratad  In  Plgura  S,  idiara 
aolid  arrowa  indicate  radiative  tranaltlona  undergone  by  abaorblng  or 
anlttlng  photona,  and  dotted  arrowa  Indicate  radlatlonleaa  tranaltlona. 

Tha  ordinary  optical  denalty  of  ari  abaorblng  aolaeula  la  due  to  tranai- 
tlona  froa  the  ground  atata  to  the  flrat  excited  alnglat  atate  froa  which 
It  aay  relax  to  the  ground  atata  by  radiative  (fluoraacanea)  or  radla- 
tionlaaa  (quenching)  patha.  In  light  baaaa  of  ordinary  Intanalty,  thaaa 
relaxation  procaaaaa  are  aufflclantly  feat  to  kaap  tha  ground  atata 
aaaantlally  fully  populated.  In  laaar  baaaa  of  high  Irradlanea,  however, 
thla  relaxation  rata  aay  ba  ovarwhalaad  by  the  arrival  rata  of  photona 
ao  that  aany,  and  parhapa  virtually  all,  of  tha  abaorptlon  altoa  are 
occupied  by  aolaeulaa  In  the  flrat  excited  alnglat  atata  (or  the  lowaat 
triplet  atata  on  tha  right  aide  of  the  dlagraa,  If  tha  pulaa  length  la 
aufflclantly  long  coaparad  to  tha  rata  of  Intarayataa  eroaalng).  If 
there  la  no  available  abaorptlon  from  thla  axcltad  atata  (e.g.,  K..  4n 
tha  t.'gura)  at  tha  proper  wavelength,  than  tha  aatarlal  blaaehaa  cataa- 
trophleally.  If  auch  an  abaorptlon  axlata  but  la  waakar  than  tha  ground 
atata  abaorptlon  (Kqj^)  than  tha  OD  of  tha  aaapla  dacraaaaa  from  Ita 
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FZGDIB  5.  EFERGT  LEmS  AND  BCRGV  TRANSFER  IN  AN  ARON\nC 


Ittltlal  ¥«lu«  toward  that  eorroapondiat  to  K..  *000000  rodlatienlooa 

ralaaotiono  aaoag  OKcttod  ototoo  (itttomal  cMforoloB)  oro  fOMrolly 
oscoodlagly  foot  eeaporod  to  rolosotloiio  tram  tho  lowMt  OKoltod 
ototOt  tlM  IL.  oboorptlon  will  not  dopopuloto  8.  ot  pownr  lorolo  which 
do  dopopulotl^S^t  00  that  tho  blaoehlng  looola  off  oror  at  loaat  aona 
ranto  of  powora  at  tho  OD  eorroapondlng  to  K.,*  oppoara  to  bo 

tho  behavior  of  TBAAP  toward  20  naoe  palaoa  and  toward  pleoaooond  polooa 
at  tholr  hlfhor  powers.  It  dooa  not  explain  tho  onhaneanont. 

Provloua  dlacuaalona  of  oahaneoBaat  have  feeuaod  on  the  oxlatoneo 
of  an  oseitad  absorption  (K,.)  otrontor  than  Kq. . Bowovar*  this  would 
load  to  an  onhaneonant  that^lwitehad  on  at  hlfnlr  powora  a^  lawolod 
off  aa  they  laeroaood,  an  offset  wo  haws  obasrvod  weakly  in  our  laberap* 
tory  at  the  ruby  wavalontth  (O.dPdSpn).  It  cannot  explain  tho  low- 
power  snhaneawont  which  otoadily  bloaehas  awnn  Which  is  obsanrod  hare. 

Wo  tharafera  offer  the  conjactura  that  this  affact  is  dua  to  a concar- 
tad  two-photon  absorption  directly  frow  thd  (round  state  to  tho  second 
sinclat  (raprasontad  by  K.,  in  fitura  5).  Such  absorptions  are  vary 
Inprobablo  coaparod  to  however , they  dapaad  on  the  square  of  tho 
photon  itttanalty;  thorafora  switching  on  at  hlghor  peware.  Whan  tho 
power  raachaa  a loval  such  that  this  abaorption  appear a*  it  occurs  In 
addition  to  Kqi  which  centlnuas  aa  usual  ae  that  the  net  affadt  is  on 
addition  of  tno  OD'a  duo  to  the  two  absorptions  and  an  anhancoMat  of 
the  aaapla  (X>  above  that  dua  to  Kq.  alone.  Increasing  the  power  beyond 
this  point  should  incraaaa  the  rata  of  tho  two-photon  absorptlont 
howovar,  this  additional  absorption  ariaoa  only  by  additionally 
doplotlng  the  ground  state  and  raaults  in  oven  note  rapid  population 
of  the  first  axcltad  alnglat  (following  tho  rapid  internal  coRvarsion). 
Hanco,  tho  overall  affect  nay  be  sonoWhat  additionally  anhancod  absorp- 
tion during  the  loading  edge  of  tha  pulse  accoapanlad  by  equally  note 
rapid  bleaching  of  tho  ground  state  and  lower  OD  toward  tha  bulk  of 
tha  pulse,  resulting  in  net  bleaching  fron  tha  initial  enhanced  value 
for  pulaaa  with  additional  power  beyond  tho  onset  of  two-photon 
absorption.  As  dotactors  arc  not  yet  capable  of  following  the  detailed 
pulse  shape  of  picosecond  pulaea,  this  cannot  now  be  testad  osparlnontally. 

To  exaalno  tho  feasibility  of  such  an  explanation  In  terns  of  tho 
Introaolecular  energy  transfer  rates  (K*s)  required  to  produce  such  aa 
overall  result,  the  differential  equations  governing  tha  above  procasses 
have  been  fomulated  for  nuaerlcal  solution.  This  was  originally  dona 
by  Monte-Carlo  nathods  which  provad  too  tins  consunlng.  Subsequent  finite 
difference  solutions  have  proved  such  nore  econonlcal  and  provide  detailed 
profiles  of  tho  incident  and  transnlttad  pulses  fron  which  peak  powers 
and  Integrated  energy  content  can  be  detomlnod.  These  two  paranstera 
give  aona  neasure  of  tha  dagroa  of  distortion  of  tho  pulse  shape  by  tha 


MiVU  aad  «M  be  ooM^ad  nitli  vtaitlt*  of  poMor-Maoitivo  tirt  mntx 
MBOttiv*  dotoetoro  ofileh  no  ovalUblo.  Xa  addition,  aoloeiilar  erblui 
eoleulatlono  oro  bolng  onrrlod  oat  on  tho  TIAAI  tlio  smI- 

nplrlenl  ODO  nottaod  followod  by  eoaf Iturntion  latornetlon  to  tMornto 
tt«  onaltod  otntoo.  Thooo  vooulto  will  bo  axaalntd  to  dotoralno  whothor 
oseltod  atotoo  of  tho  TIAAT  noloeulo  oslnt  with  thn  propor  onorgy  dif- 
foroaeoo  oad  rolotlvo  trnnoltlon  lattnnitlos  to  fit  tho  roqulroaanto 
prodletod  by  tho  roto  oquotloao. 


4.  A PlOltipi  W Pm<*«  A dlntrna  of  tho  Inoor 

opporotua  la  ohoim  In  Pifuro  6.  Innplo  optlenl  doaaltloo  nxo  dototianod 
by  naaaurlng  tho  toUtivo  altnnla  at  tho  nnnplo  dotoetor  and  at  tho 
raforoneo  dotoetor  with  rollablo  roaulta.  Bowavor,  dotomlnlng  Irradi- 
aaea  lovola  la  dopandaat  on  obaoluto  eollbratlon  of  tha  rofaranca  dotoe- 
tor whieh  la  qalta  difficult  and  a aajor  aourea  of  anporlaantal  orror, 
noat  aapac lolly  with  tho  18  paoe  ayotaw.  for  axanplo,  ovan  though  it 
would  bo  valuobla  to  dotomlno  whathor  tho  onhaneanant  wo  obaorvo  la 
dopandaat  on  Irrodlaneo  powar  laval  olona  or  la  olao  nodlflod  by  pu1«o 
width,  duo  to  tho  uncortolnty  In  tho  ordlaoto  voluoa  wo  eannot  any 
whothor  or  not  tho  230  paoe  dou  eroaaoa  tho  ordinary  OD  lino  at  tho 
aana  Irrodlaneo  lovol  aa  with  18  paoe  pulooa*  In  tho  aano  way  it  la 
difficult  to  oort  out  any  dopondoneo  of  tho  onhanewMnt  on  tha  aquora 
of  tha  Inconalty*  Froaant  praetlca  ealla  for  raforaneo  datoetor  eall- 
bratlon  runa  at  tho  boglnnl^  of  ooeh  day  w^eh  oro  both  iaadoquato  and 
too  tlM  eonouning.  Thooo  load  to  a llnoar  fit  of  raforaneo  dotoetor 
roaponoo  voroua  eallbratod  laoor  powar  dollvorad.  Onfortunotoly  tho 
tlno  roqulrod  for  anough  ahota  to  aatabllah  tight  eonfldaneo  llalta  la 
ao  groat  aa  to  eenauna  virtually  tho  antlro  working  day.  Thla  la  eon- 
foundad  by  a lack  of  control  by  tho  oporator  ovor  tho  powar  to  bo  doll- 
v**od  by  tha  laaar  on  a glvon  ahot.  for  a particular  catting  of  inatru- 
■ant  controlo,  a aarioo  of  ahota  will  moult  In  roughly  a nomal  dlatrl- 
bution  of  powora  about  aooM  naan  with  a roago  of  porhapa  SOX  of  tho 
naan  value.  It  la  hoped  that  with  oxporloneo  tho  datoetor  calibration 
will  bo  found  to  bo  sufflelontly  atablo  that  a vary  highly  eharactoriaad 
calibration  curve  can  bo  oatabllahod  and  tho  dally  eallbrotlona  roplaeod 
with  periodic  aanpllnga  of  anall  alao  but  adequate  to  aatabllah  with  tho 
high  epnfldoneo  required  that  wo  are  atlll  aonpllng  tho  oone  calibra- 
tion curve. 
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ABSTRACT.  All  targets  salt  ead  reflect  radiatloa  which  can  ba 
seaaad  by  infrared  detaetors  and  saakara.  to  aaduea  tha  Infrarad 
radiation  froa  tha  targat,  partieulata  clouds  eoataining  infrarad 
absorbara  can  ba  aaployad.  Mia  theory  analysis  of  a cloud  of  liquid 
aicroaaulsion  with  known  congosition  and  known  coaplan  rafractivo 
index  ganaratas  the  luainoue  tranaaittanca  and  optical  dansity  (at 
X ■ l.OdpB)  of  tha  cloud  as  functions  of  nuObar  density,  particle 
site,  and  path  length.  These  calculations  era  used  to  dafina  tha 
particle  aiaa  and  nuabar  dansity  raqulreaents  to  produce  a cloud  with 
optical  dansity  of  one  and  a luainoue  tranaaittance  of  25X.  A pnau- 
aatlc  spray  nosala  is  used  to  produce  a cloud  of  tha  nicroeaulslon 
for  which  the  nuabar  density,  particle  slea,  and  optical  density  at 
X ■ l.Odya  are  deterained  ^ correlated  with  calculated  Mia  theory 
results. 

1.  IMTRODDCTIOtl.  At  the  Applied  Scianca  Laboratory  of  Prankford 
Arsenal,  wa  era  intaraatad  in  tha  davalopaant  of  partieulata  clouds 
as  affective  countemaaeures  against  infrared  guidance  and  tracking 
systena.  To  establish  tha  physical  characteristics  of  a particulate 
cloud  nacassary  to  achieve  an  effaetiva  eountamaasura,  a Mia  scatter- 
ing progren  was  acquired  fron  tha  Atnospheric  Sclaneas  Laboratory, 

White  Sands  Missile  Range,  New  Mexico.  The  progran  was  nodifiad  to 
use  tha  scattering  cross  section  and  absorption  cross  saetion  of  rapra- 
santativa  cloud  particles  to  predict  tha  luainoue  tranaaittance  and 
optical  dansity  at  l.Odpn  over  various  path  lengths  within  the  cloud. 

In  this  aanner  the  effect  of  particle  slsa,  nuabar  dansity  and 
tha  coaplex  rafractlvs  index  of  various  aster ials  ware  studied.  This 
report  presents  the  results  of  these  calculations  for  a particular 
alcroasulsion  containing  tha  aolecular  absorber  IR-99  (absorption 
aaxtauB  at  960  na)  where  a lualnous  tranaaittance  of  25X  end  en  optical 
density  of  one  at  1.06ya  have  bean  arbitrarily  establlshad  as  desired 
cloud  propartiae.  In  addition,  an  cxparlaantal  procadure  worked  out 
in  cooperation  with  Sdgewood  Arsenal  and  used  to  verify  tha  coaputatlonal 
figures  is  also  preeentad. 
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2.  TittOltmCAL  imTlOATIOilS.  Th«  prograa  PGAUS  aequlrMl 
from  the  US  Any  AtMotpntf le  8elMke«s  Laboratory,  tfhlto  ^da  Mlaaila 
langa.  Haw  Maxlco.  Tha  prograa  parfonu  alntla  aeattarlng  caleula- 
elona  froa  flrat  prlnelplaa  according  to  tba  Nla  theory,  raaultlng  In 
tha  aeattarlng  croaa  aaction  and  abaorptlon  eroaa  aactlon  for  an 
avarago  acattarar  In  a cloud.  In  addition  to  calculating  thaaa  valuaa 
at  1.06vin,  tha  program  vat  aodlflad  to  calculate  than  at  varloua  wava- 
langtha  throughout  tha  vlsibla  region.  Tablaa  of  l.Odpn  extinction 
and  luminous  transmittance  through  a dispersed  mleroemulslon  ware  then 
generated  for  number  densities  in  tha  range  of  10^-10^*  at  particle 
dlasietero  ranging  from  O.Olvn  to  2.0^0.  Additional  phaaa  function 
Intarpolatlon  and  Integration  routlnaa  wara  Included  to  calculate  the 
amount  of  radiation  acattarad  In  anall  angles  about  tha  forward  and 
backward  directions.  The  modified  program  haa  baan  renamed  "PGAU8-LT" 
and  Is  described  In  detail  along  with  operating  inatructlona  In  a 
report  presently  under  preparation.^ 

Nle  calculatlona  In  "PGAUS"  are  Halted  to  single  scattering 
calculations,  hence  the  possibility  of  light  having  once  bean  scattared 
being  reseatterad  one  or  more  times  before  leaving  the  cloud  la  not 
considered.  Single  scattering  calculations  era  lasa  costly  to  perform 
and  are  likely  to  provide  valid  results  for  those  aerosols  In  which 
extinction  Is  due  almost  entirely  to  absorption.  They  also  Identify 
those  cases  for  which  Che  number  density  and  particle  else  require 
multiple  scattering  calculations  and  are  useful  as  a survey  tool  to 
allmlnata  eases  where  tha  cloud  Is  too  transparent  to  tha  1.06pm  wave- 
length. 

2 

An  oll/alcohol/eoap/dye  nleroemulalon  In  water  haa  been  fonmila- 
ted  to  extinguish  tha  1.06pm  wavelength.  Tha  oil  drops  In  tha  micro- 
emulsion  as  datermlnad  by  low  angle  x-ray  diffraction  era  at  least  as 
small  as  0.01pm.  However  In  our  computer  calculations  wo  consider 
larger  drops  as  well  because  dispersion  of  tha  mleroemulslon  loads  to 
large  drops  containing  many  dye  bearing  oil  drops  which  aggregate  on 
evaporation  of  the  water.  The  exact  structure  of  tha  mlcroamulslon 
droplet  Is  not  known  but  Is  suspected  to  be  similar  to  two  concentric 
spheres  with  oil  In  Che  center  and  an  oll/aleohol/soap/dya  layer  around 
tha  outside.  In  order  to  perform  Mle  calculatlona  using  "PGAUS",  Che 
oil  droplet  was  created  as  a homogenaoue  sphere  with  the  real  portion 
of  Its  co^)lex  refractive  Index,  N ■ n(l  - Ik),  due  to  the  oil  and 
alcohol.  Nalther  material  absorbs  in  the  region  0.4pm  - 1.06pm.  Hence, 
large  anomalies  are  not  expected  and  the  real  Index  Is  taken  to  be 
constant  at  n * 1.44  over  this  region.  The  IsMglnary  component,  k.  Is 
taken  entirely  from  the  dye  as  no  other  component  of  Che  mleroemulslon 
absorbs  In  Che  0.4pm  - 1.06pm  regions  and  Is  given  by 
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«fa«r«  e la  cha  molar  axtlnetlon  coafflelanc  of  tha  dya  at  wavalangtht 
X(  and  C la  tha  molar  coneantratlon  of  tha  dya  In  tha  drop.  Tha  eon- 
eantratlon  of  dya  In  bulk  mlcroamulalon  lo  2.6  x 1(T*  molar.  Valuaa 
for  k baaad  on  thla  coneantratlon  and  on  R'a  takan  in  mathylmathacry- 
lata  (MH6)  aolutlon  ualng  a Cary  14  Spactrophotomatar  ara  glvam  In 
Tabla  I. 

Optical  danclty  [OD  ■ - log.Q(X/I^)]  la  a linear  funetlen  of 
path  length  and  nuaber  danalty»  lo  for  axampla*  at  fixed  number  den- 
sity . doubling  the  path  length  will  double  tha  OD.  On  tha  other  handi 
luminous  transnlttanca  la  a eoeplleatad  function  of  tha  product  of 
number  density  times  path  length*  (through  an  axponant  under  an  integral) 
and  therefore  must  be  tabulated  as  a function  of  one  or  the  other, 
for  our  purposes  we  chose  a ten  mater  path  length  and  tabulated  raaults 
as  a function  of  number  density  given  In  orders  of  Mgnltuda.  ' Manipu- 
lation of  tha  results  to  other  path  lengths  Is  straightforward. 

Tabla  II  plots  tha  raaults  of  luminous  transmittance  and  optical 
danslty  calculations  basad  on  our  modal  where  the  albedo  at  X ■>  l.Odvim 
for  aach  drop  also  gives  tha  ratio  of  scattarad  tR  energy  to  total  ZR 
extinction. 

We  sea  from  Tabla  XI  that  for  oil  drops  of  O.Spm  la  dlamstsr  and 
larger,  almost  all  of  tha  l.Odym  light  lost  Is  due  to  scattering.  It 
turns  out  that  particle  diameters  larger  than  0.5pm  act  as  Mis  scat- 
terars  with  phase  functions  strongly  paakad  In  tha  forward  direction 
so  that  a certain  amount  of  energy  will  be  scattered  forward  out  of 
tha  cloud  and  may  ba  useful  as  a survslllancs  or  homing  signature.  Thus, 
although  a number  density  of  10*  - 10*  for  tha  0.5pm  diameter  particles 
appears  to  be  close  to  satisfying  our  hypothetical  case  (OD  ■ 1 9 1.06pm 
with  LT  - 25Z),  It  Is  uncertain  whether  these  particles  would  acceptably 
serssn  a target.  Hointver,  at  a number  density  of  10*  - 10*  multiple 
scattering  affects  would  ba  Important  and  would  tend  to  distribute  energy 
away  from  the  forward  direction.  The  problem  of  forward  scattered  (or 
backward  scattered)  light  Is  ellmlnatsd  by  choosing  particle  diameters 
less  than  or  equal  to  O.lpm.  Such  particles  strongly  absorb  the  1.06pm 
light  and,  provided  adequate  number  densities  (or  longer  path  lengtha) 
can  be  achieved,  they  would  provide  an  affective  screen  for  a target. 

Figure  1 shows  tha  percent  luminous  transmittance  through  these 
aerosols  when  they  present  an  OD  of  1.0  to  1.06pm  light.  These  results 


See  Appendix  A. 
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•r*  Indtptndmt  of  path  langth*  l.a.i  whanavar  Cha  product  of  path 
lanteh  t'laaa  nuabar  danalty  is  such  that  an  OD  of  1.0  is  schlavad  at 
1.06vB|  than  tha  cloud  will  hava  tha  alvan  luminous  transmit tsncs. 

Tha  valua  of  this  product  in  (M  x em~^)  is  glvsn  at  aach  point.  Tha 
minimum  in  this  curve  at  0.5)im  is  due  to  the  strong  scattering  of 
light  at  the  wavelength  of  maximum  contribution  to  the  luminous  trans- 
mittance integral  ('  O.SSMm)  by  particles  of  Che  same  size.  For 
larger  particles,  the  luminous  transmit csncs  increases  bacausa,  although 
tha  majority  of  tha  energy  lost  is  due  to  aeattsrlng,  ths  scattaring 
no  longer  strongly  prefers  O.Spm  to  l.Oym  as  ths  particle  size  moves 
clossr  to,  and  beyond,  1.0pm.  Ths  ineraassd  luminous  transmittance  for 
particles  of  0.1pm  and  smallar  is  due  to  tha  increasing  prsdominanee 
of  absorption  over  scattering  as  sizes  diminish.  Than  the  relative 
extinction  of  1.06pm  Co  tha  visible  more  and  more  closely  resembles  tha 
absorption  spectrum  of  the  dye  which  is  strongly  selective  for  the  IR. 
Consequently,  the  most  advantageous  way  to  achieve  and  OD  ■ 1 and  a 
LT  of  25X  will  be  with  particle  sizes  below  0.1pm.  Furthermore,  auch 
particles  tend  not  Co  settle  out  of  air  and  hence  provide  a very  per- 
sistent aerosol.  Since  monodlsperse  aerosols  of  these  liquid  materials 
are  unlikely,  estimates  of  ths  upper  limits  of  larger  drops  that  can 
be  tolerated  in  tha  mixture  without  degrading  luminous  transmittance 
can  be  made  from  Table  II  (l.e.  we  can  tolerate  densities  of  lO’cm''* 
of  0.  5pm  drops  and  10'^cm~*  of  1.0  to  2.0pm  drops).  Moreover,  ths 
presence  of  water  drops  in  the  dispersed  aerosol  may  cause  scattering 
of  so  much  visible  light  that  25X  luminous  transmittance  cannot  be 
achieved.  Table  III  shows  calculated  luminous  transmittance  through 
tan  meter  clouds  of  water  drops  as  functions  of  drop  diameter  and  num- 
ber density.  Thus,  tolerable  limits  on  water  drops  can  be  added  to 
Che  dye  bearing  oil  drops  to  complata  the  characterization  of  an  adequate 
aerosol. 


Thus  far  the  results  reported  are  for  a near  saturation  concentra- 
tion of  the  dye,  l.e.,  18  mg/mi  or  2.6  x 10~*  M.  Should  a better  solvent 
for  the  dye  be  dlacovered,  it  is  of  interest  to  examine  the  effect  of  the 
resulting  change  in  dye  concentration.  For  this  purpose  we  consider  the 
0.1pm  oil  drops  with  0.03  M concentration  (corresponding  to  the  bulk 
mlcroemulslon  saturation  concentration  of  21  mg/mi)  and  with  10-fold  and 
100-fold  increases  In  concentration.  The  results  are  presented  in 
Table  IV.  The  extinction  increase  with  concentration  almost  follows 
Beer's  Law  so  that  each  order  of  magnitude  Increase  in  concentration  buys 
very  nearly  an  order  of  magnitude  decrease  in  the  number  density  (or 
number  density  x path  length)  required.  For  smaller  particles  with  less 
scattering,  this  Increase  even  more  closely  follows  Beer's  Law.  For  the 
larger  particles  with  large  albedos  (scattering  rather  than  absorption 
dominates),  increasss  in  concentration  buy  little  relaxation  in  density 
times  path  length  requirements. 
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In  mmmnyt  only  partlelu  of  O.lpn  dianotor  or  aanllor  toko 
odvontogo  of  tho  ooloetlvo  aboorblag  proportios  of  tho  dyo.  Boor'n 
Low  InprovoMnet  in  tho  oboorptlon  of  tho  1.06pa  light  of  up  to  two 
order 0 of  nognltudo  eon  bo  oehiovod  with  tho  O.lva  dloaotor  portleloo 
by  Inerooolng  tho  dyo  coneontrotlon  by  up  to  two  ordoro  of  wognltudo. 
VUrthorworO)  olnco  tho  ottonuotlon  of  tho  1.06yn  rodlotlon  la  occow- 
pliohad  through  tho  nochonioa  of  oboorptlon  rothor  than  acottorlng, 
tho  problOB  of  torgat  olgnoturo  anhoncanont  through  forward  (or  back- 
ward) ocattorod  light  la  olininatod.  Aa  ohown  in  Tabla  1I|  a nuhbor 
danolty  of  10^*  - 10**  with  partlelo  dlaaotora  of  0«05vai  la  naadad 
to  aehlava  a lunlaoua  trananittaneo  of  25X  and  an  optical  danolty  of 
ona  at  l.Obvin  In  a 10  awtar  cloud  whara  tho  OD  la  dua  to  oboorptlon. 
Such  anall  parclclaa  and  high  nunbar  danaltlao  will  at  boat  bo  axtrana- 
ly  difficult  to  fom  In  a laboratory  anparlnant.  Howavar*  tho  rala- 
vanca  of  our  thaoratleal  ealeulationa  ualng  a honoganaoua  drop  nodal 
can  ba  datamlnad  by  tha  charactarlaatlon  of  axparlnantally  produead 
clouda  of  larger  partlelaa  and  lower  nunbar  danaltlaa. 


j 3.  BCPntDffiSTAL  IMVgSTIGATIOHS . Tha  nlcroMulalon  to  be  dlaaanl- 

{ natad  la  alphonad  into  a pnaunatlc  apray  noaala  operating  at  ISO  palg 
of  H..  The  raaultlng  apray  la  diractad  agalnat  tha  wall  of  a jar 
j whlcn  contalna  tha  noaala  and  nleroanulalon.  In  thla  nannar  tha  larger 

I apray  partlelaa  inpact  on  tha  Inaida  aurfaea  of  tha  jar  and  only  tha 

I anallar  partlelaa  agroaa  through  a cut-out  In  tha  top  of  tha  top  of  tha 
jar  Into  a aaven-foot  dianatar  holding  ehanbar.  Tha  holding  ehimbar 
aa  ahown  in  Figure  2 la  equipped  with  window  porta,  aaapllng  valvaa, 
and  intarfaead  with  a 1.06vtn  Naodymlun  laaar.  Fulae  energy  of  the  bean 
la  0.05  joulaa  with  a pulaa  width  of  50  nanoaaconda. 

I Particle  alaa  diatrlbutlon  for  tha  cloud  la  obtained  by  drawing 

aanplaa  through  a alx-ataga  eaaeada  type  Inpaetor^lch  haa  a particle 
dianatar  range  in  graduated  atapa  fron  0.25vai  to  8^.  Coineldant  with 
tha  Inpaetor  aanplaa,  a aaparata  filter  aanpla  of  tha  cloud  la  drawn  at 
a known  rata.  Colorlnatrle  analyala  of  thla  filter  ylalda  tha  anount 
of  dye  in  a unit  voluna  of  tha  cloud.  Multiplying  thla  value  by  tha 
tank  voluna,  the  total  naaa  of  dye  contained  In  tha  cloud  can  ba  datar- 
nlnad.  A aanpla  plot  of  thla  data  la  ahown  in  Figure  3 aa  a function 
of  tine  after  dlaperaal.  Knowing  tha  dya  content  In  a unit  voluna  of 
cloud,  the  original  concentration  of  the  dya  in  the  nleroanulalon  and 
the  naan  particle  alaa,  tha  nunbar  denaity  of  tha  cloud  la  aatabllahad. 
Typical  valuea  for  tha  pnaunatically  aprayad  nleroanulalon  after  aovaral 
ninutaa  are  allowed  for  the  cloud  to  reach  equlllbriun  are  a nunbar 
danaity  of  10*  and  a particle  alaa  of  0.9un. 
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FIGURE  5 - HASS  OF  DYE«  IR-99  IN  AEROSOL  DISPERSED  BY  THE  SPRAY  NOZZLE 
TECHNIQUES  AS  A FUNCTION  OF  TINE  AFTER  DISPERSAL 


lv«l«Mtien  of  tho  optical  danalty  at  1.06)«i  for  tho  cloud  la 
acceapltohod  by  of  t«fo  photodiode  datoctoro  In  conbinatlon  «lch 
tho  liOdvB  Nd  laaar.  A boaa  splitter  Inserted  In  the  peth  of  the 
light  aouree  eeuees  e portion  of  the  been  to  enter  one  of  tho  detee* 
tora  (the  reference  detector).  The  reaeinlng  portion  of  the  been  is 
ellow^  to  peas  through  the  ehaaber  after  .nhlch  it  encounters  the 
second  detector  (the  aanple  detector).  Recording  of  the  pules 
heights  for  the  two  detectors  is  done  on  e duel  been  oacllloscope 
equipped  with  a eaaera.  Variations  in  source  output,  efficiency 
factors  for  the  detectors,  end  reflective  losses  are  ellalnated  by 
eonpering  the  pulse  heights  for  sprayed  aerosols  vlth  those  obtained 
Nban  only  air  wee  inside  the  ehahber  by  nesns  of  the  following 
equetloni 

00  - - log  1/1^  - log  (Vg/V^),^  + log  (V^/Vg)„„^l  (2) 

where  V.  is  the  oscilloscope  voltage  corresponding  to  the  senple 
detector  and  V.  is  the  voltage  corresponding  to  the  reference  detec- 
tor. In  Figure  4 the  results  of  the  neeaurasMnts  reported  aS  00/ 
aster  of  peth  length  versus  tine  is  shown. 

4.  COWCL08I0WS.  The  optical  density  for  the  dye-bearing  nlero- 
eaulalon  clouds  as  a function  of  particle  sise  end  nunber  density 
agrees  fairly  well  with  the  results  of  tho  Mte  eelculetions  of  the 
PGADS  progrsa.  For  exaaple,  it  can  bo  seen  that  at  40  nlnutes  after 
dissealaetion  the  00/neter  for  the  cloud  is  0.4S,  the  neesured  nunber 
density  recorded  at  that  tisM  is  1.25  x 10*  with  an  average  particle 
else  of  0.9un.  Theoretical  eelculetions  fron  the  Mia  prograa  predict 
an  OD/neter  of  0.66.  The  difference  between  observed  (0.45)  end 
calculated  (0.66)  nay  be  partially  accounted  for  by  scattered  light 
in  the  forward  direction  which  la  gathered  by  the  detector  and  recorded* 
resulting  in  a lower  OD  than  was  predicted  on  the  basis  of  trans- 
nltted  light.  (Scattered  light  in  the  forward  direction  is  counted 
as  light  not  transnlttad  in  the  PGAUS  progrsn.) 

Future  experinents  on  the  generation  of  finer  pertlele  slses  will 
include  the  use  of  explosive  dleseninators  and  propellant  actuated 
devices.  In  addition,  nethods  to  increase  the  concentretion  of  the 
dye  in  the  present  microeaulslon  as  well  as  the  use  of  such  naterlals 
as  dye-impregnated  plastics  will  be  investigated.  Modifications  to  the 
conputer  progrsa  will  include  the  use  of  multiple  scattering  routines 
and  .the  separate  treatment  of  forward  and  backward  scattered  light. 
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1.  I.  W«  SCiMblng  and  J.  Plato,''PaADS-LT— A Prograa  for  Coapueing 
Optical  Propartlat  of  Slngla  Seattarlng  Aaroaol  Clouda  of  Hoaogaaaoua 
PartlclaaV  Frankford  Araanal  raport  In  .praparatlon. 

2.  1.  Haekay,  "A  Study  of  Mieroaaulalona  for  Laaar  Abaerbara," 

Draxal  Unlvaralty«  raport  in  praparatlon,  claaalflad. 


APPBWDIA  Al  LOICMOOS  TgAHSMmAMCK.  Tha  output  from  a PO^S-LT 
calculation  provldaa  tha  phasa  function  as  a function  of  p (eoslna  of 
tha  aeattaring  angla)  along  with  seattarlng  and  absorption  cross 
saetlona  (C's)  and  acflclanclas  (Q's)  for  aach  of  tha  wavalangths. 
0.40,  0.45,  0.50,  0.55,  0.60,  0.65,  0.70,  and  1.06vm.  Thaaa  cross 
aactions  ara  conblnad  to  giva  tha  cross  aaetion  for  total  axtinctlon 
at  aach  wavalangth,  ahleh  la  usad  to  ealculata  and  tabuXata  tba 
optical  density  (OD)  par  natar  as  a function  of  nunbar  density  at 
aach  vavalangth.  Finally,  thaaa  OD's  for  tha  wavalangth  0.40-0.70yia 
ara  usad  to  calculate  the  lualnous  trananlttanea  (LT)  through  tha 
aerosol  over  various  path  langtha  as  a function  of  number  density  from 
tha  fornula, 

Z S(X)  io"OD(N.^)*I*  p(X) 

X 


where  8<X)  la  the  relative  energy  at  wavelength  X of  tha  ClB  Standard 
IlluBlnant  (Artificial  Daylight),  OD  (N,X)  la  tha  optical  dansity  par 
natar  at  wavelength  X of  tha  aaroaol  with  nufld)ar  denalty  N (coT'  ) , 

L la  the  path  length  In  matara,  and  P(X)  la  the  relative  luminosity 
coafflelant  at  wavelength  X for  the  CIS  Standard  Photoplc  Observer. 


TRANSFORMATIONS  THROUGH  A NON^EUCLIDEAN  SPACE 
IN  A LINEAR  TRANSFORMATION  CONTEXT 


Application  of  Firat-DogrM-Afflna  Tranifonnatlon 
To  Probability  Dansity  Funetioni  In  tha  a*Log  Spaca 


OREN  N.  DALTON 

Mathamatical  Sarvicas  Branch 
Analysis  A Computation  Division 
Whita  Sands  Missile  Range,  White  Sands,  New  Mexico  88002 


ABSTRACT 


This  paper  discusses  tha  technique  of  transforming  curves  through  non- 
Euclidaan  spaces,  which  In  vactor/matrix  notation  appear  virtually 
identical  to  linear  (or  affine)  transformations.  The  method  is  called 
first-dcgree-affine.  Any  continuous  function  of  n class  C*  variables 
can  be  considered  as  a definition  of  the  variables  in  non-Euclidean 
n>spaca  with  a non-constant  metric.  An  additional  space  is  defined 
orthogonal  to  this  n-space  characterized  by  the  parameter  t,  and  the 
transformation  is  defined  relative  to  this  non-Euclidean  n-H  space  In 
a cartain  manner.  The  Dirac  Delta  function,  d(t-l),  is  introduced  and 
It  is  shown  that  the  symbolic  integral  is  nothing  more  than  evaluating 
the  transformed  function  on  a cross  section  Ip  the  t-d1mens1on(  on  the 
hyperplane,  t»l.  In  this  paper  the  technique  is  applied.  In  particular, 
to  a space  called  the  "a-log'*  space,  and  it  is  shown  that  such  functions 
as  the  a-log.  Chi-squared,  Maxwell  (and  Rqyleigh),  Gamma  and  Normal 
probability  density  functions  are  members  of  an  equivalence  class  to  the 
limit  of  a defining  parameter,  under  the  aegis  of  the  first-degrea-affine 
i transform.  It  is  pointed  out  that  there  are  only  about  three  non- 

I commensurate  spaces  which  encompass  almost  all  standard  continuous  pro* 

I bability  density  functions. 

l 


[■ 
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TKAMSFORMATIONS  THROUGH  A NOH-EUCLXDEAH  SPACE 
XN  A LINEAR  TRANSFORMATION  CONTEXT 

Application  of  Flrst-DogroovAfflno  Tpanifermationi 
to  Probability  Danalty  Funotiona  In  a Particular  Spaco 

Z.  INTRODUCTION.  The  term  "firat-^egree-afflne'*  [1]  was  coined  by  the 
author,  and  the  traniformatlon  to  which  the  technique  rafere,  aa  far  as 
can  ba  datezminad,  was  Invantad  by  the  author.  The  reason  for  this  oholoa 
of  a name  should  beooma  clear  later. 

Essentially,  [2]  the  tachnlque  allows  one  to  transform  curves  through 
non-Euclldean  spaces  In  the  same  manner  a linear  transformations  are 
used  to  transform  curves  through  Euclidean  spaces.  (In  fact,  the  appear- 
ance of  a flrit-degree-afflna  transformation  Is  Identical  to  that  of  a 
linear  transformation. ) Ignoring  the  additive  constant  Implied  by  t|>a 
Integration',  an  affine  transformation  has  the  following  proper^! 

Let  x^,  Xj,  ...,  x^  be  variables  of  olass  [3]  (that  Is,  they  have 
oontlnuous  first  partial  derivatives  over  their  domain)  and  1st  y bo  a 
continuous  function  of  the  x^,  I*!,  2,  n 

■y  = 


so  that  i 


Than,  [3]  y Is  affine  If  and  only  If  the  partlals  are  constants  Cor,  at  i 

Bost,  funotlons  of  a parameter^  We  note,  using  the  symbols,  and  | 

the  Dirao  "bra"  and  "ket",  for  row  and  column  vectors,  raspsotlvely,  that 
y can  be  written  as 

y * 


where 


is  the  Jacobean  matrix,  and 


As  was  shown  [1,  2]  there  exists  certain  classes  of  functions  In  which 
the  partlals  are  functions  of  the  x^'s  but,  nevertheless,  under  the 
stated  restrictions,  can  be  transformed  in  the  same  manner  as  above.  For 
example,  let 
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then' 


= }l 

Functlom (which  can  be)  written  in  this  manner  are  called  firat-degree- 
afflne  transformations  on  the  variables. 

The  bulk  of  [1]  explores  methods  for  converting  any  continuous 
function  of  variables  to  flrst-degree-afflne  form  and  then  recovering 
the  correct  final  function.  This  with  the  theoreus^in  [2]  show  that 
any  continuous  vector  function  or  functional  can  be  respresented  in  flrst- 
degree-afflne  form,  and  a flrst-degree-afflne  transformation  can  always 
be  found  which  transforms  any  continuous  function  Into  another  function 
In  a manner  whose  appearance  is  Identical  to  that  of  a linear  transform. 

In  addition,  It  Is  x'eadily  apparent  that  the  flrst-degree-afflne  trans- 
formation is  to  non-Euclldean  spaces  as  the  linear  transformation  Is  to 
Euclidean  spaces. 

To  Illustrate  these  Ideas,  observe  the  following  simple  function 
2 

Is  interpreted  as  o graph  In  two  dimensional  Euclidean 
such  a space  describes  a parabola.  But  this  is  one  of  two 


y = X 

This  equation 
space,  and  in 
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4 

int«rpr«tatieiui.  Zt  la  aqualljr  oovraet  to  viaw  this  aqiiatlon  (op« 
paphaps,  juat  tha  tapm  "x^")  aa  tha  dafinltlon  of.  a varlabla,  oallad  "x"t 
with  a aatrio  2x.  That  lat  x la  daflnad  In  a ona*dimonalonal  non-Euclidaan 
apaca  hawing  tha  metric  2x. 

Obwioualy 

In  order  to  convert  thla  aquatlonto  a form  which  can  ba  written  aa  a 
matrix  tranaformatlon  of  a vaotor  [1]  wa  Introduce  tha  parameter  "t"  whleht 
definition*  defines  a apace  orthogonal  to  the  non~Euclidaan  apace  of  x. 

Define  the  Euclidean  graph 


Then'  If 

X)  ■ p] 

wa  know  from  above  that 

y’  = <J,x> 

• 

where  *J|  is  the  Jacobean  matrix.  We  now  Introduce  the  concept  of  a 
symbolic  integral.  Let  '"f)  be  the  Dirac  delta  function.  Then  E4] 
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if  ^(yCji)  ia  any  function  of  x nnd  t wo  havo  that 

In  discussions  of  tho  symbolic  intogrol  and,  in  particular , tha  aymbolio 
function  It  saama  to  havo  boon  ovarlookad  [1,  23  that  tha 

symbolic  integral  using  tha  Dirac  delta  function  is  no  mere  than  a stata- 
mant  that  f(Xjl)  is  an  evaluation  of  on  tha  orosa-aactiona). 

cut  in  tha  hyparplana:  i'X*  f . acalad  by  tha  value  of  f . 

That  is,  in  tha  problem  above 

/a-od-i  = j = X* 

*•1 

- y 

To  underline  this  point  of  viaw,  y*  is  graphed  in  Figure  (1)  in  thraa- 
dlmanaional  Euclidean  space.  Note  that  as  t-vo,  the  (cutaway)  surface 
narrows  and  steepens  like  a box  canyon  and  pinches  together  toward  the 
y>axis,  and  as  t-*«*the  curve  flattens  toward  a line  parallel  to  the 
x-axis  in  the  x-t  plane.  The  surface  has  very  much  the  appearance  of  an 
alluvial  fan.  Any  cross-sectional  cut  by  a plane  t^t^,  contains  a para- 
bola scaled  by  1/t. , but  In  a cross  section  of  the  plane,  t*l,  the 

^ 2 
embedded  curve  Is  the  parabola  x . 

Briefly,  the  method  for  converting  a function  to  first-degree-affine 
form  [1,  2]  Is  as  follows; 


- Odi 


■If 
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t 

I 


i 


i 


J 


1.  Atsun*  that  n distinct  variablaa  arc  defined  in  a Euclidean  n-epaoe* 
E°.  Inoreaaa  this  space  to  nel  by  defining  a apace  orthogonal  to  e”  with 
the  parameter  t. 

2.  The  terns  In  the  function  are  tnultlplled  by  appropriate  values  of 
t so  that  the  algebraic  sums  of  the  powers  of  the  variables  equal  unity. 

"8.  "Wiw'wguBwnts  of  tranaeantteirtal  'functions  and  ▼arimbleo  of  variable 
power  are  "seroed  out"  and  the  term  multiplied  by  t.  As  examples • the 
following  functions  are  first-degree-affine i 


(1) 


W 


(3) 


4 


(4) 


e 


/VV 


(6) 


and  may  ba  reprasantad  In  tha  form 


whara  if  includaa  all  tha  Tarlablaa  In  tha  funotion,  including  "t". 

In  a Sanaa,  tha  flrst-dagraa-afflna  transformation  Is  a formalisation 
of  tha  procass  of  substitution  which  has  long  baan  usad.  Tha  sama  stata- 
mant  can  ba  mada  about  tha  llnaar  transformation.  Howaver,  althar  typa 
of  transformation  provldas  insights  not  always  apparant  from  tha  basic 
equation;  tha  powar  of  althar  taehnlqua  as  a computational  tool  can  only 
ba  apprsclatad  aftar  using  It. 

Tha  rast  of  this  papar  la  davotad  to  a discussion  of  only  ons  spaea 
whlfih  is  gsnarated  by  caTrtaln  probability  density  functions  and  named, 
herein,  ths  aC-log  space.  Tha  first-dagraa-afflna  transform  Illustrates 
groups  of  spacas  In  which  tha  functions,  under  certain  restrictions  (In 
this  case  transformations  using  constant  paramatars ) , belong  to  an  aqulva- 
lancs  class.  In  [2]  It  Is  shown  that  three  or  four  spaces  or  aqulvalanca 
clascas  encompass  virtually  all  continuous  probability  density  functions 
(PDF's)  normally  In  use.  The  following  table  Is  a listing  of  soma  of 
thsm.  (Tha  "Parlmanslc"  space  refers  to  functions  of  two  Indepsndant 
^-log  variables,  a Quotient  space  which  Includes  tha  Bata,  F,  Studant-t 
and  Cauchy  PDF's  and  a Product  space  whl'-h  Includaa  a modified  Bessel 
function  of  ths  second  kind  [5]): 
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SPACE 


UNIFORM 

oC-LOG 

PARZNEN8ZC 

Uniform 

of -log 

Bata 

(Cauohy) 

Chl-aquarad 

F 

Tangant 

Gamma 

Studant-t 

Logistie 

NaKwall 

lassal 

EMponaatial 

Raylaigh 

(Mod  of  ^ kind) 

Ratio 

Powar 

Normal 

(Exponantlal) 

(Cauchy) 

H«  i:ot«  that  th«  int«ra«otlona  of  tha  apaoaa  art  not  ampty  (Exponantlalt 
Cauohy)  but*  in  ganaral*  funotlons  whloh  daflna  tha  apaoaa  oannet  ba 
tranaformad  from  ona  apaoa  to  anothar.  Suoh  PDF 'a  aa  ^ha  Cauohy* 

Exponantlal  and  Normal  ara  dafinad  by  axplleit  valuaa  for  tha  daflnlng 
paramatara.  Tha  Cauohy  PDF,  for  axampla,  arlaaa  in  tha  Uniform  apaoa  aa  ona 
aambar  of  tha  Tangant  aaquanoa,  and  in  tha  Parimanaie  apaoa  t.a  ona  mambar 
of  tha  F-aaquanoa*  (Tha  word  "aaquanoa"  in  thia  oontaxt  impliaa  a auooaaaion 
of  funotiona  baaad  on  rational  or  intagral  valuaa  of  tha  dafining  paramatara ( 
for  oartaln  functions  it  la  aynonymous  with  tha  dafinitlon  "dagtraas-of- 
fraadom". ) Qanarallsad  functions  daflna  aach  apaoa*  the  Tangant*  Gamma* 

Bata, for  axampla.  Thaaa  funotiona  ean  ba  tranaformad  into  othara  in  tha 
aama  apaoa  of  whioh  a mambar  may  ba  glvan  a partloular  nama  * but,  in  ' 
ganaral,  a apaolflo  mambar  cannot  ganarata  tha  apaoa.  Tha  manning  of 
this  paragraph  will,  hopafully,  baooma  olaarar  in  tha  taxt. 


NOTATION.  Cartaln  tarma  will  ba  usad  in  a standard  masnar: 

1 la  a unit  matrix, 

I is  a unit  nKn  Matrix, 
n 

^ or  ^ la  tha  sunning  vaotor,  a vaetor  of  onsa, 

^ ^ auming  vaotor  having  n oomponanta, 

or  a^  ia  tha  1^^  orthononnal  vaotor.  l.a.,  a vaotor  with  xaro'a 
in  avery  position  axoapt  tha  1^^  position  which  haa  a ona, 

<(t-  t)  is  tha  Dirac  Dalta  function  which  has  meaning  [4]  only  in  an 
integral  of  tha  form 

and  is  tantamount  to  tha  evaluation  of  ^ on  tha  oross-saotion 

of  tha  hyparplana,  t«  f . 

t is  tha  paramatar  usad  to  dasorlba  a space  orthogonal  to  tha  space  of  any 
other  variables  Involved  in  a particular  problem,  and  -••<€  <•** 

I J^|,  a matrix,  will  always  imply  the  absolute  value  of  the  deter- 
minant. 

or  are  vectors  of  zeros. 


THE  oC  -LOG  SPACE.  This  naurn  was  ohoaan  baoauaa  tha  et*log  dmialty« 
daacrlbad  In  this  spaca»  ganaratss  soma  of  tha  nora  Important  standard 
PDF's.  Zf  -f^v)  , tha  PDF  for  tha  varlabla  x*',  is  tha  oC-log  danslty, 
than  • ■ • 


f-M  = Jn'^O/v),  <<  >(>,•>.¥  I,  »*»■<  I 

r«) 


or  lotting 


K A 

r«)  ’ 


f(=?)  = K v)*'  ^ 


whara 


V) 


Tha  raquiramant  that  ba  graatar  than  zaro  is  nacossary  booausa  of  tha 
tarm  rC«()  , and  if  <<j  I t -piv)*!  » » the  Uniform  PDF.  Slnos 
a diract  transformation,  betwaan  tha  Uniform  spcca  and  tha  oC-log  spaoa 
is  probably  impossibla,  of*  / is  axcludad. 


The  function 


f 

ru) 


0 V ^ / 
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dMOVlbM  • rwiabl*  la  a ob«  diMrtaieml  non*&uolid«aii  aptoa  with  Mtrio 


f 

L 


(i-t) 

77«c>  ■ 


/ 


This  funotlon  dots  not  appoar  to  dtaorlba  a apharieal  aurfaoo  but  th«r« 
axiata  a tvanafam  Xhleh  wavpa  thia  apaea  lafto  a Amotion  (tha  Chi-aquavad 
PDF)  whioh  ia  proportional  to.  a apharloal  aurfaeo.  Tha  apaea  daflnad  by 
haa  a ourvatura  of  Pvit)  • alaqa 


I 


1 


dir  P C<) 


Tha  <-leg  apaea  la  daflnad  (ualng  a olngla  varlabla)  by  tranafoproationa 
Involving  funotlona  with  raal  paraaatara.  Tha  Intant  of  thla  atatamant 
ia  to  axoluda  auoh  tranaforatationa  aa  aln^y,  ate.^  glaaa  tha  aC-ieg 

u I 

apaoa  forma  an  aqulvalanea  alaaot  i»a.i  If  J»K  ara  flraf'^agraa-afflna 
tranafematlonai  than 


I whara  JAT  « tha  unit  matrix 

Xf^»j9  J*‘  ^ 


Zf  J7  and  than  2 ■ K J X 


Aa  a mattar  of  fact  auoh  tranaformatlona  raault  In  funotlona  which  ara 
loga  of  loga  or  logo  of  trlgonanatrlo  funotlona.  Although  thaaa  funotlona 
are  lagltlmata  aambara  of  tha  ad -log  apaoa » thay  look  tha  intaraat  of  tha 
othar  funotlona  and  would  load  tha  dlaouaalen  too  far  afiald. 
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Md  th«  prepcptlas  of  a vootov  spMo  hold,*tho  roaultant  fUnotlena  fvom 
■ay  (goaoPAl)  firit-dtgroo-affin*  tranafonaatlon  on  o«n  bo  uood  to 

deoerlbo  tha  ppoportloa  of  any  othar  form  of  tha  varlablOt  Tha  tarm  "ganaraJ 
tranaformation"  Impliaa  a transform  uaing  paramatara  (axoluding  tha  typaa 
of  funotlona  mantlonad  abova)  whioh  ara  allowad  to  asauma  any  raal  ralua 
within  a givan  domain*  For  this  papar*  tha  paraiMtara  ampleyad  will  bo 
oallad  oC  and  whara  and  o(f<  / . Zn  partioulari  wa  will  aw- 

amlna  tha  axponantial  fora  of  tha  funotlona  ainoa  moat  funotlona  of 
intaraat  ara  in  that  form. 


Aa  abova,  wa  rapraaant  tha  oc-^log  PDF  ail 

f(^)  ~ K ‘ 9 -aa^-^^W, 

•^>0^ 

Zn  this  aaotion  soma  of  tha  datalla  of  tha  tranafenaation  will  ba  pro- 
aantadi  thaaa  will  ba,  in  thamain,  diapanaad  with  tharaaftar. 


Lat 


% 


Whara 


iJtmd/ir) 


Thia  ralationahip  la  first -dagraa-af fins  ao  wa  can  writs  1 
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thM 


Pdt/i) 


j 0 < Z 4.90 


th«  Chi-squared  PDF. 

There  are  tue  icvala  of  igenerdllty  Whldh  ittgttt  be  latgradvoid  fw 
traBafematlons  of  one  variable  and  oonatant  paraneters.  The  moat 
general  form  can  be  tfrltten  as 


X s 


= J.V 


.aiaoa  this  tBaaafosnatlon  la  flrst-^egree-afflne,  and 

r.  |s  A -f- + 

O i 


I 


exoapt  that  the  power  of  the  log  could  vary  aa»  aay-^  f t ^ 
the  argunent  of  the  log  oould  be  v/f . However • any  functions  involving 
a transfomatlen  using  the  two  paraneters,  p and  q,  is  squlvalant  to  any 
other  irrespective  of  the  values  of  p and  q.  Ths  affect  of  this  general- 
ity will  be  seen  when  Pearson's  Inoonplete  Qanwa  Function  tables  ara  used 
to  find  the  distribution  of  the  sum  of  the  squares  of  n independent 
nomal  variables  to  the  ^ power  — defined,  herein,  as  ths  Maxwell  didtri- 
butlon. 


I 

i 


j 

I 

I 


I 


i 
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i 


In  th*  abov«  problem,  elnoe  the  transformation  la  first-degree-afflno 
and  since 


{■m  -z  KAi“"(e,vy'  j 


we  have  that 


-i  - 


“t 


iif" 


-I  - ^ 

.77  5 


U1  = ^e 


(■fr  ; 4-'x>- 


and 


ie 


^ -AO 


from  which 


/A 
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(We  note  that  J 7 CC^) . ) In  the  special  case  when 

y 

I , we  have 


P-i  ^ -ar' 


and  we  see  that  the  parameter  acts  as  no  more  than  a scaling  constant 
If  “p  -*  I ,o£  ^ -X  and  ^ » then 

*3.  V t 


the  normal  PDF  over  the  right  half -plane.  We  might  also  note  that  if 
y-»t  t then 

= x"'  6^ 

T'-  1 r 1 fp(ci) 


the  Gamma  PDF. 


It  turns  out  that  the  left  halffilane,  '»«'<. V<-0,  is  defined  by  a 
transformation  involving  ^ rather  than  // V"  . For  a similar  trans- 
formation as  above,  let 

= kAi"‘(6,v}'  J ..  — -o. 


and  daf iaa 


X 


from  which  we  know  that 


k^)  = Kjj:'IIrr‘(e,  of  x)*'  j ^ o 


We  have  that 


? V 


O 


% 

t 


•k 


1 
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and  we  have 


f(X)  = 


jkx)  ji 
r 


Ji 


W«  note  that  this  transfoznnatlon  Is  the  same,  as  the  previous  transforms* 
tlon  had  we  used-^  Instand  of  ^ (all  except  the  ^ scale  factor  which 
is  positive  since  f is  always  positive.)  Thus,  this  can  be  written 


as 


k%)  = 


r .-iM 


,*k 


‘^rrc-<) 


|x|  £ 


_ oo<  X ^ O 


As  before , when  -p  ^ I ^ oi  s t/a  ^ ^ s H.  • 


Putting  the  two  half -planes  together  and  averaging  (since  the  probability 
that  Xso  is  o ) we  have 


/ ■"it’X* 

f(7ij  = f-a)  = e . — 


Also  when  "p  a oC  \ 
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f(Xi  7>-rf)  = 


. ^-1  -fiXj 

jx|  ^ 


If  we  wished  to  extend  the  Gamma  function  to  l)pth  half-planes  we  would 

have 


although  this  extended  range  does  not  appear  to  have  much  practical 

value. 


11.  INTEGRATION  IN  THE  O^-LOG  SPACE  USING  PEARSON»S  INCOMPLETE  GAMMA 
FUNCTION  TABLES.  It  was  proved  C2]  for  transformations  Involving  a 
single  variable*  that^ 

\fMdx  - 

'Jo  ^ 

where  -xvijji^ls  a first-degree-affine  transform  and 


NOTE:  Since  the  differentials  are  ^eated  as  components  in  a Euclidean 

space,  then  iJil  is  tantamount  toj  **^^y«|*  *”**  trans- 
form For  firpt-degree- 

afflne  (or  linear)  transforms,  the  differentials  can  be  replaced  by  the 


vector  Itself. 


if  th«r«  ar«  no  diseontinultioa  in  th«  rango  of  ovar  tha  domain 
This  la  ^ased  on  tha  following  obswvationa.  Aasuma  tluit  r is  con- 
tinuous over  tha  interval:  \ Then  we  can  write  ^ ^ 'Uff. 

If  there  are  no  dlscontlnutles  due  to  the  transformation,  the  two  in- 
equalities  can  be  combined  so  that  % We  can  solve  this 

system  to  produce  the  inequalities:  if  the  variables  are  at 

all  separable.  (We  note  that  Xe  *nd  ^ may  be  vector  functions  of  tho 
oemponants  of  X . ) 


Without  computing  details,  observe  the  following.  Let 
as  above,  and  define  two  first-degraa-afflne  transfonBatlons 


- J_^V)  , 


< eo  , . ao<  y < I 


J 


IT*  "ff' 


rX 


Jo 


where 
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since 


y'  = <^,  J,v') 

x'  = {e,  j^v'> 

Y = j,v  , x = j.y  =>  7 = j» j;'  X 


and  computing  we  would  have 


JrJ;'X>  = 


-*/v  I +AtV/r)'  ^ 

0 / O ! i 


Ji  -i-f  r 


Thus,  after  integrating  over  t we  have  that 


y'  - — 

3. 


and  that 


o -C  y‘ 


< «>o 


X"""  I?  dr 


o <x*  <oo 
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In  particular*  if  o(  « */},  we  can  use  ih<3  P-taMes  fol  to  compute  the 
normal  distribution  and  cross  compare,  l.e. 


^tT. 


•i£i  / 

n e <jy  ^ ^ 


O « < M 


3 


O « X < •« 


'till)  iiuuutMuy  of  tliu  comparlrion,  poxfuroo,  dupundu  on  flnonouu  of  Um  in'‘'<h 
of  tlio  tabulated  voluoa* 


. V =rv  a ^ vjr.Tnsf 


The  tables  Ce]  are  published  in  terms  of  I(u,p)  (Pearson's  notation) 
where 

-7(^77)  , o. 


14*  ^ 


Thus,  for  a o(  ••  oc  s^,  and  since  y*  aVp*-i'  u., 

yC* m (ifs u.'^  • The  tables  in  C7]  are  published  as 


_J f -Ji%\ 

WtP  I ^ 

Jo 


O < X*  < ^ 


If  we  call  this  latter  integral  J(X')  t we  have  that 
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Th*  following  t*W.«  cotBparos  th«  two  intagrals  for  a few  values  of 
which  were  chosen  from  Pearson's  tables  (with  seven-place  accuracy)  to 
the  limit  of  a linear  interpolation  from  the  tables  of  C?]  (with  four-  | 

place  acuracy).  I 


u 

Ku,  -»4) 

x' 

(app) 

J(H') 

2J(x') 

.5 

.5995940 

.841 

.29927 

.59054 

2 

, 9073910 

1.682 

.4537 

.9074 

4 

. 9826127 

2.378 

.4913 

.9826 

6 

. 9964197 

2.912 

.4982 

.9964 

10 

.9998305 

3.760 

.4999 

.0998 

12 

.9999620 

4.120 

.5000 

1.0000 

It  was  shown  In  [2],  that  if  f 7(:  , / c is  a set  of  n 

independent  standard  normal  variables,  then  if 


/ 


that  the  PDF  for  w (called,  there,  the  PDF  for  the  Maxwell  distribution) 
{<V>  is 

((■ur)  :=  -22L_  ■nr'""  e'^  > •MX’, 

VM 


If  we  replace  ct  by  “h/i  , then 
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i*r  * 


Ha.i 


^ c/lA'*  > 


4.‘Ur'.«  «o 


Proceeding  by  transfonnationa  aimllar  to  that  done  above  it  can  be  shown 
that  in  terms  of  the  Gamma  POF,  we  have 


>n 

r(yi/A) 


e 


c < y'  < oo 


O <.  "ur*  < eo 


where  Converting  to  Pearson’s  notation  as  was  done  above, 

•p  ■*  j,  and  since  y'e  ^'^TT'  U • we  have  that 


y'  =:  \[W7F'  IL  j 


and  >n  is  a free  index. 


The  following  table  gives  the  integral  for  three  values  each  of 
Vl  (the  hH  root  of  ),  ”>1  (the  number  of  variable^,  and  U. 

(the  value  of  the  -variable)  t 
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n 

wm 

/Tn 

u 

..in 

w 

w'  (app) 

F (w') 

3 

1.225 

.5 

.612350 

.7825 

.2529242 

1 

4 

4.898800  I 

2.2130 

.9796360 

1 

1 

1 

12 

14.696400 

3.8330 

.9999981 

6 

2 

1.732 

.5 

.866000 

.9310 

.0573798 

4 

6.929200 

2.6820 

.9687180 

12 

20.785000 

4.5570 

.9999998 

8 

3 

1 

2.000 

.5 

1.000000 

1.0000 

.0189882 

4 

8.000000 

2.8280 

.9687180 

12 

24.000000 

4.8990 

.9999999 

3 

h 

1.225 

.5 

.612350 

.3750 

.2529242 

4 

4.898800 

24.0100 

.9796360 

12 

14.696400 

216.0800 

.9999981 

6 

2 

1.732 

.5 

.866000 

.7500 

.0573798 

4 

6.928200 

48.0250 

.9687180 

12 

20.785000 

431.3900 

.9999998 

8 

3 

2.000 

.5 

1.000000 

1.0000 

.0189882 

4 

8.000000 

64.0000 

.9687180 

12 

24.000000 

576.0000 

.9999999 

3 

H 

1.225 

.5 

.612350 

.8492 

.2529242 

4 

4.898800 

1.6984 

.9796360 

12 

14.696400 

2.4495 

.9999981 

6 

2 

1.732 

.5 

.866000 

.9532 

j 

.0573798 

4 

6.928200 

1.9064 

.9687180 

1 

12 

20.785000 

2.7495 

.9999998 

8 

3 

2.000 

.5 

1.000000 

1.0000 

.0189882 

4 

8.000000 

2.0000 

.9687180 

12 

24.000000 

2.8845 

1 

.9999999 

In  th«  «bov«  tabl«,  valuvs  fovy^  wer*  ehoaan  from  ontrlos  in 
Paarson's  tabled  of  incoroplate  r-funotlona  to  avoid  interpolation. 

The  values  for  were  derived  from  them.  Since  the  integral  of  the 
r -function  is  independent  of  » , every  value  of  hi  produces  the  same 
distribution  function;  like  its  logarithmic  ancestory.  the  only  require- 
ment is  that  'Mr' ^ be  a fixed  value  for  a given  n and  u. . Although 
these  statements  are  obvious  in  the  above  context,  it  is  not  sc  obvious 
that  the  dietrihution  for  jmy  root  iuXor  ..power)  .of  the  .sums  of  .squared 
normal  variables  is  Independent  of  the  root. 

I would  like  to  conclude  with  a remark  oonoarnlng  transformations 
between  the  U -log  space  and  the  so-called  Uniform  apace  epitomised  by 

= <ra-i){e^v) 

0 otherwise.  Any  first-degree-affine  transformation  in  thi.s  space  has  an 
anti-derivative,  i.e. 


where  is  a firat-degree-affine  transformation  of  V.  If  a trans- 
foxmation  existed  to  the  o£-log  space,  and,  in  particular,  to  the  normal 
PDF,  say,  we  could  write 
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a oleaed  form  aolution 


There  is  another  argmnent  against  this  possibility.  The  Uniform  PDF 
is  related  to  the  o6-log  PDF  only  when  ags  / . Thus,  we  could  expect  that 
any  transformation  in  the  od-log  space  in  which  the  resultant  function  is 
determined  for  I would  be  derivable  from  the  Unifoi.i  )F.  This, 
indeed,  proves  to  be  the  case.  This  is  theprincipal  reason  that  the 
value  oca  / was  forbidden.  Although  it  has  been  stated  that  the  Uni- 
form PDF  could  be  warped  into  any  other  continuous  PDF,  this  sratement, 
on  the  basis  the  material  in  C2]  and  this  paper,  should  be  qualified, 

that  such  is  true  only  if  it  is  modified  in  the  process  by  an  "external" 
source.  The  Uniform  PDF  and  an  of -log  variable  are  Incommensurable  for 
essentially  the  same  reason  a plana  and  a sphere  are  incommensurable. 

III.  FTRST-DEGREE-AFFIKE  TRANSFORMATIONS  WHICH  TRANSFORMS  THE  SPACE  OF 
N VARIABLES  INTO  A SPACE  OF  M VARIABLES.  M<N.  It  was  shown  in  [2]  that 
if  n variables  defined  in  a function  appear  as  a quadratic  form,  and  a 
transformation  is  desired  to  an  m-dimensional  subspace,  1h  4>i  > then  the 
affine  (or  linear)  and  the  first-degree-affine  transformation  can  be 
used  (in  part)  as  an  wikw  matrix.  This  is  true,  for  example,  for  the 
Maxwell  distribution  defined  in  the  last  section,  and  in  particular  when 
the  root,  >1  , is  equal  to  one.  In  this  case  the  sums  of  squares  of 
independent  standard  normal  variables  results  In  the  Chi -squared  PDF,  a 
particular  member  of  the  Maxwell  PDF. 

On  the  other  hand,  the  Jacobean  must  be  square;  the  resultant 
function  Involves  y\  variables  and  n-»i  variables  must  be  integrated  out. 
Thus  the  Maxwell  or  Chi-squared  PDF's  are  marginal  PDF's.  (In  this  sense, 
all  PDF's  which  result  using  the  first-degree-affine  transformation  are 
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Nuw,  let 


%/t  X»/rf  ^ 

^ o •*  * o i 


the  first -degree-affine  fotn  which  projects  the  n standard  normal  varl- 
ahles  from  the  n-dlmensi'^nal  curved  space  spanned  to  the  two-dimension 
curved  space  spannud  U and  i . Since 


fc>-  — X.*X, 


for  any  i , the  resultant  function  must  ba  multiplied  by  two* 


If  we  define 


and 


o t 


then  J|W  is  nonsingular,  and 


can  be  written  as 


in  which  the  reduced  2 it  matrix  appears  in  the  quadratic  form 
in  the  exponent  and  the  Jacobean  maintains  the  relationship  of  the  new 
variables . 

We  have 


so  that 


uj;}-*)  = xu.-i  * i*' 


and 


where 


= SLU  • X,*  - Xy  -••'•-  X 


A 


Integrating  the  terms  *Xjj  **  -,  >fii , successively,  and  noting  that  for  rt*< 
has  the  following  form 


ro/ii ) 

we  have,  for  all  values  for  Yl  ■*  I ! 


::  £ * 


ficAf  (the  natural  number s),d4tu<«0,  which  is  the  Chi-squared  PCF  for 
parameters  >1  and 
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PRESENTATION  OF  THE  SAMUEL  S.  WILKS  MEMORIAL  MEDAL 


After,  the  banquet  on  the  evening  of  24  October  1973,  Chairman  Grubbs 
made  a few  remarks  about  the  Wilks  Medalist,  Professor  J.  S.  Hunter  of 
Princeton  University  headed  up  the  1973  committee  of  the  American  Statistical 
Association  to  make  the  selection.  As  a result,  we  are  very  pleased  to 
announce  that  Professor  H,  0.  Hartley  was  selected  to  receive  the  1973 
Samuel  S.  Wilks  Memorial  Medal.  Professor  Hartley's  remarks  follow. 


ACCEPTANCE  REMARKS  OF  H.  0 HARTLEY  ON  RECEIVING -THE 
SAMUEL  S.  WILKS  MEMORIAL  MEDAL  FOR  1972 


It  is  of  course  a great  honor  for  me  to  receive  this  award.  In  spite 
of  your  generous  comments,  Frank,  I have  a certain  feeling  of  trepidation 
to  join  the  august  body  of  those  who  have  received  the  award  before  me. 

My  sincere  appreciation  of  receiving  this  honor  is  two-fold. 

First  and  foremost,  I realize  that  this  award  is  in  memory  of  the 
late  Samuel  S.  Wilks,  and  it  is  a tremendous  inspiration  to  me  to  be 
associated  with  this  great  man.  Sam  Wilks  is  undoubtedly  a pioneer,  if 
net  the  pioneer  of  statistics  in  the  U.S.A,.  As  a brilliant  young  scholar, 
he  was  sent  to  England  to  'sample'  both  the  Pearsonian  School  at  London 
and  R,  A.  Fisher's  activities  at  Rothampstead  Experiment  Station.  Then  he 
was  appointed  to  an  important  chair  at  Princeton  University  to  develop  a 
statistics  program  there.  Practically  all  initial  efforts  in  the  science 
of  statistics  in  the  U.S.A.  can  be  traced  back  to  an  input  by  Sam  Wilks. 

But  Sam  Wilks  did  more  than  that.  He  created  the  cooperative  spirit 
in  the  statistical  community  in  the  U.S.A..  Right  from  the  outset,  he 
represented  the  blending  of  sound  statistical  theory  with  a strong  relevance 
to  applications  of  statistics  in  the  various  subject  matter  areas  to  which 
it  is  applied.  This  blending  of  theory  and  applications  is  of  the  utmost 
importance.  We  can  appreciate  this  if  we  observe  the  unnecessary  contro- 
versies between  theoretician  and  practitioner  that  nowadays  often  arise: - 
The  pure  tneoretician  often  regards  applied  statistics  as  'substituting 
numbers  into  his  equations'.  He  apparently  does  not  realize  that  the 
effective  application  of  statistics  requires  a sound  knowledge  of  the  subject 
matter  area  in  which  the  data  have  arisen.  On  the  other  side  of  the  fence, 
the  hard  boiled  practitioner  often  regards  much  of  the  statistical  theory 
as  'useless'.  His  definition  of  'useless'  often  covers  anything  he  is 
incapable  of  understanding  and,  unfortunately  on  this  definition,  much 
of  the  thc-ory  is  labeled  as  'useless'. 
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Preceding  Page  Blank 


Sam  Hllkt  has  dona  a tmnendous  Job  In  bridging  this  conflict.  Ht 
has  strassad  again  and  again  that  wa  statisticians  can  not  axpart  In 
all  subjact  araas  to  which  statistics  must  ba  appllad,  and  so  we  must 
cooperate  with  the  subjact  matter  area  specialist.  The  first  praragulsita 
for  this  Is  proper  co^unl cation  with  the  expert.  The  right  attltu^  to 
take  Is  to  tell  him  *^ookt  I am  not  a chemist  (If  you  are  talking  to  a 
chemist),  or  I am  not  an  engineer,  or  I am  not  a clinician...,  so  you 
must  allow  me  to  ask  stupid  questions  about  your  subject,  and  1 allow  you 
to  ask  stupid  questions  about  statistics".  This  attitude  sets  the  back- 
ground fo**  the  team  work  needed  In  applying  statistics.  It  was  this  spirit 
of  cooperative  fiai  worlT  that  made  Sam  Wllxs  popular  with  practitioners 
and  theoreticians  alike,  and  If  we  can  learn  this  lesson  from  him.  If 
we  can  live  up  to  this  principle,  then  1 am  sure  we  shall  do  Justica  to 
his  memory. 

And  now  I would  like  to  reminisce  on  my  personal  mamnries  of  Sam 
Wilks,  riy  first  contact  with  him  was  In  1M9,  when  1 had  an  assignment  to 
spend  the  summer  at  Princeton.  I got  to  know  him  as  a most  congenial 
Director  of  the  Statistical  Unit  at  Fine  Hall.  There  mas  a relaxed 
atmosphere  and  yet  an  efficiently  administered  unit.  He  a'vMys  had  time 
for  you.  He  was  a perfect  host  and  I was  Invited  to  his  house  to  meet 
his  charming  wife  and  his  son,  Stanley. 

John  Tukey,  the  first  recipient  of  this  award,  was  then  Sam's  right 
hand  man  at  Princeton  and  It  was  quite  an  experience  to  meet  him  for  the 
first  time.  There  are  lots  of  stories  about  John  that  I could  tall  you, 
but  let  me  tell  you  Just  one.  We  used  to  have  lunch  together  at  a dinar 
on  U.S.A.  #1  to  which  he  used  to  drive  me,  ahd  Immediately  we  arrived  there, 
he  would  pull  out  his  famous  yellow  pad  and  we  got  down  to  talking  shop. 

We  were  notorious  at  the  diner  for  this  and  hardly  left  time  for  lunch. 

One  dsv  Sam  Wilks  Joined  us  for  lunch.  There  were  the  three  of  us,  Sam, 
the  tall  slender  Texan,  John,  who  was  then  very  heavy  and  over-powering, 
and  ms.  As  we  were  entering  the  diner,  the  manager  could  not  help  blurting 
out  "They  come  In  aJX  shapes  and  sites  In  the  Statistics  Department!" 

1 did  not  know  at  the  time  that  Sam  was  a Texan,  and  1 certainly  did 
not  know  that  I would  end  up  In  Texas.  Yes,  It  Is  true,  you  are  looking 
now  at  what  Is  clearly  a rather  Imperfect  simulation  of  a tall  Texan! 

An  appreciation  of  Sam  Wilks  would  not  be  complete  without  mentioning 
this  'Conference  on  the  Design  of  Experiments  In  Army  Research,  Development 
and  Testing',  and  this  brings  me  to  my  second  point  of  appreciation.  The 
creation  of  this  Important  series  of  conferences  resulted  from  Sam  Wilks' 
successful  cooperation  with  the  Am^  Research  Dffice.  This  Office,  Indeed, 
the  Army  In  genyal . has  carried  the  burden  of  organizing  this  splendid 
annual  event7  The  conferences  have  been  conducted  In  the  spirit  of  Sam 
Wilks,  In  the  spirit  of  the  blending  of  advanced  methodology  with  practical 
applications.  This  Is  clearly  reflected  In  the  program  of  these  conferences 
and  Indeed  In  today's  proceedings. 


In  them  days  of  pressure  for  'mission  orlonted  research',  the  An?ty 
Research  Office  must  be  congratulated  for  taking  a responsible  view  of  the 
problem.  We  cannot  today  afford  unrestricted  basic  research  no  matter 
whether  It  will  ever  be  of  relevance  to  applications.  On  the  other  hand, 

It  would  be  narrow  minded.  Indeed  reckless,  to  support  only  such  research 
which  has  Itimedlate  applications  to  problems  In  DOD.  Such  a short  sighted 
attitude  may  prevent  the  basic  research  for  Important  new  developments 
from  being  Implemented  (remember  good  old  Sputnik!).  The  right  attitude 
Is  to  evaluate  the  relevance  of  basic  research  with  regard  to  its  appli- 
cation potentials.  The  assessment  of  such  research  potentials  Is  sometimes 
extreme^  difficult,  but  the  Anpy  Research  Office  Is  to  be  congratulate 
for  at  least  facing  up  to  this  responsible  task. 

Now  let  me  finally  come  to  pleasant  assignment  of  accepting  this 
award,  and  this  Is  clearly  a very  personal  matter,  and  so  I will  end 
on  a very  personal  note.  At  our  Institute  of  Statistics  at  Texas  ASM 
Uni versi tyTIh^ wife  runs  a "Statistics  Wives'  Group"  to  which  the  wives 
of  both  faculty  and  students  belong.  When  a student  gets  his  degree,  this 
group  awards  a degree,  also,  to  his  wife.  She  Is  awarded  the  P.H.T. 

(this  stands  for  put  hubby  through).  This  degree  to  her  Is  awarded  for 
her  unselfish  sacrifice  of  letting  her  husband  get  on  with  his  Job  and 
take  the  responsibility  for  all  (and  I mean  all)  family  affairs.  And  so 
In  accepting  this  certificate,  I would  like  to  also  accept  It  as  a P.H.T. 
award  for  my  wife. 

It  remains,  then,  forme  to  thank  the  A.S.A.,  the  original  donors, 
and  the  Army  Research  Office  for  this  magnificent  award. 
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RELIABILITY  GROWTH  OF  THE  TF-30  ENGINE 
Bertram  W.  Haines 

Statistics  and  Mathematics  Department 
Naval  Safety  Center 
Norfolk,  Virginia 

Frederick  L.  Carter 
Chemical  System  Division 
Dugway  Proving  Ground,  Utah 

Martha  R.  Cummings 

Statistics  and  Mathestatlcs  Department 
Naval  Safety  Center 
Norfolk,  Virginia 


ABSTRACT . The  Introduction  of  any  new  complex  system  into  its 
operational  environment  can  be  expected  to  be  followed  by  a period 
during  which  Improvements,  designed  to  Increase  the  system's 
reliability,  will  be  incorporated.  An  aircraft  engine  is  such  a 
system.  Changes  and  improvements  continue  to  be  made  on  aircraft 
engines  after  they  are  put  into  production  and  Introduced  operation- 
ally to  the  fleet.  As  a result  of  these  changes  and  Improvements, 
the  system's  reliability  is  expected  to  Increase.  Several  methods 
of  measuring  the  resulting  reliability  growth  have  been  proposed. 

At  least  one  of  these,  the  system  proposed  by  Barlow  and  Scheuer,* 
provides  for  both  the  grouping  of  the  system  development  program 
Into  stages  and  the  discrimination  between  two  distinct  causes  of 
failure.  It,  therefore,  seemed  to  be  an  appropriate  model  to 
describe  the  reliability  growth  of  the  TF-30  engine  as  it  is  used 
in  some  of  the  Navy's  A-7  Corsair  II  single  jet  engine  attack 
aircraft. 

The  Barlow-Scheuer  Trinomial  Model  (BSTM)  requires  the  system 
development  period  to  be  divided  into  stages  that  are  initially 
^*^1*'**^  in  terms  of  either  time  periods  or  a given  number  of  trials. 
In  this  study,  the  first  of  these  definitions  was  used.  The  model 
further  requires  the  definl  ion  of  three  possible  outcomes  for  each 
These  are:  1.  inherent  failure,  2.  assignable  cause  failure. 


*Bsrlow,  R.E. , and  Scheuer,  E.M.,  "Reliability  Growth  During  a 
Development  Testing  Program",  Technometrics  8-1,  February  1966. 
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and  3.  success.  Inherent  failures  are  defined  as  any  failures 
caused  by  factors  not  attributable  to  the  systen.  Assignable  cause 
failures  can  be  assigned  to  one  or  more  components  of  the  system. 

Any  trial  that  does  not  result  in  an  inherent  failure  or  an  assign- 
able cause  failure  Is  called  a success. 

Once  the  reliability  growth  Is  observed  and  measured  using  the 
BSTH,  the  relation  between  stages  of  relatively  rapid  reliability 
growth  and  the  incorporation  of  power  plant  changes  (PPG)  was 
examined.  It  was  found  that  some  PPC's  cwld  not  be  associated  with 
relatively  rapid  reliability  growth,  whereas,  others  could.  This 
comparison  was  made  on  a small  sample  of  PPC's  that  had  been  incor- 
porated during  the  entire  system  development  period  covered  by  the 
study.  The  failure  history  of  some  specific  components  associated 
with  t%fO  of  the  sampled  PPC's  was  examined  to  evaluate  the  hypothesis 
that  some  PPC's  were  the  cause  of  observed  relatively  rapid  reliability 
growth. 

It  was  concluded  that  it  was  feasible  to  use  the  BSTM  as  an 
index  of  the  efficacy  of  sos«  power  plant  changes  toward  Increaslug 
the  reliability  of  aircraft  engines. 

1.  INTRODUCTION. 

1.1.  Background.  The  introduction  of  any  new  complex 
system  into  its  operational  environment  can  be  expected  to  be 
followed  by  a period  during  which  improvements,  designed  to  increase 
the  system's  reliability,  will  be  incorporated.  An  aircraft  engine 
is  such  a system,  for  improvements  continue  to  be  made  after  the 
system  has  been  put  into  production  and  introduced  operationally  to 
the  fleet.  The  expanded  use  of  the  system  often  reveals  weaknesses 
that  were  previously  not  apparent.  As  weaknesses  are  discovered, 
corrective  changes  are  sMde  in  existing  systems  and  Incorporated  into 
new  systems.  Hence,  during  some  period  following  development  and 
initial  production,  the  system  is  improved  and  its  reliability  is 
increased . 

1.2.  Objectives.  There  are  many  techniques  available  to 
evaluate  improvements  in  the  reliability  of  a system.  The  Barlow- 
Scheuer  Trinomial  Model  (BSTM)  should  be  applicable  to  the  particular 
case  of  aircraft  engine  development.  The  objective  of  this  paper  is 
to  report  the  results  of  applying  Navy  operational  data  to  the  BSTM 
in  order  to  evaluate  the  feasibility  of  using  this  technique  on 
available  data  concerning  other  Navy  operated  systems.  The  specific 
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data  used  in  this  study  vere  derived  from  operation  of  the  TF-30 
turbo-fan  Jet  engine  built  by  Pratt  and  Whitney.  The  engine  is  used 
in  the  A-7  Corsair  II  single  engine  attack  aircraft  operated  by  the 
Navy.  If  application  of  available  data  on  Navy  aircraft/engine 
operations  to  the  BSTM  proves  technically  feasible,  the  model  , can 
become  a powerful  tool  in  providing  an  objective  measure  of  the  effects 
of  engineering  efforts  designed  to  Improve  the  safety  or  reliability 
of  the  system.  It  is  manifest  that  an  improvement  In  the  reliability 
of  an  aircraft  engine  will  result  in  an  increase  in  the  safety  of 
thr*-  aircraft.  If,  therefore,  improvements  in  reliability  as  measured 
by  the  BSTM  can  be  associated  with  specific  events  such  as  power 
plant  changes  (PPC) , then  it  can  be  inferred  that  those  PPC's  were 
responsible  for  an  Increase  in  safety.  Thus,  this  method  promises 
to  provide  an  objective  measure  of  the  efficacy  of  one  of  the  Navy's 
accident  prevention  programs. 

1.3.  Overview  of  the  BSTM.  The  BSTM  requires  the  system 
development  program  to  be  divided  Into  stages.  The  stages  can  be 
initially  defined  in  terms  of  either  time  periods  or  a given  number 
of  trials  performed  on  the  system  under  development.  Within  each 
stage,  however  defined,  the  number  of  trials  of  the  system  is  noted. 
Each  trial  must  result  in  exactly  one  of  three  possible  outcomes : 

1.  inherent  failure,  2.  assignable  cause  failure,  or  3.  success. 

An  inherent  failure  is  defined  as  any  failure  caused  by  factors  that 
are  not  attributable  to  the  system.  Assignable  cause  failures  are 
those  for  which  the  cause  can  be  directly  assigned  to  one  or  more 
components  of  the  system.  A success  is  any  trial  during  which  the 
system  did  not  fail  so  that  the  system  is  as  ready  to  operate  at 
the  end  of  the  trial  as  it  was  at  the  beginning  of  the  trial.  The 
assumption  is  made  that  all  trials  within  a single  stage  are  per- 
formed on  essentially  similar  systems. 

2.  ANALYSIS. 

2.1.  Definition  of  Parameters.  The  BSTM  provides  for 
both  the  grouping  of  the  system  development  program  into  stages  of 
development  and  the  discrimination  between  two  distinct  causes  of 
failure.  Stages  of  development  in  this  study  were  initially  defined 
to  Include  all  trials  performed  during  a given  time  period.  The 
assumption  also  was  made  that  during  any  calendar  ec-'nth  there  exists 
a sufficient  degree  of  homogeneity  among  the  aircraft  engines  in  use 
in  the  fleet  so  that  all  the  trials  occurring  within  that  otonth 
could  constitute  a single  stage  of  development.  A trial  of  an 
aircraft  engine  system  is  made  each  time  the  system  is  used.  Hence, 
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the  nuaber  of  flight*  mad*  or  attempted  with  the  TF-30  engine  during 
a calendar  month  constitutes  the  total  number  of  trials  of  that 
system  in  one  stage.  Each  trial,  in  each  stage,  results  in  exactly 
one  of  three  outcomes:  inherent  failure,  assignable  cause  failure, 

or  success.  A flight  is  considered  a success  when  the  aircraft 
returns  without  incident,  1.*.,  no  maintenance  action  is  required  as 
a result  of  malfunction.  An  Inherent  fAllure  is  one  that  can  be‘ 
eliminated  only  as  the  state  of  the  art  of  flying  is  advanced  and 
human  error  or  acta  of  God  are. eliminated.  Bird  strikes,  weather, 
and  pilot  errors  are  typical  examples  of  Inherent  failure.  Assign- 
able cause  failures  are  those  that  can  be* corrected  by  some  operation- 
al or  equipsient  modification.  The  malfunction  of  number  six  bear- 
ing or  a crack  in  the  combustion  chamber  are  examples  of  assignable 
cause  failures.  By  the  BSIM,  the  number  of  stages  of  developsient 
and  the  ntiaber  of  trials  in  the  1th  stage  may  be  treated  as  random 
variables.  They  were  so  treated  in  this  study. 

2.2.  Data  Sources.  The  Standard  Naval  Maintenance  and 
Material  Managanent  File  (3M)  was  used  to  ascertain  the  occurrence 
and  nature  of  TF-30  engine  sulfunctlons.  All  maintenance  action 
reports  on  the  TF-30  engine  between  1 October  1963  and  30  June  1971 
were  included.  The  resulting  data  are  known  to  exclude  some  mal- 
functions because  some  engines  were  striken  from  the  Inventory 
following  severe  damage  even  though  no  maintenance  action  report  was 
filed.  The  number  of  such  Instances  is  small  and  will  not  signif- 
icantly affect  the  conclusions  of  this  study. 

The  total  number  of  trials  was  obtained  from  three  different 
sources.  Flights  of  the  A-7A*s  and  A-7B*s,  both  of  which  are  powered 
by  the  TF-30  engine,  were  obtained  from  OPNAV  50-104,  "Flight  Activity 
of  Navy  Aircraft"  which  is  published  monthly  by  CNO,  A count  of  all 
A-7A/B  flights  that  were  aborted  before  take  off  was  obtained  from 
the  ai  data  system.  Flights  of  the  TF-30  equipped  A-7E  (now  A-7C) 
were  obtained  by  aircraft  bureau  number  from  the  Individual  Fll/^ht 
Activity  Reporting  System  maintained  by  the  Naval  Safety  Center. 

2.3.  Variable  of  Analysis.  The  reliability,  r,  or  an 
engine  is  an  expression  of  the  probability  of  a successful  operation 
on  any  given  trial.  (Figure  1)  Let  q^  represent  the  probability  of 
an  inherent  failure.  It  is  assumed  that  the  state  of  the  art  will 
not  fluctuate  significantly  from  month  to  month;  therefore,  q is 
held  constant  through  all  stages.  Let  q represent  the  probability 
of  an  assignable  cause  failure  in  the  itn  stage  of  development. 

This  probability  is  assumed  to  be  a stagcwlse  non-increasing  variable. 
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Froa  this,  it  is  seen  that  the  reliability  of  the  system  at  the  1th 
stage  of  development  Is  as  shovn  In  equation  (1)  In  Figure  1.  When 
the  q.  have  decreasing  values  with  respect  to  time,  the  r.  are  seen 
to  beStagewise  Increasing.  This  has  been  termed  "reliability  growth". 

2.4.  Analytic  Technique.  Assume  there  are  n^  trails 
(flights)  In  the  ith  stage  (l  • l,2...,k).  It  has  been  noted  previously 
that  each  trial  must  result  In  one  of  three  outcomes;  Inherent  failure, 
assignable  cause  failure,  or  success.  Thus  at  the  end  of  the  ith 
stage,  the  n^  trails  In  that  stage  will  have  resulted  in  a^  Inherent 
failures,  b^  assignable  cause  failures,  and  c^  successes.  It  is 
necessary  that  each  trial  results  In  exactly  one  of  the  three  possible 
outcomes,  as  Indicated  by  equation  (2)  In  Figure  1.  The  probability. 

In  any  stage,  of  observing  exactly  a^^  Inherent  failures,  b^  assign- 
able cause  failures,  And  Cj^  successes  Is  written  as  equation  (3)  in 
Figure  1 where  q^  Is  the  probability  of  observing  an  Inherent  failure 
In  any  trial,  ana  q^  Is  the  probability  of  observing  an  assignable 
cause  failure  In  the  1th  stage.  The  assumption  that  each  of  these 
probabilities  remains  constant  throughout  each  stage  is  necessary 
for  the  validity  of  this  equation. 

Estimators  of  the  probabilities  of  Inherent  failure  In  all 
stages  and  assignable  cause  failure  in  the  1th  stage  were  required 
for  the  computation  of  engine  reliability.  The  estimating  procedure 
is  maximum  likelihood.  Upon  differentiating  the  logrithm  of  the 
ll^sllhood  function  with  respect  to  q and  q setting  the  derivatives 
equal  to  zero,  we  find  the  maximum  llSellhooa  estimates  as  shown  Ixi 
Figure  2. 

It  is  easily  seen  that  q^  is  the  total  number  of  Inherent 
failures  occurring  in  all  k stages  divided  by  the  total  number  of 
trials.  The  q are  the  maximum  likelihood  estimates  of  the  q 's  in 
general.  Flnaxly,  the  maximum  likelihood  estimate  for  system 
reliability  at  the  1th  stage  is  as  shown. 

2.5.  Calculations.  Data  were  collected  to  cover  the  period 
from  1 October  1968  through  30  June  1971.  Each  of  the  33  months  in 
this  period  was  considered  as  a stage  of  development.  Thus,  in  this 
study,  k - 33.  The  number  of  inherent  failures  (a^,  assignable 
cause  failures  (1^),  successes  (c^),  and  trials  (nj)  for  each  stage 
were  recorded.  The  value  of  q^  was  then  calculated  as  shown  in 
Figure  3 . 
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Once  had  been  obtained,  atagewlse  eatlnatea  of  the  probabilities 
of  assignable  cause  failures  followed  easily.  The  calculated  values  . 
of  the  in  the  first  four  stages  of  development  are  sho’<m  in  Figure  3* 

On  inspection  of  these  four  estimates,  it  is  seen  that  the 
are  not  sequentially  non-increasing.  It  is,  thus,  apparent  that,  the 
arbitrarily  designated  stages  of  development  do  not  reflect  the 
reliability  growth  of  the  system.  It  was,  therefore,  required  by  the 
BSTM  to  alter  the  time  periods  designating  stages  of  development  until 
the  desired  non-increasing  values  for  were  observed. 

Beginning  with  the  first  stage  of  development,  the  next  sequential 
stage  observed  with  an  Increasing  q^  must  be  Included  with  its 
immediate  predecessor.  In  this  Instance,  q2  is  greater  than  q^,  so 
stage  2 must  be  included  with  stage  1.  To  xacllitate  the  discussion 
and  for  notational  ease,  as  the  analysis  proceeds,  the  q^^  will  be 
renamed.  In  the  second  iteration  in  this  example,  the  new  q^  will 
be  a combination  of  the  above  ^2  and  q^.  Hence,  we  have  these  new 
values  as  shown  in  Figure  A.  Again,  there  is  an  Increasing  sequence, 
and  the  adjustment  of  stages  must  be  made.  The  result  is  as  shown 
in  Figure  5.  The  requirement  of  non-increasing  values  of  q^  has  now 
been  met  and  two  true  stages  of  development  have  been  defined.  This 
process  was  followed  for  the  complete  33  months  of  data. 

Having  defined  q-  and  q,  for  each  of  nine  true  stages  of 
development,  and  recalling  tRe  estimate  of  system  reliability  at  the 
end  of  the  1th  stage,  we  see  that  the  reliability  growth  of  the  TF-30 
engine  is  quantified  as  shown  in  Figure  6.  For  each  of  the  nine  end 
stage  reliabilities  (r^) , a 95X  lower  'confidence  bound  has  been 
calculated.  Barlow  and  Scheuer  describe  a conservative  lower  con- 
fidence bound  for  rj^^  considered  as  the  binomial  parameter.  In  this 
study,  since  nj^  is  very  large,  normal  theory  was  used.  The  calculated 
95X  lower  confidence  bound  for  each  of  the  rj_  is  shown  in  Figure  6. 

2.6..  Interpretation.  Now  that  the  reliability  growth  has 
been  quantified  and  the  lower  bounds  calculated,  it  is  desirable  to 
relate  the  stages  of  that  growth  to  events  that  were  designed  to 
cause  it.  Ideally  one  would  expect  every  Power  Plant  Change  to 
result  in  an  associated  and  relatively  rapid  increase  in  the 
reliability  of  the  system.  In  fact,  this  does  not  happen.  This  is 
not  to  say  that  those  PPC*s  for  which  no  associated  reliability 
Increase  can  be  observed  are  not  worthwhile.  It  is  only  a recognition 
of  the  fact  that  sere  PPC'a  produce  more  dramatic  resulta  than  others. 
Between  December  1968,  the  first  month  of  data  used  in  this  study. 
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and  June  1971,  the  last  month  of  data  used  In  this  study,  slightly 
more  than  100  PPC’s  were  developed  for  the  TF-30  engine  and  incorporated 
Into  these  engines.  From  these  100,  six  were  chosen  as  Illustrations 
and  examples  for  this  paper.  A list  and  brief  description'  of  these 
six  PFC's  is  shown  in  Figure  7. 

Three  dates  were  provided  for  each  FPC  by  the  Planning  Division 
of  the  Naval  Air  Rework  Facility  (NARF),  Norfolk.  These  dates  are: 

1)  the  month  thu  PPG  was  first  Installed,  labeled  "Introduction", 

2)  the  month  when  about  40-60  percent  of  the  engines  in  the  Inventory 
had  the  PPG  Installed,  labeled  ')lldway",  iad  3)  the  month  when  from 
80-90  percent  of  the  engines  in  the  Inventory  had  the  PPG  Installed, 
labeled  "Gompletlon". 

The  Installation  hf  the  PPG  was  considered  essentially  complete 
after  being  Installed  Into  only  80-90  percent  of  the  engines  because 
at  that  time  the  remaining  10-20  percent  of  the  engines  were  either 
In  transit  to  the  NARF  or  out  of  service  for  some  other  reason.  The 
midway  point  of  Incorporation  was  considered  to  approximate  the 
earliest  time  when  the  effect  of  the  PPG  could  be  readily  observed. 

Thus,  If  any  PPG  caused  a dramatic  Increase  In  the  reliability  of 
the  engine,  one  %rauld  expect  to  be  able  to  detect  this  effect  by  the 
midway  month  of  incorporation. 

The  reliability  growth  of  the  TF-30  engine  from  the  end  of 
October  1968  through  June  1971  is  shown  graphically  In  Figure  8. 

In  this  graph,  the  horizontal  axis  Is  time  in  monthly  Increments. 

The  vertical  axis  la  system  reliability.  Note  that  the  vertical 
scale  does  not  start  at  zero  so  that  the  character  of  the  reliability 
growth  will  be  emphasized.  In  addition  to  the  end  stage  reliabilities 
and  their  95Z  lower  confidence  bounds,  the  six  chosen  PPC’s  are 
depicted  on  the  graph.  Each  PPG  is  shown  as  a heavy  horizontal  bar. 

The  left  end  of  the  bar  concides  with  the  month  of  introduction. 

The  right  end  of  the  bar  concides  with  the  month  of  completion.  The 
midway  month  is  shown  as  an  arrow  underneath  each  bar.  It  should  be 
noted  that  the  end  stage  reliabilities  are  measured  and  graphed  as 
of  the  end  of  the  month,  whereas,  the  three  dates  associated  with 
each  PPG  are  shown  as  the  middle  of  the  month.  The  number  identify- 
ing each  PPG  is  written  on  top  of  its  bar. 

Power  Plant  Changes  167  and  180  were  both  introduced  in 
August  1968.  The  midway  month  for  each  was  January  1969.  From  the 
graph,  it  is  seen  that  there  was  a dramatic  increase  in  the  rate  of 
reliability  growth  during  the  month  of  January  1969.  It,  thus. 
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«pp«ar«  that  thaaa  two  PPC’a  wara  at  laaat  partially  ratponalbla 
for  thia  aagMht  of  rallabllity  growth. 

PPC  199  waa  Introduced  in  Decenbar  1968.  Ita  midway month  waa 
March  1969.  Inatallatlon  of  thla  PPC  waa  easentlally  complete  by 
July  1969.  During  the  period,  over  which  the  Inatallatlon  of  thia 
PPC  could  logically  have  been  expected  to  have  an  obaervabla  effect 
on  ayatam  reliability,  there  waa  no  unuaually  rapid  increaae  obaervad. 
From  the  graph,  it  la  aeen  that  the  reliability  of  the  TF-30  did 
improve  aigniflcantly  over  thia  period,  but  relatively  the  improve- 
ment waa  email  compared  to  January  1969  or  the  period  from  September 
through  December  1969.  Thua,  It  cannot  be  aaid  that  PPC  199  waa  the 
principal  cauae  of  any  relatively  rapid  improvement  in  reliability. 

Thia  doea  not  in  itaelf  mean  that  PPC  199  waa  of  no  value.  It 
merely  OMtana  that  any’improvementa  realised  as  a reault  of  Inatalllng 
PPC  199  were  not  large  enough,  in  relation  to  the  effects  of  other 
changes  that  were  occurring  during  the  saM  period,  to  result  in 
relatively  rapid  reliability  growth. 

PPC  212  waa  Introduced  in  March  1969.  Its  midway  month  was 
September  1969.  October  through  December  1969  was  a period  over 
which  relatively  rapid  reliability  growth  occurred.  It  la  reason- 
able to  assume  that  PPC  212  made  some  substantial  contribution  to 
thia  growth. 

Of  the  tour  PPC's  Just  discussed,  it  waa  assumed  that  the 
coincidence  cf  the  midway  months  with  a period  of  relatively  rapid 
reliability  growth  represented  a causative  relation.  In  order  to 
verify  this  assumption.  It  would  be  necessary  to  examine  failure 
records  before,  during,  and  after  the  installation  period  of  the 
PPC.  Specifically,  the  nunber  of  failures  of  all  components 
associated  with  the  PPC  would  have  to  be  determined  and  compared 
among  the  three  tliw  periods.  It  would  also  have  to  be  verified 
that  any  differences  were  not  the  result  of  different  levels  of 
utilization  (trials). 

Fortunately,  most  of  the  data  needed  for  such  a comparison  were 
available  from  the  computerized  data  banks  at  the  Naval  Safety  Center. 
In  order  to  retrieve  them,  however.  It  was  first  necessary  to 
Identify  all  components  that  are  associated  with  the  PPC  under  investi- 
gation. This  in  itself  Is  an  arduous  task  requiring  the  effort  of 
engineers  experienced  with  the  TF-30  engine.  Unfortunately,  the 
lima  required  to  Identify  all  components  associated  with  each  of  the 
six  PPC's  waa  not  available.  However,  It  was  possible  to  Identify 
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one  coaponent  associated  with  PPC's  220  and  267.  That  component  is 
the  tower  shaft  bearing. 

From  Figure  6,  it  appears  that  PPC  220  had  an  observable  effect 
on  reliability  growth  early  in  its  history  but  that  effect  ended 
shortly  after  the  midway  month.  The  graph  also  indicates  that  PPC 
267  had  a very  marked  effect  on  reliability  growth. 

Figure  9 shows  the  number  of  failures  of  the  tower  shaft  bear- 
ing for  each  month  from  October  1968  through  June  1971.  Also  shown 
are  the  introduction,  midway,  and  completion  months  of  PPC  220  and 
the  introduction  and  midway  months  of  PPC  267.  The  data  on  this 
figure  tend  to  verify  the  conclusions  drawn  from  the  previous  figure. 
From  these  data,  it  is  seen  that  the  tower  shaft  bearing  as30clated 
with  PPC  220  shoved  no  failures  prior  to  the  Introduction  of  the 
change.  By  the  midway  month,  only  one  failure  was  observed.  By  the 
completion  of  the  change,  17  failures  had  occurred.  If  PPC  267  had 
not  been  Introduced,  there  undoubtedly  would  have  been  many  more 
failures  of  the  new  tower  shaft  roller  bearing.  However,  by  the 
midway  month  of  PPC  267,  the  tower  shaft  bearing  failures  had  been 
effectively  stopped  resulting  in  a period  of  rapid  and  significant 
reliability  growth. 

Thus  when  it  is  realized  that  components  other  than  the  tower 
shaft  bearing  were  affected  by  PPC  220,  it  1s  seen  that  this  PPC 
contributed  substantially  to  the  reliability  growth  of  the  TF-30 
during  the  months  of  November  and  December  1969.  Following  that, 
the  problems  created  by  PPC  220  overcame  the  problems  solved  by 
the  change  and  the  reliability  growth  was  substantially  slowed. 

The  introduction  of  PPC  267  to  correct  the  problem  created  by  PPC 
220  allowed  the  benefits  of  PPC  220  to  again  be  seen. 

3.  CONCLUSION. 

This  report  clearly  Indicates  the  feasibility  of  using  the 
Barlow-Scheuer  Trinomial  Model  for  evaluating  the  reliability  of 
the  TF-30  engine.  The  growth  of  reliability  was  observed  and  the 
degree,  of  reliability  was  stated.  Further,  three  specific  stages 
of  development  during  which  reliability  Increased  dramatically  were 
discovered.  Each  of  those  three  periods  was  associated  with  a 
specific  PPC  and  a ratldnale  supporting  a causal  relationship  was 
developed . 

It  is  reasonable  to  assume  chat  if  this  method  is  applicable 
to  the  TF-30  system,  it  could  be  similarly  applied  to  hhher  systems 
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such  as  airframes t engines,  tanks,  or  Individual  components.  The 
only  limitation  would  be  the  availability  of  data  concerning  a given  . 
system.  The  feasibility  of  using  the  BSTH  as  an  Index  of  the  efficacy 
of  some  engineering  efforts  in  accident  prevention  has  been  demonstrated. 
In  effect,  this  has  made  available  another  tool  to  demonstrate  object- 
ively and  unequivocally  the  effects  of  some  of  these  efforts  on  ^aval 
aviation. 


FIGURE  1 

(1)  1 “ 1,2,...,  k) 

(2)  a^  + bj^  + - n^^ 


(3)  P(a^,  b^,  c^) 
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FIGURE  3 

- 1.629603  II  10’* 

- 2.533787  x 10"* 

- 2.890294  X 10*^ 

- 3.103955  X 10"^ 
4^  - 2.976506  X 10~^ 

FIGURE  4 

9q  - 1.629603  X 10"* 
qj  - 2.696155  x 10“* 
• 3.103555  X 10"* 
■ 2.578506  x 10“* 

FIGURE  5 

q^  - 1.629603  x ib*^ 
4^  - 2.820535  X 10"* 
<2  ■ 2.578506  x 10*^ 
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rxfion  6 


CalMdcr 

Pariod 

OctHlae  19M 

2.B20S35  s 

Jm  1969 

2.576S06  s 

r«b-8«p  1969 

2.631031  X 

Oct  1969 

2.329376  x 

Mov-Dm  1969 

2.135256  X 

JcD'i^g  1970 

2.063030  X 

tep  1970 

1.576172  X 

Oet-Dce  1970 

1.272812  X 

1971 

1.22U75  X 

* 

'l 

f^(U) 

10“* 

.970165 

.968088 

10“* 

.972385 

.970855 

10"* 

.976060 

.973128 

10“* 

.975077 

.97619P 

10“* 

.976818 

.976028 

io-» 

.977960 

.977308 

10“* 

.982609 

.982057 

10-» 

.985662 

.985163 

10-* 

.986158 

.983730 
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FIGUKE  7 


SELECTED  POWER  PLANT  CHANGES 


Introduction 

Midway 

Coaplatlon 


August  1968 
January  1969 
August  1969 


Purpose:  Reduca  wear  In  the  vane  slots  of  the  shrouds  by  increasing 

the  bearing  ares  of  the  Yanas. 


Introduction 

Midway 

Conpletion 


August  1968 
January  1969 
June  1969 


Purpose:  Inprove  durability  of  the  bleed  air  duct  asseably  by 

incorporating  a baffle  configuration  to  funnel  cooling 
air  oYer  the  duct  diapbraga. 


Introduction 

Midway 

Coiqtletion 


Decesbar  1968 
March  1969 
July  1969 


Purpose:  Provide  aore  durable  #6  bearing  support. 


Introduction 

Midway 

Conpletion 


March  1969 
Septeaber  1969 
AprU  1970 


Purpose:  Proride  a new  fuel  nosxle  not  asseably  and  a new,  aore 

durable  coabustion  chaaber  asseably  featuring  a revised 
hole  pattern  and  a deflector  baffle.  This  new  configuration 
is  designed  to  reduce  exhaust  saofce  density. 


Introduction 

Midway 

Conpletion 


June  1969 
Deceaber  1969 
July  1970 


Purpose:  Provide  a aore  durable  bearing  configuration  in  the  tower 

shaft  asseidily  by  replacing  the  ball  bearing  asseably 
with  a roller  bearing  asseably. 

Introduction  March  1970 

Midway  October  1970 

Co^>letlon  March  1971 

Purpose:  To  prvent  the  roller  be«tring  outer  race  rotation  thereby 

elialnating  bearing  housing  wear  and  possible  aisalignaent 
of  the  bearing  inner  race  on  the  shaft. 
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RELIABILITY  GROVmi  ESTIMATION  FROM  FAILURE  AND  TIME 
TRUNCATED  TESTING 


Larry  H.  Crow 

Reliability,  Availability  and  Maintainability  Division 
U.  S.  Army  Materiel  Systems  Analysis  Agency 
Aberdeen  Proving  Ground,  Maryland 


1.  INTRODUCTION.  In  1962,  J.  T.  Duane  of  General  Electric  Company's 
Motor  and  Generator  Department  [see  Duane  (5)]  published  a report  in  which 
he  presents  his  observations  on  failure  data  for  five  divergent  types  of 
systems  during  their  development  programs  at  G.  E.  These  systems  included 
complex  hydromechanical  devices,  complex  types  of  aircraft  generators  and 
an  aircraft  jet  engine.  The  study  of  the  failure  data  was  conducted  in  an 
effort  to  determine  if  any  systematic  changes  in  reliability  occurred  during 
the  development  programs  for  these  systems.  His  analysis  revealed  that  for 
these  systems,  the  observed  cumulative  failure  rate  versus  cumulative 
operating  hours  fell  close  to  a straight  line  when  plotted  on  log-log 
paper.  Similar  plots  have  been  noted  in  industry  for  other  types  of  systems, 
and  by  the  U.  S.  Army  for  various  military  weapon  systems  during  development 
[see  Crow  (3)]. 

From  a mathematical  interpretation  of  these  straight  line  plots  on 
log- log  papers,  we  will  show  that  the  reliability  growth  of  these  systems 
during  development  was  governed  by  a certain  Weibull  process.  From  this 
result  a Weibull  reliability  growth  model  is  formulated  which  can  be  used 
with  test  data  for  monitoring  and  projecting  system  reliability  during  a 
development  testing  program.  This  paper  gives  appropriate  estimation 
procedure  for  this  tracking  of  system  reliability  for  various  combinations 
of  time  and  failure  truncated  data. 

2.  THE  WEIBULL  RELIABILITY  GROWTH  MODEL.  Let  N(t)  denote  the  number 
of  system  failures  by  time  t,  t > 0.  The  observed  cumulative  failure  rate 
C(t)  at  time  t is,  therefore,  equal  to  C(t)  = N(t)/t.  The  plots  on  log-log 
paper  imply  that  log  C(t)  is  approximately  a straight  line.  That  is, 

log  C(t)  ■ 6 ylog  t.  Equating  C(t)  to  its  expected  value  and  assuming 
an  exact  linear  relationship,  we  have  log  (E[C{t)])  = 6 + ylog  t.  Taking 

exponentials  gives  E[C(t)]  = Xt^,  X = e^.  Hence,  E[N(t)]  = At®,  for 
6 = Y + 1,  since  E[C(t)]  = E[N(t)]/t.  Thus,  the  expected  number  of  system 

g 

failures  by  time  t is  At  . 

The  instantaneous  failure  rate,  r(t),  of  the  system  is  the  change  per 

unit  time  of  E[N(t)].  Thus,  r(t)  = -g^E[N(t)l  = ABt^'\  which  is 

recognized  as  being  the  Weibull  failure  rate  function.  It  is  important 
to  note  that  since  the  system  configuration  is  changing,  the  data  are 
not  homogeneous  and,  therefore,  the  usual  theory  for  a Weibull  distribution 
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Preceding  Page  Blank 


will  not  Apply.  In  fact,  it  has  baan  shown  by  tha  author  Crow  v2)] 
that  idian  tha  configuraiton  of  tha  aystaa  is  changing  during  a davalop- 
ment  progran  and  falluras  ara  govamad  by  tha  failure  rata 
fi*l 

} (t)  ■ Xgt  , then  the  systea  failure  tines  follow  a nonhoaoganaous 
Poisson  process  with  Weibull  intensity  function  r(t). 


At  tine  t^  the  Weibull  failure  rate  is  r(t^)  ■ X0t^*^ 

O 0 0 


If  no 


further  system  Inprovanants  ara  made  after  tine  t^,  then  it  is  reasonable 

to  assune  that  the  failure  rate  would  ranaln  constant  at  tha  value  r(t|^) 

if  testing  ware  continued.  In  particular,  if  tha  systan  ware  put  into 
production  with  the  configuration  fixed  as  it  was  at  tine  t^,  than  tha 

life  distribution  of  tha  systens  produced  would  be  exponential  with  naan 

time  between  failure  (MTBP)  M(t^)  ■ [r(t^)]’^  ■ Hence,  for 

0 < 0 < 1,  tha  ^r^BP  M(t)  increases  as  tha  davalopnant  tasting  tine  t 

increases,  and  is  proportional  to  t Ihus,  0 is  a growth  paranatar 
reflecting  tha  rate  at  which  reliability,  or  MTBP,  increases  with  develop- 
ment tasting  tine. 

If  the  successive  times  of  falluras  ara  being  recorded  for  a systan 
undergoing  development  tasting,  than  a statistical  goodness  of  fit  test 
developed  by  the  author  in  (2)  can  be  performed  to  determine  if  the  Weibull 
reliability  growth  nodel  may  be  used  to  track  system  reliability  during 
davalopnant  tasting.  To  track  this  reliability  improvamant  would,  of  course, 
require  estinating  fron  test  data  the  two  unknown  paramatars  X and  0 by 

A A 

say  X,  0.  One  would  then  estimate  the  failure  rate  function  by 

A A 

r(t)  ■ X0t®"‘  and  tha  MTBP  function  by  M(t)  • [r(t)]“‘»  t‘“®/X0.  If  tha 

A 

system  ware  tested  to  tine  T,  say,  than  M(T)  would  astinata  tha  currant  MTBP 

A 

and  MCt).,  t > T would  project  estlnates  of  system  MTBP  into  the  future. 

S.  ESTIMATION  PROCEDURES.  Suppose  that  a systan  has  experienced  N 
failures  during  development  testing.  Let  be  the  age  (tine  on  test)  of 

the  system  at  the  1-th  failure,  1>1,...,N.  If  testing  were  stopped  at 
the  N-th  failure,  the  data  are  said  to  be  failure  truncated. 


Tha  maxinun  likelihood  (ML)  astinata  of  0,  tha  growth  parameter,  is 

» ■ R..T- !L'>  ('3 

I log  3 
i-1  *i 
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and  th«  ML  estimate  of  \ is 


X - 4-.  (2) 

v6 


Thus,  calculating  X,  0 one  may  estimate  the  failure  rate  function 

A 

r(tD  ■ X0t®"^  by  r(t)  ■ xSt®‘^  The  MTBF  function  M(t)  - [r(t)]"‘  is 

A A . 

similarly  estimated  by  M(t)  ■ tr(t)]‘\  In  particular  the  current  estimate 
of  the  MTBF  is  MCX^j)  ■ X^/N0,  and  M(t),  t > Xj^,  projects  expected  future 
growth  of  system  MTBF. 

Example 

Suppose  that  a system  undergoing  development  testing  recorded 
the  following  40  successive  failure  tlmesi  .7,  3.7,  13.2,  17.6,  54.5, 

99.2,  112.2,  120.9,  151.0,  163.0,  174.5,  191.6,  282.8,  355.2,  486.3, 

490.5,  513.3,  558.4,  678.1,  688.0,  785.9,  887.0,  1010.7,  1029.1,  1034.4, 
1136.1,  1178.9,  1259.7,  1297.9,  1419.7,  1571.7,  1629.6,  1702.3,  1928.9, 
2072.3,  2525.2,  2928.5,  3016.4,  3181.0,  3256.3.  That  is,  the  system  was 
of  age  .7  when  the  first  failure  occurred,  of  age  3.7  when  the  second 
failure  occurred,  etc.  At  age  3256.3  the  system  had  the  40-th  failure. 

From  these  data,  and  equations  (1)  and  (2)  we  find  that  X • 0.761, 

0 - 0.490. 

A 

Using  X,  0,  the  failure  rate  function  is  estimated  by  r(t)  ■ X0t^'^ 

and  the  MTBF  function  is  estimated  by  M(t)  ■ [r(t)]’*.  The  current  failure 

rate  r(3256.3)  is  eetimated  to  be  r(3256.3)  ■ 0.006,  and  the  estimate  of 

current  MTBF  is  [.006]"'«  166.7.  Further,  r(4000)  ■ 0.005  and  M(4000)  • 

[.005]*^  ■ 200.0  are  projections  of  failure  rate  and  MTBF  if  development 
testing  were  continued  to  T « 4000. 

Suppose  that  K ^ 1 systems  have  been  simultaneously  tested  to  time  T, 
where  T is  not  a failure  time.  In  this  case,  the  data  are  said  to  be 
time  truncated.  If  design  and  engineering  modifications  are  made  on  all  K 
systems  at  the  same  time,  then  at  any  time  during  the  testing  tho  systems 
will  have  basically  the  same  configuration.  In  this  situation  wo  may  combine 
the  failure  data  on  these  K systems  to  obtain  estimates  of  X and  0. 
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.Let  be  the  random  number  of  failures  observed  for  the  r-th  system, 
r>l,...,K.  Let  be  the  afie  of  the  r-th  system  at  the  1-th  failure. 

The  ML  estimate  of  6 Is 


e a 


N 


N 


K 

I log  » — 
r-1  1-1  *lr 


(3) 


K 

where  N ■ I N Is  the  total  number  of  failures  experienced  by  the  K 
r-1  ^ 

systems.  The  ML  estimate  of  X Is 


KT® 


Using  these  estimates  of  X and  0,  the  ML  estimates  of  the  failure 
rate  function  and  MTBF  function  are  r(t)  ■ Xdt®“  and  MCt)  ■ [rCt)]"  , 

A 

t > 0,  respectively.  The  ML  estimate  of  current  system  MTBF  Is  MCT], 

A 

and  M(t),  t > T,  projects  expected  future  growth  of  system  MTBF  with 
Increased  testing  time.  Note  that  the  total  test  time  for  these  K 
systems  is  KT.  However,  the  calendar  time  or  system  configuration  age 
is  T. 
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Sufiposc  K • 3 s/stens  «rer«  each  tested  for  tlae  T • 200  with  the 

successive  failure  tiaes  given  in  Table  1.  Proa  these  data,  and  using 

0* 

equations  (3}  and  (4),  the  ML  estiaate  of  3 is  0 • 0.615  and  the  ML 

^ A A 

estiaates  of  X is  X ■ 0.461.  Proa  X,  0 we  estimate  M(200),  the  current 
MTBF,  by  M(200)  ■ 27.12. 

If  developaent  testing  were  stopped  at  say  T • 300,  the  aodel  states 
that  ftetinre  tiaes  between  failures  will  follow  the  exponential  distribution 
with  aean  M(300).  Based  on  test  data  to  T ■ 200  the  projection  of  the 

A 

MTBP  at  T - 300  is  M(300)  - 31.70.  That  is,  with  100  aore  units  of  test 
tlae  we  estiaate  an  increased  in  MTBP  from  27.12  to  31.70. 

Again,  suppose  that  K 1 systeas  begin  developaent  testing  at  the 
saae  tiae  (tiae  0),  but  the  test  times  for  each  of  the  systeas  are  not 
necessarily  the  same.  If  T^,  the  test  tiae  for  the  r-th  systea,  is 

a'lso  a failure  tiae,  then  the  data  on  this  systea  are  said  to  be  failure 
truncated.  Otherwise  the  data  are  said  to  be  tiae  truncated. 


*11  *21 


*Nj,l 


*12  *22  * * ' *N22  '*’2 


^ t t * * * X T m X 

^IK  ^2K 

In  the  above  illustrati^on,  the  data  on  systems  1 and  2 are  tine  truncated 
while  the  data  on  systea  K are  failure  truncated.  Por  this  general  testing 
situation  the  ML  estimates  of  X and  0 are  not  in  closed  mathematical  form 
as  they  were  for  the  two  special  cases  previously  discussed.  In  this 

A A 

situation  the  ML  estimates  of  X and  0 are  values  X and  3 satisfying  the 
equations 


X ■ 


K 

I 

r«l 


(5) 
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(6) 


A 

. In  general,  these  equations  cannot  be  solved  expllcity  for  \ and 
0,  but  oust  bo  solved  by  iterative  procedures,  ks  before,  the  ML  estimates 

A 

of  the  failure  rate  and  MTBP  function  are  rCt)  ■ and  H(t)  ■ 

[r(t)l'\  t > 0,  respectively. 

A 

. A computer  program  has  been  written  at  AMSAA  for  calculating  X and 
0 from  the  general  expressions  (S)  and  (6).  This  CMiputer  program  is 
reported  In  Belbot  Cl)< 

Example 

Consider  again  the  data  in  Table  1.  Suppose  that  it  Is  assumed 
a priori  that  systeois  1,  2 and  3 are  tested  only  to  the  10th,  15th  and 
11th  failure  respectively.  In  this  case  the  data  are  failure  truncated 
on  the  three  systems.  Thus,  the  ML  estimates  of  X and  0 are  calculated 
from  expression  (5)  and  (6)  lutlng  iterative  procedures.  Prom  these  ^ta 
T^  ■ 197.2,  T2  ■ 190.8,  Tj  ■ 195. 8,  and  the  ML  estimates  of  X and  0 are 

it  - 0.443,  6 - 0.626. 

Even  though  the  ML  estimates  of  X and  8 are  not  in  closed 
mathematical  form  for  this  general  testing  situation,  it  can  be  shown 
that  an  unbiased  estimate  of  0 can  be  written  In  closed  form.  To  calculate 
this  estimate  let 


«r- 


N if  data  on  the  r-th  system 
are  time  truncated 

N -1  if  data  on  the  r-th  system 
are  failure  truncated 


r>l,...,K.  Then  an  unbiased  estimate  of  0 is 


M-l 


I 

r*l 


I 

i-1 


log 


K 

where  M ■ ^ M . 

r-1  ' 
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Other  statitticel  raaults  and  actual  kimy  applications  of  the 
NSibull  reliability  growth  aodol  aay  be  found  in  Crow  (2}«  (3),  (4) 
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TABLE  1 

Simulaltd  Data  for  K»3  SyttMM  Op«raltd  for  Tbiw 
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IlSPWtIVlIlIgS  PMUmM  Of  COMTIWOOS  gilgtlMO  FLAW 

UCBAU)  M.  BlOOCn 

US  AIMT  AtMAMENT  COMfAlO) 

PIODUCT  ASSUIAMCK  DIUCTOIATE 
RAM  AS8SS8MSMT  DIVISION 


ABSTIACTt 

Th«  uaual  Mthoda  of  doserlblat  tbo  fimetleiul 
proportiM  of  a eoatlBuous  •oapllog  plan  (aveh  aa  a 
dlaplajr  of  Avataga  V^js^clon  Xaapactad  (ATI)  and 
Avaraga  Outgoing  Oaallty  (A0Q>  eurvaa)  ara  fouudad 
on  cha  aaaunptlon  that  tha  probability  that  a unit 
ia  dafaetiva  ia  eenatant  ovar  all  uaita  in  a eon- 
tlnuing  flow  of  aanufaeturad  produett  Vhila  tha  uaa 
of  thia  aaaunptlon  graatly  ainplifiaa  nuch  of  tha 
nathaaatica  Involvad  in  dascribing  tha  prepartiaa  of 
tha  plana*  it  ia*  at  tha  aaaa  tlna*  not  a raallatie 
aaauaptlont  In  daaigaing  a eontlnuoua  aaapling  plan* 
tha  atatiatieian  ia  eoneamad  with*  aaong  other  thinga* 
tha  plan 'a  raaponalvanaaa*  that  la*  how  tha  plan  raacta 
whan  tha  probability  that  a unit  ia  dafaetiva  auddanly 
ittcraaaaat  Thia  paper  daaeribaa  aona  Markov  chain 
nathoda  that  have  bean  davalopad  to  daaeriba  raaponaiva* 
naaa  propartiaa  of  plana  eoaplicatad  in  atrueturat 


Varioua  tama  will  ba  uaad  in  thia  paper*  and  will  be  dafinad  at  appropriate 
tinea  t 

VUGRAPH  1 


Caaaa  oeeur  ia  practice  whara  it  ia  net  practical  to  group  uaita  of  natarial 
into  lota  prior  to  aanpllng  for  inspection  purpoaaa;  for  axaiplo*  product  nay  ba 
aanufaeturad  and  aovad  in  a continuous  flow  for  afficlancy  or  safety  roasona.  Aa 
an  altemativa*  we  have  eontlnuoua  aaiplingt  introduead  by  Harold  D^gs  in  a 
paper  ia  tha  ^aa^  of  Mathanatieal  Statlatiea  in  19A3. 

. VUGRAPH  2 

Thia  ia  Dodga'a  firat  eontlnuoua  aanpllng  plan*  callad  CSP-1.  At  the  atart 
of  iaapactlon*  a acraanlag  craw  laapacta  lOOX  of  tha  unite • When  a pra-apaelflad 
nuaAar*  1*  of  conaacutlva  unite  ara  found  to  ba  fraa  of  tha  dafacta  eoneamad, 
that  ia*  tha  kinda  of  dafacta  being  inapactad  for*  tha  acraaning  craw  ia  ralaaaad 
fron  lOOX  Inapaction*  and  tha  aanpllng  Inspector  Inspacta  a pra>apaclflad  fraction* 
f*  of  tha  units*  whara  tba  units  saaplad  ara  aalactsd  la  a raadon  naanar.  If, 
during  aanpllng*  tha  Inspector  finds  one  of  tha  dafacta  eoneamad*  tha  screening 
craw  returns  to  lOOZ  inapaetloa*  and  fron  that  point  on*  as  you  can  aaa*  tha  plan 
consists  of  altamatiag  parieds  of  lOOZ  Inspection  and  aanpllng  inspection • The 
elaaranea  nunbar,  1*  night  ba  aona  value  Ilka  100*  and  tha  aanpllng  frequency*  f* 
night  ba  1/100. 


- 233  - 


VlMfMPH  3 

8oM  of  th«  fuaetloaal  proportlM  of  m eontlauouo  OMvlist  ploa  thot  ore  of 
IntOKOOt  oro  tho  Avro—  ffoctl’m  lyoetod.  or  Atl,  which  io  tho  ospoetod  voluo 
of  tho  froetlon  of  ■otoriol  thot  will  bo  Inspoetod  ovor  oa  iodoflaltoly  long 
porlod  of  tlao  whoa  ooch  ualt  hoc  proboblllty  p of  bolap  dofoctivoi  Tho  Avoroao 
Outoolao  Quality  or  AOQ , which  lo  tho  oxpoetod  f roetloa  of  aatorlol  thot  io 
dofoctlvo  1a  oeeoptod  aotorlal  ovor  aa  Indaflaltoly  long  porlod  of  tlao  whan 
oach  ualt  haa  probability  p of  balag  dofoeclwo»  aad  tho  Aworaao  Quality 

^1^,  or  AOQL,  which  la  tha  aarlM  voluo  of  tha  AOQ  that  eaa  m ebtalaad  for  a 
particular  aoapliag  plaa> 

VU6RAPH  4 

Haro  la  aa  AOQ  eurvo.  Tho  abaelooa  raproaoata  tho  parcaat  dofaetlyo  of 
product  oubalttad  to  tho  point  of  Inapoctloa.  Tho  ordlaoto  raproaoata  tho  avarago 
outgoing  quality.  Startli^  at  tha  orlgia»  you  eaa  aao  t^t  ao  tha  quality  of 
aubBlttod  product  bocoaoo  poorer « ao  doaa  tho  quality  of  outgolag  aatorlal,  uatll 
It  roachoo  aono  aonlaua,  tho  AOQL,  after  which  tho  quality  of  outgolag  aatarlal 
baeoBoo  bettor  aa  tho  quality  of  lacoalag  natorlal  ^eonoa  poorer.  There  lo 
really  no  paradox  haroi  olnca  poorer  quality  product  will  cauoo  tho  lOOX  iaopoetloc 
phaoo  of  tha  plan  to  bo  la  offoct  noro  and  aora,  aad  at  aoao  point  thlo  will  bo 
rofloctod  by  tha  AOQ  eurvo  beading  downward. 

laaaabor  that  tho  AOQ  function  lo  doflaod  for  an  Infinitely  long  aoquanca  of 
unito  for  which  tho  probabllltyt  p«  that  a ualt  la  dofoetiyo*  raaalna  unehangad 
for  all  ualta  forayor. 

By  ufllag  a direct  algebraic  aodallag  approach  t Dodge  dorlvod  fomulao  for 
An  aad  AOQ  for  C8P<*1. 

VUGRAPH  S 

In  1951,  a paper  by  Dodge  and  Torroy  appoarad  in  laduatrlal  Quality  Control . 
and  introduced  two  aoro  eontlnuoua  oaapllng  plana,  doolgaatad  CSP-2  aad  C8P-3, 
portrayad  hero  la  C8P-3.  Aa  you  can  aao,  tho  plan  la  a little  aoro  conpllcatad 
that  C8P-1.  Inatoad  of  returning  laMdlotoly  to  lOOX  Inapoctloa  upon  finding  a 
dofoet  during  oaapllng  Inapeetloa,  tho  aaapllng  Inapoctor  Inapocta  the  next  four 
unite.  Xf  a ualt  xo  dofaetlyo,  lOOX  Inapoetlon  la  roauaod.  Qthorwlao  tho 
saapllng  ioopoeter  roauMo  oa^^llng,  but  kaopa  count  of  tho  nuAbor  of  oaq>lo 
unlta  Inapoetod. 

If  a dafaet  la  found  during  aaapllng,  lOOX  Inapoctloa  la  roauaod.  If  k 
conoooutlvo  aaaplo  unlta  are  frao  of  tha  dafoeta  eoncamod,  aoapliag  la  eontinuod 
without  counting. 

Tho  only  roaaon  I on  ahowlng  tbia  vugraph  la  to  touch  on  aoaa  polnta  regarding 
the  eonatructloa  of  tho  plan.  Boaoabor  that  C8P»1  woa  doacrlbablo  oa  a ualqua 
continuing  cycle  of  ovonta,  thot  la,  the  plan  oltomatod  botwaon  lOOX  Inapoetlon 
and  oonpllag  inapoetlon.  C8P-3,  on  the  other  hand,  doaa  not  at  firat  look  like 
It  could  bo  doacrlbod  by  o ualqua  cycle,  alaco  ooao  boxoo  bavo  two  outputo,  which 
aa  tho  orrowa  Indicate,  go  to  different  placoa.  On  tho  other  head,  U-v* 

Incloao  all  boxoa  axcapt  lOOX  Inapoctloa  In  ono  big  block  box,  wo  aeu  that  once 
again  wo  hove  a.  unique  cycle  of  ovonta,  that  la,  wo  al tomato  botwaon  lOOX  laapoe- 
tlon  and  aoMthlag  olao.  Mothoaotlcally,  than,  our  only  probloa  la  to  define  what 
gooa  on  Inaldo  tho  big  black  box,  if  wo  eon.  Thla,  la  offoct,  woa  tha  approach 
taken  by  Dodge  and  Torroy  to  derive  the  aathoaatlcal  proportloo  of  C8P>3. 
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yUGRAPH  6 

In  abort,  than,  Dodga's  Mthod  la  an  alg<^raie  aathod  dascrlblng  tba  propartlaa 
of  plana,  and  can  ba  uaad  only  whan  tba  propartlaa  of  aacb  black  box  can  ba 
datamlnad  by  algabraic  naana. 

Tba  llnitatlona  of  tbla  flrat  aatbod  for  eoapllcatad  black  boxaa  wara  ovar- 
cona  vlth  tha  application  of  Markov  chain  theory  to  contlnuoua  aaapling  theory. 

Tbla  vaa  begun  by  Llabaraan  and  Soloaon,  and  daserlbad  In  thalr  paper  appearing 
In  1955  In  tha  dnnala  of  Mathanatlcal  Statlatlca. 

After  ualng  tha  Markov  chain  approach  for  aona  tlaa,  a alapllfylng  algorltha 
auggaatad  Itaalf  to  ua,  and  wa  davalopad  a proof  of  Ita  validity.  Tha  aaaa 
algorltha  waa  apparently  davalopad  about  tha  aaae  ttae  by  Sackrowlta,  who  aantlonad 
It  and  uaad  It  In  a paper  In  Taehneaatrlca  In  1972.  Since  tha  Sackrowlta  paper 
doaa  not  ahow  tha  derivation  of  tha  algorltha,  our  tachnieal  papar  on  tha  aubjact 
la  provided  aa  a handout. 

VUGRAPH  7 

Tha  affect  of  tha  alaplifiad  Markov  chain  approach  la  ahown  In  thla  llluatra- 
tlon.  Under  former  Markov  chain  nathoda,  each  unit  of  product,  or.  In  aoaa  caaaa, 
each  Inapactad  unit  of  product,  would  be  Indexed,  with  tha  index  corraapondlng  to 
one  of  a flnlta  nuabar  of  atataa  of  a Markov  chain.  Wo  would  than  ba  Intaraatad 
In  auch  thlnga  aa  what  proportion  of  unita  reach  the  Inapactor  during  a lOOX  Inapoc- 
tlon  phaaa,  or  what  proportion  of  unita  reach  tha  Inapactor  during  a aaapllng  phaaa. 

In  tha  alaplifiad  approach,  wa  taaporarlly  forget  tha  unita  theaaalvaa,  and 
pretend  that  thaaa  unita  are  contained  in  boxaa  aa  they  reach  tha  Inapactor.  Bach 
box  la  labalad  with  tha  naaa  of  a phaaa  of  inapactlon,  auch  aa  lOOX  or  aaapllng. 

Tha  labala  on  tha  box  bacoaa  Indlcaa  that  wa  relate  to  tha  atataa  of  a Markov  chain. 
Inaadlataly,  wa  aaa  that  tha  nuabar  of  indlcaa,  and  hence,  tha  coaplaxity  of  the 
Markov  chain,  la  greatly  reduced.  Va  now  find  what  proportion  of  boxaa  reach  tha 
Inapactor  labeled  lOOX,  what  proportion  are  labalad  aaapllng,  and  ao  on.  After 
dataralnlng  thaaa  proportiona,  wa  can  aaally  dataralna  proportlona  of  unite  rather 
than  boxaa  involved  in  tha  varloua  phaaaa  of  inapactlon  by  finding  tha  axpaetad 
nuabar  of  unite  In  each  kind  of  box  and  carrying  out  approprlata  algebraic 
oparatlona.  By  Introducing  tha  unita  only  at  tha  and  of  the  aatheaatlcal  gyratlona, 
howavar,  all  of  tha  aathaaatlca  along  the  way  will  be  alaplar.  Wa  will  llluatrata 
thla  with  an  axaapla. 

VUGRAPH  8 

Bacall  tha  CSP-3  plan  which  wa  Juat  diacuaoad.  Here  la  tha  tranaltlonal 
Pi'obablllty  matrix  for  tha  Markov  chain  daacrlblng  tha  plan.  Tba  laba]  for  tha 
rowa  Indicate  tha  atataa  wa  are  leaving,  tha  labala  for  tha  celuana  in^.  at'a  tha 
atataa  to  which  we  are  going.  The  label  100  danotaa  tha  lOOX  Inapactlon  phaaa, 
next  unllodtad  aaapllng,  checking,  and  llad.tad  aaapllng.  Tha  alapllclty  of  tha 
aatrlx  yialda  axtraaaly  alaple  equatlona  to  work  with,  aa  you  can  aaa.  Tha  ayabol 
PlOO  danotaa  tha  probability  of  a box  labeled  lOOX  Inapactlon  reaching  tha  Inapactor 
at  aoaa  apaclflad  tlaa  Indefinitely  long  aftar  tha  atart  of  Inapactlon,  or 
equivalently,  tha  proportion  of  an  Indefinitely  long  atraaa  of  boxaa  that  are 
labeled  lOOX.  Tha  other  P'a  are  alallarly  defined.  Wa  have  further  abbreviated 
tha  worda  unllaltad  aaapllng,  checking,  and  llaltad  aaapllng,  aa  you  can  aaa. 

In  tha  lower  right  of  the  chart,  wa  have  aolvad  each  of  the  unknowna  In  taraa 
of  aoaa  arbitrary  one  of  than,  in  thla  caae,  P^g.  Our  Intaraat  now  focuaaa  on  tha 
coafflclanta  of  Pyg. 
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VU6MPH  9 

hm*m  cmxtimA  tliM*  eo*f<iei«at«  avt  ineo  eolim  om  of  thlo  ehortt  which 
1*  our  working  toblo  for  finding  phaoo  oeeupnacy  probabilitloa«  Celuwn  two  la 
for  alinlnating  any  faetora  that  nay  ha  coaMon  to  all  aspraaaiena  in  coluan  ona* 
or  for  elaaring  danooiaatora  if  thara  ara  any.  Any  alaplifying  oparation  uarriad 
out  for  ona  axpraaaion  nuat  alnultanaoualy  ha  earrlad  out  for  aach  of  tha  ochor 
axpraaaiona.  In  thia  caaa,  thara  la  nothing  in  eoluwn  ona  that  can  ha  alapliCitd, 

80  colunn  two  la  tha  aaaM  aa  coluan  ona.  Coluan  thraa  provldaa  tha  anpraaaion 
for  tha  anpaetad  ntaibar  of  unita  for  aach  of  tha  phaaaa.  Coluan  four  ia  for 
aiaplifying  colunn  thraa.  In  thia  caaa,  wa  have  elaarad  all  dtaoainatora 
aultlplying  aach  aspraaaion  hy  fpqi^.  Colunn  flva  aarvan  aa  our  dawlca  for  gattlng 
tha  unita  out  of  tha  homot  ao  to  apaaia,  and  ia  tha  product  of  eoluana  two  and  four. 

VUGRaPH  b 

Wa  can  now  uaa  tha  onproaaiona  it  eoluim  fiva  to  datamlna  aawarnl  propartiaa 
of  the  plan.  For  axiapla,  hy  lattiug  tha  aua  of  tha  tamo  in  colunn  flwa  ha 
danotad  hy  D,  wa  obtain  tha  valtit'.i  Cor  Fj(V)»  whara  tha  U aignlfioa  that  wa  new 
hava  probabilitiia  aapraaaad  in  proportiena  of  unita. 

VUGRAPH  11 

Lot  ua  now  ratum  to  tha  aubjaet  of  our  papar  — raaponaivanaaoi  by  which  wa 
naan  tha  apaadt  following  a datarioration  in  product  quality,  with  which  a lOOX 
inapaction  phaaa  will  ha  initiatad,  tharaby  pamitting  tha  dioeovary  of  a naad 
for  corracciva  action. 

for  axanpla,  let 'a  conaidar  tha  aituation  ahown  on  tha  chart.  Unita  of  product 
ara  aanufacturad  and  placad  on  a conveyor.  Tha  aign  on  tha  wall  indlcataa  pant 
quality  hiatory  waa  graat,  oo  wa  ara  vary  likaly  in  a aanpling  phaaa  of  tha  plan 
wa  ara  uaing. 

Suddenly  wa  hava  trouble  with  our  nanufaeturing  procaaa.  Daf active  unite  ara 
being  aanufacturad  at  a higher  rata  than  uaual  and  ara  being  fad  into  our  atraan 
of  product.  While  va  ara  aanpling  at  aona  frequency  wa  will  probably  not  catch 
all  of  tha  daf active  product.  Wa  faal  that  if  lOOX  inapaction  ware  raaunad,  we 
would  diaeovar  tha  problan  and  taka  corractiva  action.  How  long  will  it  taka 
before  lOOZ  inapaction  ia  raauMd? 

VUGRAPH  12 

Va  bacaaa  Interaatad  in  thia  problan  partly  baeauaa  of  auapieiona  raiaad  by 
Dodge  about  tha  plana  contained  in  H106,  which  ara  tha  aana  aa  tha  plana  called 
C8P*M  in  MXL-8TD-1235. 

Thia  ia  aa  axaapla  of  a thraa  level  plan.  NXL>STD>1235  and  B-lOd  parnit  tha 
uaa  of  C8P-M  plana,  aubjaet  to  certain  conditiona,  ranging  fron  ona  to  fiva  lavala. 

A one  level  plan  would  be  tha  aana  aa  a CSP-3  plan. 

In  a review  praaanfVd  ia  I960,  Dodge  axpraaaad  an  intuitive 

concern  about  tha  behavior  of  a CSP-M  plan  if  quality  ahould  auddaaly  datariorata 
when  tha  plan  ia,  rnty,  in  tha  fifth  aanpling  laval  of  a five  level  plan.  Dodge 
feared  that  lOOZ  inapaction  night  ba  raaunad  only  after  nany  unita  had  baan 
accaptod. 

Work  in  tha  area  of  CSP  raaponaivanaaa  bad  p ravioualy  boon  dona  by  Guthrie 
and  Johna  and  daacribad  in  a Stanford  Univaraity  Technical  laport  on  tha  aubjaet 
in  1938,  and  by  Hiller  ia  a Tachnomtrica  paper  in  1964. 


Th«lr  MCliod*  ar«  readily  adaptable  to  plana  which  ara  ralativaly  ainpla  in 
eonatruetioni  but  do  net  yield  practical  cooputational  algorithna  for  plana  oa 
conplieatad  aa  C8P-M.  Lot 'a  eranine  briefly  the  work  of  Guthrie  and  Johne,  aineet 
conceptually,  our  work  beara  aoM  raaaablanea. 

VU6RAPH  13 

Thia  ia  the  type  of  plan  to  which  Cuthria  and  Johna  appllad  their  aathod.  It 
la  known  aa  MLP-T,  which  aMana,  **Multi-Laval  Plan  - Tightened",  and  waa  fonnilatad 
by  Daman,  Llttauar  and  Soloaon  and  daacrlbad  In  a 1957  paper  In  the  ^Qia^  of 
Hathenatical  gtat^tica.  There  ara  wariatiena  of  thla  plan;  thia  la  one  esaapla. 

If,  anytina  during  tho  operation  of  the  plan,  a defective  unit  la  found,  lOOX 
inapection  la  initiated  and  continued  until  1 eonaacutlve  good  unite  are  found. 

The  aanpling  frequency  la  reduced  after  i cenaecutiva  unite  ara  defect  free.  In 
thia  eaanple,  the  frequanqr  la  reduced  fron  f to  f/2  to  f/4. 

The  Guthrie  and  JChna  Mthod  involved  finding  the  ei^ected  nuaber  of  unlta 
produced  following  detarioratlon  until  lOOZ  Inapection  could  ba  initiated. 

VUGRAPH  14 

Thia  involved,  for  each  atap  in  the  plan,  for  asanpla,  tha  fifth  aanplad  unit 
of  the  aecend  aanpling  phaae,  finding  tha  probability  of  being  at  that  atep  at 
aomo  apeciflc  tine  indefinitely  long  after  tha  atart  of  production,  and  aultiplylng 
thia  by  tha  axpactad  nuaber  of  unita  paaaed  fron  thia  point  until  a defective  unit 
la  found.  fluMing  over  all  atepa  in  the  plan  yielda  tha  expected  nuaber  of  unlta 
produced  followiag  deterioration  until  lOOX  inapection  ia  reauned.  Hare  Pq  denotea 

the  probability  before  deterioration  that  a given  unit  la  defective,  while  Pj^  denotea 
the  probability  after  deterioration  that  a given  unit  ia  defective.  Note  that  for 
any  value  of  pi,  S(M)  would  ba  aaxlaun  over  p^  when  pg  ■ 0.  Thia  ia  bacauae  the 
probability  baeoaaa  ona  that  we  are  on  a atap  In  the  aoat  liberal  aanpling  level. 

Thia  waa  the  aaauaption  that  wa  nade  in  our  nathod. 

VUGRAPH  12  (REPEAT) 

The  real  problen  now  preaented  itaelf.  How  do  we  find  the  expected  nunber 
of  unlta  to  return  to  lOOX  inapection  fron  the  aoat  liberal  aanpling  leval?  For 
a one  level  plan,  ainpla  algebraic  nathoda  could  be  uaed.  For  a two  level  plan, 
Boaawhat  tiore  eonplieated,  but  atlll  algebraic  nathoda  could  ba  uaed.  For  three 
levela  and  higher,  algabraic  nathoda  could  no  longer  be  uaed,  alnce  the  Infinite 
nunber  of  vaya  to  return  to  lOOZ  Inapection  could  not  be  nicely  ordered  ao  that 
aonathla^  like  converging  auna  could  ba  obtained.  Thia  waa  tha  problen.  Tha 
aolutlon  eventually  auggeated  itaelf. 

VUGRAPH  15 

Thl»  chert  ahowa  the  reatrueturing  of  our  CSP-M  flow  diagraa  to  pemlt  aolutlon 
of  tha  problen.  Ve  G«ld  that  we  wanted  to  know  the  expected  nunber  of  unite  produced 
fron  tlan  of  deterioration,  while  ve  are  at  the  noat  liberal  aanpling  phaae  of  the 
plan,  until  tine  of  return  to  lOOZ  inapection.  An  expected  nunber  would  correapond 
to  an  average  over  an  infinite  nunber  of  triala,  ao  we  thought  of  uaing  a Markov 
chain  approach,  which  in  effect  would  conalder  an  infinite  nunber  of  trlala.  He 
would  bo  intereated  in  the  expected  nunber  of  unita  fron  entrance  to  the  noat 
liberal  aaivlittg  phaae  until  entrance  to  tha  lOOZ  Inapection  phaae.  It  le  aufficlent 
to  eo.'ii*i(l<^r  only  entrance  to  the  neat  liberal  aanpling  phaae,  alnce,  given  that  we 
are  lu  phaae,  at  aono  point,  ragerdloaa  of  how  long  we  have  bean  in  the  phaae, 
the  expected  nuhbar  of  unita  fron  that  point  to  return  to  lOOZ  inapection  la  the 
aane  ea  fron  entrance  to  the  phaae. 
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of  cht  m»lMv  cduiitt  will  yiwM  pr«|dV«ioM  «l  tlifi  ^ ikw 
dlflwraat  pImmsi  but  It  won't  yot  fivw  ua  our  oayoetod  nuabor  of  tmito  to  rotum 
to  .lOOX  iaopoetloBt  oo  wo  otlll  nood  ooMthl&t  oloo>  ly  laeludlai  tbo  lOOI 
inapoetion  phoaoi  which  will  occur  onco  and  only  oncn  por  eycla,  wo  can  got  irtut 

alao  wo  nood. 

It  la  for  thla  roaaon  that  wa  hava  ahowa  tha  arrow  going  fron  tha  lOOX  Inapoc* 
tlon  phaao  to  tha  noat  llbaral  aanpllng  phaao.  Tha  flrat  sanpllng  lavol  haa 
dlaappaarad,  bacauaa  for  all  plana  axcapt  a ona  lawal  plan.  It  la  not  a part  of 
tha  path  fron  tha  noat  llbaral  aanpllng  lavol  to  a raaunptlon  of  lOOZ  Inipaetlea. 

VU6RAPH  16 

Tho  notbonatieal  nodal  of  our  flow  dlagran  nodal  eon  now  bo  doacribad. 

Open  aolvlng  tho  Markov  chain « lot  Pxoo  donota  tha  uproaalon  for  tho  propor- 
tion of  tha  tlaa  tha  plan  la  in  tha  lOOZ  Inapoetion  phaao.  Thooi  by  roaaon  of 
tha  w^r  our  flow  dlagran  waa  eenatructod«  tha  mat  of  tho  tlaa  wa  wora  on  our 
ratum  path.  NO  hovo  an  osproaalon  for  finding  tho  onpaetad  longtb  of  tbo  lOOZ 
Inapoetion  phaao. 

Tha  only  unknown  la  I(M)»  wham  M danotao  tha  anpaetad  nunbor  of  unlta  to 
ratum  to  lOOZ  Inapoetion  after  flrat  antranea  (par  eycla)  In  tho  aaiat  liboral 
aanpllng  phaao.  Wa  can  thorafora  find  an  a^raaalon  for  K(If)  aa  ahowa  on  tha 
botton  of  tha  chart. 

VUGRAPH  17 


Wa  now  bad  to  darlvo  anpraaalona  for  tha  known  quantltlaa  for  plana  of  oaeh 
of  tha  lavala  ona  through  five. 

ia  nantlenad  pravloualy*  wa  alao  could  obtain  aelutlona  for  lavala  ona  and 
two  ,^y  ualng  direct  algebraic  nathoda,  and  thla  aarvad  aa  a partial  chock  on  our 
work.  Nothing  would  be  aarvad  now  by  going. through  each  of  tha  darlvatlona  atop 
by  atap,  ao  Inataad  1 naraly  an  ahowlng  you  tha  raaultlng  aquatlona;  you  can  aaa 
how  tha  eooplaxlty  Ineraaaaa  aa  tha  nu^ar  of  lavala  goaa  up. 

Thla  la  tha  raault  for  a ona  laval  plan. 

VUGRAPH  18 

Thla  la  tha  raault  for  a two  laval  plan. 

VUGRAPH  19 

Thla  la  tha  raault  for  a thma  laval  plan. 


. VUGRAPH  20 

Thla  la  tha  raault  for  a four  laval  plan. 

VUGRAPH  21 

Thla  la  tha  raault  for  a five  laval  plan. 

VUGRAPH  22 

Now  that  we  had  our  aquatlona  darlvad,  wa  vara  raady  to  carry  out  conputatlona. 
We  conputad  not  only  tha  anpaetad  nunbar  of  unlta  produced  batwaan  tlna  of  datarior* 
atlon  and  raauaptlon  of  lOOZ  Inapactlon,  but  wo  broke  thla  down  into  anpaetad  nunbar 
of  Inapactad  unlta  and  anpaetad  nunbar  of  unlnapaetad  unlta.  Wa  alao  conputad  the 
anpaetad  nuhbar  of  dafaetlva  unlta  paaalng  during  thla  period.  Thaaa  conputatlona 
ware  carried  out  for  aavaral  valuaa  of  p for  each  plan. 

With  nunarleal  roaulta,  wa  warn  raady  to  avaluata  thalr  algnlflcanca.  Thla 
baeana  aonoidiat  aubj active,  alnca  wa  had  no  pra-apaelflad  criteria.  Ceoparlaon 
of  C8F-M  with  other  plana  waa  carried  out.  Ivan  thla  approach  had  llnltatlona, 
alnca  a certain  anount  of  aubjaetlvlty  la  intmduead  In  trying  to  datamlna  tha 
appropriate  plan  paraaatara  that  ahould  ba  natehad  whan  a conparlaon  of  raapon* 
aivOnaaa  la  nada. 
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Suffie*  It  CO  0^  chat I In  eoapariaon  with  other  plana » CSP-M  petfocoad 
about  aa  Oodga  had  auftMtad}  chat  la*  plana  of  throe  lavala  or  leaa  parfonad 
odaquatalp,  while  plana  el  wore  than  thrao  lavala  ware  aoaawhat  unroaponalve. 
Again t chla  eonelualon  ia  reached  through  a certain  aaount  of  aubjeetlvltp. 

VUGRAPH  23 

It  night  be  well  to  point  out  here  that  the  nechod  ve  uaed  could  bo  extended 
to  the  ceea  of  an  aeauaed  value  of  p ocher  than  lero  prior  to  deterioration • In 
other  worde,  ve  could  uee  the  sore  general  Cuthrle  end  Johna  aaeunptlonai  Thla 
could  be  done  by  conaldering  entronee  to  each  etep  of  the  plan  direotly  Iron  the 
lOOX  inepectlon  phaae.  It  ia  apparent*  though*  that  the  reeultlng  auanatione 
would  be  eo  eonplleated  that  the  eonputational  nlghcaore  chat  would  reeul.t  night 
not  be  worth  the  effort*  conaldering  the  aaount  of  additional  infotnatlon  It 
would  provide • 

VUGRAPH  OFF 

I would  like  to  acknowledge  the  aealecance  of  three  of  ny  fomer  eaployceat 
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Ullller  and  of  Guthrie  end  Johne*  while  Nr.  Heldc  and  Nr.  Jonee  Fordlee  aaelated 
In  deriving  the  eo-eolled  known  expreaaione  for  the  reaponaiveneee  fomulae* 
end  coordinating  the  progroHd.ng  work. 
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SOME  functional  PROPERTIES 
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PROCEDURE  FOR  CSP-3  PLANS 
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TRANSITIONAL  PROBABILITY  MRTRIX 
FOR  SINPLIFIED  HARKOV  CHAIN 
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FOR  CSF-M  FLANS 


State  3* 


3 


Inspector  finds  one  of  Hie  de- 


In  effect,  essuMing  p 


100%  Le^el 
Inspect  100%  of  the 


nnoriD  valob  non  a mum  chui 
MDIL  or  CSP-f  AMS  IB 
E-TIAMIfOm 


David  L.  Arp 
Vaapena  Planalof  Group 
Naval  Waayona  Cantor 
China  Laka,  California 
93S55 


Tha  aalii  topic  of  thla  papar  daala  with  tha  davalopaant 
of  a eoaputatlonally  faaaibla  aapanalon  of  tha  AFX  function  for  tha 
ahort-run  eaaa  of  a eontlnuoua  aanpllng  plan  (C8P-F)  which  • in  tumt 
la  traatad  aa  a flnlta  argodie  Markov  chain. 

A tlna-lapaad  dlffaranca  aquation  for  tha  probability  of  baiqg  in 
tha  aanpling  ataga  at  a givan  atap  la  darlvadi  for  a flnlta  run  of 
langth  Ml  tha  axpaetad  valua  of  tha  random  varlabla  "fraction  of  total 
(oparatlonal)  tlaa  in  inapac^on  atataa"  (AFI(N))  la  than  anpraaaad  aa 
a llnaar  eonblnatlon  of  tha  abeva  probabilitlaa.  Unfortunataly*  an- 
ploying  tha  abova  dlffaranca  aquation  aa  a baaia  for  racuralon  raaulta 
in  an  algorithm  which  rapidly  bacomaa  too  complax  and  tlma*‘Conauming 
for  any  computar  now  in  uaa— including,  a foHiorit  tha  amallar  pro- 
granmabla  calculatora.  Mr.  Nichard  Bruggar  attamptad  to  aolva  ttkia 
problam  by  darivlng  an  amact,  computabla  axpraaalon  for  AfX(N)  baaad 
on  probabiliatie  raaaonlng  17.1,  pp.  929-948].  Unfortunately,  it 
tumad  out  that,  although  hia  approach  did  yiald  a workobla  OKpraaalon 
which  convargad  to  tha  long-run  AFX  function,  it  did  not  provide  an 
exact  formula,  nor,  for  that  matter,  any  eonclaaly  axpraaaad  error 
terma. 

My  approach  to  thia  problem  la  to  derive  a true  aaymptotle  axpan- 
aion  of  AFX(N)  by  employing  tha  Z-tranaform  method  to  aolva  tha  abova 
mentioned  difference  aquation  (yielding  a function  of  a complex  vari- 
able, regular  outside  of  tha  unit  circ.ta);  contour  integration,  aariaa 
axpanaiona,  and  the  raaidua  calculus  to  ‘’project  out"  the  daalrad 
tama;  and  finally,  tha  binomial  and  LaGranga  expansions  to  yield  ^ 

practical  approxlmationa  with  implicit  error  terms.  It  is  further  ; 

ahown  how  to  apply  thia  technique  to  obtain  a almilar  expansion  for  | 

tha  variance  of  tha  aforamentionad  random  variable.  Utilising  thia  | 

lattar  expansion  along  with  Martlngala  Theory,  bounds  era  obtained  on  | 

certain  probability  statmaants.  Finally,  tha  method  is  applied  to  j 

other  quantities  of  interest  arising  not  only  from  CSP(N)  but  also 
from  mors  complex  continuous  sampling  plans. 
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1.0  mMBoetia|.  it  cut  smoii  of  week  oo«o  ky  tiM 

author  on  flnlto  run  CSP-I  ohllo  worklnt  for  cho  now  dofuaet  Anqr  Mmi- 
tlona  rnunil  (HuCoa).  Iho  ualn  topic*  that  of  dorlvlnt  eoupaet 
fonwlaa  for  tto  aapaetad  value  and  varlanea  of  tha  randeu  variabla 
"fraecien  inapaetad  In  a tlnlta  run  of  langth  N*"  waa  dona  at  tha 
raquaat  of  Nr.  llehard  M.  Bruuar,  aathanatielan  and  foruar  ehlaf  of 

a Coneapta  Branch  located  In  a eoaaand  aubordlnata  to  MuCou.  X wlah 
to  thank  hln  for  hla  ancourafaaanc  and  hla  afforta  to  provide  a atlau- 
latlnp  work-raaaarch  anvlronaMnt. 

A uora  than  paealnf  acquaintance  with  tha  chaorp  of  funetlona  of 
one  eoi^les  variable  la  aaaunad  throughout  thla  papar.  In  addition 
to  tha  principal  topic  brlaflp  nantlonad  above*  another  one,  appearing 
In  chapter  6*  haa  bean  added. 

Before  tackling  tha  body  of  tha  paper*  aona  background  dlaeuaalon 
and  prallnlnarjr  theoretical  work  are  neceaearp. 

2.0  BACKOgOUin) 

2.1  CSP(H)  and  C8K«»).  In  thla  paper  CSF-1  (CSP-F)  la  denoted  bp 
C8P(«)  <CSP(N)*,M  • total  nunber  of  unite  In  tha  finite  run).  The 
"box"  a^ene  fOr  both  plana  la  given  In  Figure  1. 

FXOOU  1 

C8P(«)  AHB  C8P(N) 


START 


4 IN8P1CT  I ITEMS  100% 


(IF  DEPECT  FOUND!  g 


(NO  DEFECT  FOUND) 


INSPECT  AT  SAMPUNO  FREa  f 


6e 


(IF  DEFECT  FOUND) 


FOR  CSP(N),  STOP  AFTER  UNIT  N 


i 

( 


The  plan  paraaetera*  with  practical  rangea,  are 

(a)  I • CLEAIANCE  MO.,  10  ^ 1 ^.2  k 10^. 

(b)  f • FBEQUINCV  MO. , 5 - lO"^  < * i 5 x 10*^, 

(c)  p - PROBABILITY  OF  A DEFECTIVB  UNIT*  p ~ 10~^. 

(d)  M * RUM  NO.  FOR  C8P(M) , 10^  x N g.  10^. 
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la  oedar  to  aaalyao  tho  olfoettvoaooo  of  aueh  a plaa»  and,  la  I 

particular,  tha  valuaa  of  tha  parnatara  to  aehlava  a daairad  laval  of  ; 

quality  eeatrol,  it  ia  aaoaaaary  to  feraulata  a raaaeaabla  and  natha- 
aatieally  tractable  nodal  ahieh  in  turn  can  bo  atudiad.  Oaa  auch 
poaaibla  nodal,  in  gnonral  uaa,  ia  to  traat  C8P  aa  a finite,  ergodic, 
and  twnogenooua  Markov  chain.  Ronoganelty  nacaaaarily  Inpllan  that 
the  probability  of  a dafectiva  unit  ia  eonatant  evar  the  entire  pro- 
duction run.  To  learn  nore  of  tha  hiatory  and  Juatificationa  of  this 
particular  nodal,  ona  can  conault  rafaranca  7.1  ahara  a lucid  diecua- 
aion  of  and  further  rafarancaa  to  thaae  topice  ara  given.  Tor  the 
purpoaea  of  thia  praaentation,  it  auffieaa  to  note  that  aueh  a nodal 
ie  known  to  give  itppar  bevnda  for  tha  quantitlaa  of  Interaat.  A lay- 
out of  thia  nodal  appaara  in  Figure  2. 

nODltR  2 

8ZAMSAIS  NAIKOT-CHAIN  APPIOACH  TO  C8P 


(,}  PHASE  I •*  INSPECTION  PHASE 
PHASE  a - SAMPLING  PHASE 

(2)  HWV  ■ J«h  STATE  IN  PHASE  1 


;SN,  ■ NON-INSPECTION  STATE 

SI  - INSPECTION  STATE 

(3)  q -1-P 


In  Figure  2 we  have  (X4’2)  poaaibla  atataa  with  tha  non-aero  tran- 
sitional probabilities  bstvaan  than  given  by  tha  quantitlaa  below  the 
connaecing  arrows.  A tedious  but  routine  analyaia  of  thia  nodal  shows 
it  to  be  in  fact  argedie  with  an  aaaily  conatruetad  finite  (I4>2)  x (I-Pl) 
constant  tranaiticnal  natrix  (7.1,  p.  938]. 
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«M  of  vltiMMiC  otB^  furthov  i^U 

•Iwayo  aun  both  c^fot  of  flano.  furthonwro,  tho  uoo  of  "ploot" 
rolotivo  to  ono  or  both  of  thooo  typoo  will  ttian  "for  various  ooloe- 
tlooa  of  tho  psraaotors"}  thus*  for  Maiplo,  CSP(M,Z,f)  and 
f)  art  conaldarod  to  bo  two  dlfforoat  kinda  of  ona  typo  of  plan. 

Fraetioally  apoaklni.  thara  aro  only  two  typaa  of  atartlng  eondl- 
tlona  (Initial  probability  voetora)  that  nood  to  bo  conaldarod  for 
CSPi  JOB-SHOP  and  ABBITlAIiy-KNTIiy. 

In  tho  JOB-SHOP  eaoa,  tho  aaapllng  boglns  in  atato  H(0)  (or  tho 
"atart"  box  la  Plguro  1).  Tho  oorrospondlng  toitlal  probability  vae- 
ter,  doaotad  by  i (lota)t  and  Ito  conditional  «poetad-valua  oparater 
aro  glvon»  rospoctlvoly,  by 

t ■ (1»  0(  ...  0)  of  dlaaaaloa  Z*t>2,  and 

I • j. 

Za  eentraat  to  thla  eaaoi  wharo  roaliatlcally  taapllng  baglna  at  tha 
atart  of  production • wo  havo  tho  AKBZTIAir-SNTBY  caao.  Zn  this  lattor 
typOi  SMipllng  has  boon  going  on  long  oaough  for  atatlatleal  oqulll- 
brlun  to  havo  boon  aehlavad.  Tharoforo.  at  any  arbitrary  tlao,  • sa- 
pling can  bo  assumod  to  ba  at  a glvan  atato  with  Ita  long-run  (orgodlc) 
probability.  Zn  this  situation!  tha  Initial  probability  voetor  and 
conditional  axpoctad-valua  operator  aro  given » rospoctlvoly!  by 

n ••  (n^!  1I2!  ..>!  ) and  B„r  . 1, 

where 

whara  It!  la  tha  long  run  probability  of  being  In  (or  atartlng  In) 
state  J.  Z<fl  (X4>2)  moans  8N  (SZ)!  and  1 (Z)  rofors  to  H(0)  (R(Z-1)>. 
for  future  uso!  wo  define 

"zz  ■ ’^Z+l  "z+2* 

Vo  can  now  doflna  tha  APZ(N)  function.  Lot  u bo  an  ordered  In- 
finite aaquanea  of  otatos  whose  order  is  compatible  with  tho  Harkov 
chain  structure  (if  wo  agree  to  concentrate  tha  probability  noasure 
Induced  by  tho  Harkov  chain  on  such  aoquancoa!  wa  can  consider  any 
ordered  aoquonco— eonpatibla  or  not) . Than  wa  have  tha  following 
definitions i 

Definition  1.  Given  u as  above! 

PR0J|^(u)  ■ Tha  (Harkov)  atato  In  tho  slot  of  u. 

Purtharaoro,  tho  outcome  space  of  all  such  w'o  with  tha  probability 
maasuro!  t.  Induced  by  tha  Harkov  chain!  Is  danotad  by  ((>!  P)  [aaa  7.p! 
for  a claar,  conelao  description  of  o-algobras  and  moaouros  Induced 
on  product  spacoa). 
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Two  etuorMtitiftlo  waadM  owo  dofiood  ehoo  • tan- 

doB  Toriablo  Iw  dofload  lo  totoo  of  olthor  ooo  of  thoo.  Thlo  dual 
■ituoCloa  olll  oeeur  threu^out  tho  toot  of  thlo  popor  and  arlaaa 
baeauaa  of  altaxaata  waya  of  looking  at  AROI) . 


Dafinitlop  2.  (Oiaraetpriotle  random  yariabloa) 

if  PlOJ^(u)  c PHASE  XI 
|0(  othamlaat 


*k<"> 

<!»<«>  - 


1»  if  PIOJj^(u)  t 
0,  othaxoiaa. 
Pailnitiop  3.  for  V - 1 - f, 

n<H)  («)  - 1 - J 


‘4  *s»0>  <“)• 


In  tama  of  tha  random  variabla  FX(M),  wa  can  finally  dafina 
Afl(N)  for  tha  two  "initial-condition"  eaaaai 


Pafinitlon  4.  for  tha  JOB-SHOP  caaa  (eaaa  1), 
^VBHAOB  I^CTION  JMSPBCTBD  - IPI(N)]. 
for  tha  ABBXTEAffr-BMTRY  oaaa  (caaa  II) i 
API(N)  - Ej,  rfl<H)l. 


Coneaming  thaaa  two  functiona  and  thair  ralatlonahlpa  with  Afl(**),  wa 

have 


Propoaitlon  1.  For  caaa  I, 


Llm  AFI(N)  ■ API{»)  - 1 - n.„  ■ 1 


va(«). 


for  caaa  II, 

APi(N)  - 1 - n 


SM 


apK*). 
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fgflef*  (esi«  Z) 

lla  ArX(ll>  • I,  (Lla  n(N)]»  by  tha 

Labaaqu*  Ooalnatad  Conv.  Tha. • 

- Ej  [Fl(-)],  by  tha 
Zndlvldiial  Ergedle  Tha.. 

- AFZ(>),  by  daflttition. 

Caaa  II  folloira  trivially  froa  tha  daflnltlona.  Q<B.D. 

To  round  out  tha  ralatlonahlp  batwaan  ATX(N)  and  ATX(>),  va  atata, 
without  proof  [aaa  tha  propoaltlooi  ehp.  4]»  a final  aquatlont 

Lla  VAl(rz(N))  - 0 (both  eaaaa). 

»*- 

2.2  Tha  dlffaraoea  aquation.  Wa  now  turn  our  attantlon  to  tha 
principal  dlffaranca  aquation i which  will  avantually  ba  uaad  to  darlva 
an  aapanaion  for  AFX(M)  (JOB-SHOP  caaa). 


Latting  a(k)  ■ 1^  (K  k D*  va  claarly  hava»  by  dafinltlon, 


AII(Nip.f.X) 


1 


« ** 

^ i a(J). 
" J-1 


Uhathar  raaaonlng  dlraetly  froa  tha  dafinltlon  of  a(j)  or  uaing  tha 
Chapaan-XoXaogorov  aquation  [7.5,  p.  194]  and  tha  ralatlon  batwaan 
and  XgiiO)  • va  can  darlva  tha  fellowlng  dlffaranca  aquation  for 
o(  • )« 


CA)  a(k)  ■ 


0,  1 ik  il 
k - I + 1 
6a(k  - 1)  + Y 


li 


6a(k  - l|  -X)  u k g X 2 

*«  waa»i4 


Hara,  0 ■■  1 - fp,  y ■ pq  , 6 ■ vy,  and  q <■  1 - p.  Two  eouroos  of  action 
ara  now  opan  to  ua.  Ilthar  aolva  tha  glvan  dlffaranca  aquation  thaoratl- 
eally  or  uaa  tha  aquation  Itaalf  aa  a basla  for  a racuralva  nathod  for 
eonputlng  AfX(N)  on  a (digital)  conputar.  Tha  troubla  with  thla  latiar 
rniita  la  tha  atap  or  (oparational)  tina  lag,  X,  Which  la  bloekad  out 
and  anphaalaad  by  an  arrow  in  (A). 


2.S  CoaBuueieaal  diffleylti— ♦ H«  will  draonitrstt  in  ehl«  ■•c- 
tlon  Chat  a tneunion  algoriCM  b«tad  on  tha  lag  in  (A)  ia  iapractieal 
for  aany  raaliitic  applieationa  of  tha  Ari(N)  function. 

With  alniconputaca  a atop  lag  of  aiia  Z for  tha  practical  valuta 
givtn  in  taction  1 ifould  rtquirt  tha  continual  dynamic  atoraga  of  up  to 
2 X 10^  quantitiaa,  ifhich  ia  too  larga  (and  at  laaat  ungainly  for  tha 
largar  aachinat)  for  than.  Moraovar,  for  tha  largar  nachinaa  thia  lag 
would  load  to  a larga  computation  tima  for  many  of  tha  atandard  calcu- 
latioiu  which  arc  dona  in  eontlnuoua  aaapling  work.  BhorC  anplanatlona 
of  thraa  of  tha  ■era  eoMcen  typaa  of  thaaa  oalculationa  will  giva  a 
elaarar  Idaa  of  tha  diffieultlaa  Involved  for  both  typaa  of  eoaputara. 

In  tha  diaouaaien  balow»  variAblaa  appaar  to  tha  laft  of  tha  aamleoloni 
parnatara  to  tha  right. 

Tha  flrat  kind  of  calculation  ariaaa  in  tha  graphical  approach  to 
the  atudy  of  Cgr(M)i  which  can  involve  plotting  coma  function  derived 
froa  AfI(N)  • Thua  >*ha  problm  confronted  by  tha  nathanatician  (or 
laaaar  balnga)  could  ba  of  tha  form  *'plet  IM(ATZ(p|N,f »!))  aa  p variaa 
over  the  unit  intarval  and  do  a aanaitivity  analyaia  on  tha  paraaatari." 

A aaoond  coanon  typo  of  calculation  aneountarad  could  ba  of  tha  form 
find  (conatrainad)  X auch  that  M^[rN(AFI(p,IiN|f»]  ia  equal  to  aona 

fixed  nuabar.  Zfg  for  Inatancoi  tha  function  ware  tha  A0Q»  tha  problem 
would  then  raadi  for  a given  run  number  M and  aampling  frequency  f, 
find  tha  claaranoa  nuabar  I to  inaura  that  tha  fraction  of  dafactiva 
itoM  paaaad  will  not  oxeaadi  on  tha  avaraga»  a given  nuabar.  Tha  laat 
frequently  aat  type  of  problem  la  to  plot  Rt(ATI(N) |pif ,1)  in  order 
to  atudy  eonvargonoa  propartlaa  aa  N bacomaa  larga.  Kacalling  tha 
practical  rangaa  of  tha  paraaMtara  from  tha  firat  aaetion  and  tha  atap 
lag  from  tha  aaeondp  wo  aaa  that  tha  kind  of  computational  routine  for 
any  of  tha  abova  axamplaa  would  raquira  a grant  deal  of  proeaaaing  time. 

In  concluding  thia  aactionp  it  la  hoped  that  tha  need  for  tha  for- 
■ar  oouraa  of  action  auggaatad  in  aaetion  2 haa  now  bean  daa»natratad. 

Tha  rcBalndar  of  thia  paper  ia  devoted  to  tha  development  of  auch  an 
ampanalon  aa  wall  aa  cortaln  ancillary  raaulta. 

3.0  DgklVAIION  Oy  THK  AFIfW)  BXPAN8ION 

3.1  The  Z"tranaform  method.  Tha  baalc  idaa  of  thia  method  ia  to 

(1)  conaidar  a aoquanca  {erj}  j ■ 0 to  an  a function  from  the  natural 
numbaroi  NM|  to  tha  real  line  (l.a. . oi  (2)  to  aaploy  tha 

Z>traaafora  to  map  auch  a function  to  one  of  a complex  variable • o(a)p 
regular  ia  a aaighborhood  of  •{  and  (3)  to  project  back  to  tha  original 
function  by  contour  intagratlon.  Aa  axpaotad  with  a tranaform  method • 
it  ia  found  that  thia  particular  method  tranafera  tha  analytical  prob- 
lem of  aolvlng  a linear  diffaranca  aquation  to  the  much  alnplar  algebraic 
one  of  aolvlng  for  an  unknown  (complex  function)  which  la  Implicitly 
given  by  aa  algebraic  equation. 


To  caxtf  out  this  profVMt  wo  auot  Mko  proeioo  dof Inltiono . 

Bofinition  1.  Olvoa  • ooquoneo*  o(j)»  eonoldorod  o function 
01  Nf^R,  Ito  Z-troBOfom  lo 


(Lauront  expansion). 

J-0  ■ 

9(i)  la  a funetlon  idiloh  lo  elaaxly  olthor  rogular  In  a nal|hberhood  of 
■ (l.Oti  for  all  I aueh  that  |a|  > I(o))  or  only  at  •*  Itaalfi  In  tha 
lattar  oltuatiLeni  tha  Z-tranafora  aothod  atlll  worka.  It  should  also 
ba  elsar  that  tha  also  of  R(o)  dajpanda  on  tha  prowth  propartlas  of 
o(J)  **  !****•  Wa  aast  daflna  two  atandard  saquaneas  and  an  oparatlon 
batwaaa  any  two  arbitrary  onaa. 


Ptf !•  Tha  fiUiR  IfUISfiR  At  h,  d.  i !■  da- 

flnad  via 


\(i) 


1,  for  k - j 
0|  otharwlaat 


FroBi  dafinltlon  1,  Its  Z-tranafom  la  elaarly  plvan  by 


Dafinitloa  3.  Tha  mMBqt  k,  IL  t la  da- 

flaad  aa  * 


V^>  • s 

h-k 

A|uln,  froB  dafinltlon  it  wa  hava  Its  Z-tranafom  glvan  by 


Dafinltlon  4.  Olvan  two  aoquoneas,  o.(i  ■ !•  2),  thalr  j}2£- 
volutloa.  0j^*0j.  la  a now  aaquoaea  glvan  by 

I 

k 

<Oi*o,)(k)  • X Oi(h-h)  o.<h), 

1 * h-0  ^ • 

Lattlng  IM  ■ Max  (R(oj^)  t R(o2»  and  raoalllni  tha  Cauchy  product  for 

tha  Bultiplleatlen  of  two  power  aarlas.  wo  hava  tha  following  ralatlon 
batwaon  and  Vi 
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for  |«|  > RM. 

3.2  PlffTenc*  •ouatlon  r«vl8lt«d.  Glvsn  the  definltlone  In  the 
leet  section,  we  cen  now  expreee  the  difference  equstlon  given  In 
chepter  2 more  concisely — Including  the  Initial  condition*  as  well. 

Proposition  1.  The  difference  equation  for  at  NN^[0,  1]  ie 

given  by 

(A)  {a*(«Q  - + e«j^^)}(k)  - q^«„.i(k)  + YHj^.2<k). 

Its  Z-transform  is  given  by 

+ ^afa-ij  ’ - P)  + e. 

Proof . (A)  follows  from  the  relevant  definitions;  (B)  also 

follows  from  these  definitions  and  collecting  terms.  Q.E.D. 

The  next  proposition  will  be  useful  both  as  a cheek  and  a tool  for 
formula  derlvatlona. 

Proposition  2.  (End-point  property  of  ‘9(a)) 

Llm  /■^^^(a)  “ Llm  o(N)  if  the  R.H.S. 
a+1  \ • / IfH. 

exists;  moreover,  ‘9(c)  is  then  regular  (at  least)  outside  of  the  unit 
disk. 

Proof . (see  7.4,  pp.  257-258.]  Q.E.D. 

Corollary.  9(a)  satisfies  the  above  proposition  2 and  Is  there- 
fore regular  outside  of  the  unit  disk. 

Proof . From  proposition  1, 

aU  ’ l-(6-0)  “ "ll- 

Since  Che  Markov  chain  Is  ergodic. 


Llm  o(N)  - n... 


Q.E.D. 


3.3  ma)  fowwu.  W«  now  •hoir  ehnt  contour  intogratlon  la 
logically  oqulwalant  to  tho  Invarae  I-transfoni  for  tha  eonplas  func- 
tlena  eonsldarad  hara.  In  tha  roat  of  thla  papar*  we  uaa  tha  following 
abbravlatlont 


r(i) 


whara  r(X)  ■ {a/|a|  ••  I)  with  R changing  depending  on  the  eontatat. 


operator 


Theoren  1.  / ( * ) i^~^di  operatea 

' for  R > I.*' 


Proof.  Recall  tha  alnpla  fact, 


on  ^a)  aa  a projection 


(8P)  y'  ^ * 

la 

which  la  aaally  proved  upon  letting  a ■ Re  and  Integrating. 
By  definition  1, 


M .* 

which  convergea  unlfomlv  for  R > 1 by  the  corollary  to  propoaltlon  2. 
Since  a unlfomly  convergent  aarlaa  can  be  Integrated  tern  by  tern  and 
alnce  (SF)  holdai  wc  finally  have 

/ -So  .. . .<W  / -5^ 


- 2 

k-l 


■ o(j)  Q.B.D. 
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for  any  » > 1, 


APl(h)  ■ 1 “ 5 “ffU)  d»- 

Proof.  ProH  chaptor  2,  wa  have 

API(N)  - 1 - = r a(J>. 

" J-1 

froa  thaoraa  1 and  aunlng  a laoaatrlc  aarlaa»  wa  get  (for  R > 1) 

Afl(N)  - 1 - ^ Z / ^<a)  i^“^da 
" J-1  *' 


Slnea  |s|  > 1 In  thaoraa  2,  tha  gaonatrlc  aum  (a^  > l)/(a  - 1) 
dlvargaa  aa  N>-  . Wa  nuat  tharafora  flrat  avaluata  tha  compact  aspraa- 
alon  In  thaoran  2 (ualng  aarlaa  axpanalona»  tha  raaldua  caleulua,  tha 
CiUchy«Gousdt  thaoram*  and  tha  Cauchy  Integral  thaoraa)  and  than  taka 
tha  Halt  of  tha  raault  to  gat  AFI(-).  In  other  words » 

Lla  ^ Lla  (•  ). 

H+-  y J 

Conaaquently , out  flrat  taak  la  to  avaluata  tha  axpraaalon  In  thaoraa  2. 

Thaoraa  3.  (Tha  Main  Thooraa) 

M 

2 a(J)  - Part  I + Part  II. 

J-1 


Part  I(  tha  principal  part,  la  a compact  axpraaalon  that  approachaa  vll-- 
aa  Part  II,  tha  raaldua,  la  a finite  alternating  aarlaa  whose 

tema  are  "fllcarad"  binomial  axprasalona  and  that  moraovar,  approaches 
taro  aa  IH-. 

Proof . Pacoopoalng  ^(a)  according  to  proposition  1,  braaklng  up 
tha  geometric  sum,  and  using  thaoram  2,  wa  have 
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L 


<i)  Z «(J)  - q 

j-i 


- [’/  * ’/  ,<,>1^1,2]  • 


How«v«r,  for  I ■ 1 «ud  2« 


\f-^ 

\J  p(i)(i-l>* 


-*>  Ot  ai 

Thtraforoi  tho  lut  two  taru  In  0 art  taro  alaea  R can  ba  cakan 
arbitrarily  larga.  Kaaeat  wa  now  hava  laft  In  (1): 

SUM  ■ <q^  - tan)  + Y (y  - tan). 

Our  taak  la  thua  raduead  to  avaluatlng  tbla  aua. 

For  aufflelaatly  largo  R* 

< 1 (aaa  A.li  Appandlx) 

and  wa  can  tharafora  axpand  l/p(a)  by  oxpandlog  1 - ((Bi^  - 6)/a^^^)'^la 
a gaoaatrlc  aarlaa  ylaldlng 


Z - 

oK)  a 


H+iffisy 


2 B (a). 

wO  ■ 


Ualng  tha  abova  axpanalon  In  tha  raaalalng  tana  of  SUM  and  lotting 
■ (q^  - tan)^  and  ■ <Y  • tan)^»  wa  hava  for  k ■ 1,  2 


; -i 


i 


! 
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1/  v-> 

I*'  • 


dt 


(Ur|«  R) 


0,  «■  ItH»  for 

■ > M • (I  4-  k)t  Slnoo  a ualfomly  eonvartant  aarlas  can  ba  Intagratad 
tarn  by  tani»  va  eoncluda  that 

**  noniaro  only  for  | n 1.N  » (I  4 k)  1 . 


Slnoa  laro  and  one  ara  the  only  polta  in  tha  now  Intagranda  appaarlng 
after  tha  ncpanalon  of  l/p(a)  waa  nada,  va  can  uaa  tha  Cauchy-Goustt 
thaorM  to  raduea  tha  contour  In  the  Intagrala  abova  fron  |i|  ■ R > 1 
to  |a|  ■ c and  |a  - l|  ■ c»  tharaby  getting 


1 

4 - tom  ■ 

|a|-c 

y - tarn  ■ 

/,  f« 

L.  4 L,  Will  yield  Part  II  while  G.  4 0,  will  give  Part  I. 
oar  attention  flrat  to  ovaluatlng  the  aaalar  Part  X. 

Latting  X ■ (B  ~ 6)  and  integrating  tha  finite  aariaa  In  Part  X 
for  both  va  gat 

1 


®1-  1-x 

H-(I+2) 

Oj  ■ 2 D 

flfaO 


a LTl+lW«+l)J  I..1 


/,  . (N-I+l)\ 

- (N  - I - 1)  ) + C,  vhara 

c [le  - (I  ^ DxIR^  ■ 

•“  <1  - *y 
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F4 


t 


i; 

I 


i 

K 

{ 

i 


1 

'I 


ThM*  final  raaulta*  for  Part  I,  follow  dlraetly  from  auwnlnt  gaonatrie 
•arlaa  (after  the  integration  has  bean  dona)  with  tha  appaaranca  of  tha 
flrat  darlvatlvai  ( * )i  folloirlng  fron  Cauehy'a  integral  thanroa. 

Turning  now  to  Part  IZ|  wa  get,  after  expanding  (da^  - 6)*“  and 
l/(a  > 1)*  in  a blnoaial  aariaa  and  upon  aattlng  L.  ■ /'(k)  with  contour 

"|a|  - e,"  ^ 


Sc 

where 


- N-(l+k) 

(-1)''  z (djcwa  1)  r 

a*0  * n*0 


a 

Z Q(a,ria) 
rmO 


v-.Vflc 


0C.r,.)  - (!)  (-«'  /•’  .“a.. 

■'  M- 

where 

ax  ■ (a  - r)I  + N - (a  1)(I  > 1)  + a. 

t, 

(-1)  and  (a-fl)  appear  froa  the  gaonatrie  aariaa  axpanaion  of  l/(a  - 1) 
for  k ■ 1 and  2,  reepeetivaly;  the  binenial  cama  appear  aa  a raault  of 

tha  blnoaial  axpanaion  of  (6a^  - 0)*.  Once  again  we  have  uaed  tha 
thaoraa  on  tha  tam-by-tam  integration  of  a uniformly  convergent 
aeriwa . 

To  evaluate  /'  a^**^di  (contour > |a|  ■ c),  wa  recall  (SF)  in  the 
flrat  aquation  of  tha  proof  of  theoren  1.  Thue,  we  aniat  now  conaldar 
triplea  of  Intagare,  (nitta),  aueh  that  ax  ■ »1.  Slapllfying  thia  aqua- 
tion, we  gat  the  following  indlclal  equation  to  aolvat  the  tarma  in 
Pert  IT  era  nonearo  iff 

N - (n  -f  i}e  • rl,  for  all  trlplae  (n,r,a) 

subject  to  inherent  natural  conatrainta  alucldatad  below.  Bacauea  r 
appaara  in  tha  binomial  coefficient  dominated  by  m,  we  uee  the  indlclal 
aquation  to  gat  for  fixed  but  arbitrary  at 


Again  uaing  tha  indlclal  aquation  and  tha  bounds  already  found  for  m, 
wa  further  gat  for  tha  L^'a  (k  ■ 1,2) t 

r i m i (N  - (I  + k))  ^ (a  & (N  - I)I  - k(I  ♦ 1)  ] 


h - (r(a,k)  + 1)  l + a<.B  - (I+k)t 


Min(r(a,k))  > 
m 
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«•  ««a  eoa«iii4tt  la  partieaitri  tbit  th«  "fllemrad" 

blnmlal  ee^fifilaat  la  ot  Ch*  fon 


/»  - (t(a)  + 1)  I + iV  . 

I r<a)  / 

noting  cho  fora  for  tho  L|^  aa<(  ch«  rMulto  on  tho  bounda  for  tho  Intogrnl 
vnrlabloo  r,  »,  and  «•  eu  writ*  tho  final  roaulta  for  Part  11. 


<•  + 1) 


£ 

t“rj^(a) 


vhara  Ik  « (N  - 1)1  - k (1  + 1),  r^<«>  ■ t^n(r(a,k»,  tjCa)  - )^(r(o)), 
and 


T(.) . ("  - ♦ •) 


In  auraary t vo  hava  tho  follovlng  aynopala  of  thoorra  3 («  ■ 1 - a)t 
dfl(H)  - 1 - J [q*(0l  + l-j)  *y(°2*  ^2^  j 


In  eeneltwioa  to  thl«t  tha  mId  ««etleiii  aiunalnatlon  of  th*  ■ua- 
■ary  to  thooraa  3 ahows  that  tha  Z*tranafotB  aathod  appilad  to  ATKN) 
la  lofleally  aqulvalaat  to  aa  aataaalva  raarrantoaant  of  tha  flnlta 
aua  £o(J)»  Hanca  thia  papar  could  hava  baan  aatltlad  la  parts  A 
laarrangaaaat  Thaoraa  for  A7Z(N)....'' 

3.4  Coavaraanca  oropartlaa  and  aporoxlmatlona.  tfa  hava  aaan  that 
tha  AFI^N)  axpaaalon  la  aada  up  of  aaaantlally  two dlffarant  partai 
a coapaet  (aaaily  prograaMbla)  Part  I and  a aaaalar  Part  XI  coaalatlng 
of  a fairly  larga  flalta  doubla  aua  of  blnoalal  tama  aaeh  of  which 
balng  "flltarad"  or  aalaotad  froa  Ita  own  blnoalal  aapanalon  by  tha  aolu- 
tlon  trlplaa  to  tha  ladlolal  aquation.  Howavar,  tha  difficulty  of 
haadllsng  auch  aa  Itaratad  aua  for  eoaputatlonal  uaa  la  only  apparant  for 
tha  practical  aagnltudaa  of  tha  paraaatara  involvad.  Statad  briefly,  for 
N larga  ralatlva  to  I la  tha  aaeaa  that  H ~ (10) (I)  or  larger,  and.  In 
particular,  for  N » X,  only  tha  flrat  few  tataa  In  Part  XX  naad  to  ba 
ratalnad.  Tha  aaaantl^  raaaon  for  thla  la  that  Part  IX  la.  In  raallty, 
aa  aayaptotle  "factorial"  aarlaa  whan  eoaaldarad  aa  a function  of  M. 
Turning  new  to  a eoaputatlonal  routine  on  a digital  eomputar.  It  aufflcaa 
to  ealculato  tha  tama  (T(2a)  T(2a  + 1))  >■  iT(a)  aaquantlally  at  tha 
■axlaua  value  of  6(qtf.  I),  which  la  aaaily  found,  by  tha  darlvatlva 
taat.  to  ba 


q (Critical)  - X/(I  •»>  1). 

Per  thla  value  of  q.  a cut-off  routine  can  than  ba  Inaarte'^  to  truncata 
tha  doubla  aua  aa  aoon  aa  T(a)  la  laaa  than  aoaa  pradatanufisad  aiaall 
nuabar. 

Keeping  tha  above  dlacuaalon  concerning  tha  eoaputatlonal  faaalbll- 
Ity  of  Part  XX  In  aind,  wa  now  prove  aoaa  theoretical  raaulta  on  tha 
aayaptotle  behavior  of  Part  XX.  aa  wall  aa  tha  whole  APX(N)  foraula. 

aa 


Prenoaltlon  2.  For  k ■ 1.  2.  wa  have 

<%  + 1)  ST(»,j)  i [(«j(k)  N + 1)1  + 0 (i)]. 

»W(i) 

S (n(I  + 1)  + gr  gN(I+l)  + 0(|) 

. r-0  ' * ' 

aa  through  a aaquaaea  of  valuaa  auch  that  N(I  + 1)  la  even  (with  a 
alallar  aapraaalon  for  CT(0)}. 

Proof . Factor  out  tha  leading  tama  appaarlng  above  froa  the 
aapraaalona  occurring  la  tha  auaaary  to  Main  Thaoraa.  Tha  proof  la 
flnlahad  by  racalllng  tha  definition  of  0(  • } [7.S,  ehp>  IJ*  Q.K.D. 
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Pirteely  i*m  ebls  prep«tltiifln«  «n  otitaln  <k  « 1,  2} 

3,  *k 

(D)  J £ «2(W*  + 1)  S ’f<«) 

•-0 

< (6,(k)MX  + 1)(I  -f  0 (ij))  (1  _ 


which  approaehM  aaro  ai  ih»,  Tha  aaalyala  that  raatiltad  In  (D)  can 
ba  raflaad  In  a nuMbar  of  waya  (a.g.,  uaa  of  tha  LaOranga  wpanaloni 
aaa  A. 2.  Appandis)  to  obtain  appmlaatlona  to  Part  IX  for  N » X. 

Coablnlng  (D)  with  Part  I fren  Main  Thaor«t  wa  oan  preva  tha 
thaoraa  balov. 

Thaoran  4.  Aa  AfX(M)  •*  APX(*>. 

Proof  4 Xn  tha  auaury  to  thaoram  3»  tha  axpraaalon  blockad 
out  and  aaphaaltad  with  an  arrow  In  Part  X la  tha  only  portion  of  tha 
whola  fomula  idileh  deaa  not  vanlah  aa  ]fM*}  Indaad,  aMBlnatlon  will 
ravaal  that  It  approaehaa  1 - va(**>  ■ 1 - ■ APX(»).  Tha  proof  la 

flnlahad  by  (D)#  Q#B.Dt 

A nora  dltaet  proof  of  eonvarganea  to  AFlC**)  can  ba  obtalnad  for 
tha  (unfortunataly  Infraquant)  eaaa  that) 6 -f  B < I4  Pitot  wa  prova 

La—ai  Xf  6 B < li  than  thara  axlata  an  2 < 1 ouch  that 
- B)  > 6 for  all  2q  > R.  Purthamora,  B < R ■ for  aoaa 

poaltlva  Intagar  a Inplioltly  daflnad  by 


Ln(a) 
Proof . Slnea  8 




l/n  . .1/|>(U|4) 


and  0 < e < 1,  wa  hava 


(1)  Llne^^"  ■ 1,  (2)  “ Lne  < i LnB,  and  (3)  • 

n->-  " o-Hi 
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i. 


i 


i 


s 


I 

i, 


AstuM  BOW  that  I ■ tof  ggM  g.  than, 

i*(t  - $)  > 6 t - 0)  > e 

t (ei/»+*>  - 0)  > e ■'<*♦•>. 

Thklnt  Id  of  both  aldaa  of  tha  laat  laaquallty  yialda  tha  daflDlni  In- 
aquality  for  at  finally  aaauna  that  aueh  an  a doaa  not  aalat.  Aiala« 
fron  tha  laat  Inaqtiallty*  «a  gat 

(4)  a doaa  not  anlat  i <****>  - 0)  * e*^^*"**^  for  all  a. 

Ualng  (!)•  (2)»  and  (S)  In  tha  ItH.lt  of  (4)  and  taking  tha  Untta  glva 
ua  1 - 0 1 §t  nhloh  la  oontrary  to  aaaungtlont  QtltD* 

Thaoran  3.  Xf  8 -f  0 < 1,  than  than  anlata  an  t < 1 auoh  that 
|An(«)  - Ari(H)  I 1 ^ eonatant  ol^^\ 


Proof.  That  auoh  an  R anlata  folloin  fron  tha  laaM.  Taking 
tha  aun  part  of  4ri(M)  and  an  Initial  eontour  of  radlua  1||  > 1»  va  ean 
iBMdlataly  raduea  tha  intagranda  aa  In  (1)  of  thaeran  3.  furthamomt 
baeauaa  tha  anlatanoa  of  R iMllaa  that  tha  roota  of  p(a>  11a  within 
a ■ R|  wa  ean  alao  raduea  |a|  m R.  to  |a|  • R and  |a  • l]  ■ a (1  - a > R) 
alnea  tha  polaa  of  tha  Intagranda '^ara  ona  and  tha  roota  of  p(a)t  Thua 
wa  hava 


I 


N 

^ o(J)  ■ 4^  iJi  * J«]  * YUq  * whara  tha  eontour  of 
J-1  1 3 i 4 

la  |a|  ■ R and  that  of  la  |a  - l|  ■a.  Row, 


.Rfl 


^ |r^|r  - 0|  - e|<i  - R)** 


1,2), 


! 

i 

1 


^1  ■ • sfer  - fHH’- 

Tha  renatnder  of  tha  proof  followa  fron  trivial  nanlpulatlon.  Q.I.D. 

In  conolualon,  It  la  hoped  that  the  need  for  an  axpanalon  of 
AFX(N),  danonatratad  In  ehaptar  2,  haa  now  baan  net. 
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4.0  VAKIAIia.  til*  vtrime*  of  Af{00  ti  not  iwo  (•••  btlov). 

In  ordlar  to  uttlii*  GSF<ll>  eo  «ff«et  ■•vlagi  ovit  that  of  CgP(*},  it 
la  aaeaaaary  now  to  invaatlgata  thla  oubjaet. 

4.1  Calculation  of  Proa  tha  ChapaMn-Kolaogovov  aquation 

[7.3 » p.  1941  or  diraetly  In  tazna  of  a(k)  [7.1,  p.  950],  wa  obtain 
cha  following  aquatlona  for  thla  tranaltlonal  probability! 

^W,SN  ■ + J-)  • w(k  + 1)  ■ Wj<k) 

(A)  'O(a)  ■ vft(a)  • — . 


4.2  Calculation  of  Pg^^  gj,.  Slnoa  than  la  not  any  dlraot,  alapla 

ralatlonahlp  with  o(  • ) for  thla  caaa  [7.1,  pp.  931-952],  aaothar 
application  of  Cha  Chapaan-Xolaogerov  aquation  ylalda,  for  thla  axpraa- 
alon,  tha  following  two  alaultanaoua  aquatlona i 


p®  _ p 2 ^ p P®*  ^ 

'SN,SM  'gN.SN  ^SM,8N  ^ '^SN.Sl  'SZ.SN 

pk  ^ p 4>  p + p p^*^ 

'S1,8H  *^81, 8H  *^BK,8M  ^ '81,81  '8X,8H  ^ '81, HO  'H0,8H* 

tt 

Lotting  4(a)  ■ Pgii  gjy  and  4(k)  ■ P^^^  tha  corraapondlng  dlffaranca 
aquatlona,  with  tha  Initial  oondltiona  writ tan  axplleltly,  would  ba 


and 


4(a)  ■ v(4  * 4j^)(a)  + f (4  a + v4j^(a) 


4<k)  ■ vq(4  * dj)(k)  + fq  (4  a d^Xk)  + pvw(k)  4*  vq  dj^Ck). 
Applying  tha  Z-tranafora  to  tha  above  two  aquatlona  ylalda 


Slneo^(a)  la  known  froa  4.1,  wa  tharafora  hava  two  alaultanaoua  aqua- 
tlona In  two  unknowna  of  tha  fora 

(a  - 1)  a + (b)y  - -c 

(qa)  * (qb  - 1)  y - -(qo  + d) 
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whoa*  daeamtaaat  la  (-1).  Thuo»  for  tha  unlqua  aolutloot  ^a)  • «• 
finally  obtain 

<t)  ^(»)  ■ v(l  - 0)  ^ ly  • 

Aa  a alapla  ebook  on  thla  darlvatloni  va  ealeulata  tha  Halt  balew  (to* 
aaabarlnt  that  <Kn)  **  v^a)). 


ahloh  la  eorraet  alneo  tha  Harkov  ohaln  la  argodle. 

Aa  a oorollary  to  ealoulatlni  tha  varlanea,  wa  ean  new  ealeulata 
8H  ^ aattari  F^^  m froa  p(k>> » whleh  la 

dona  by  tha  aaquanea  of  aquatlona  balow. 


'SM 


.«■/' 


t(i) 


.k-1 


da 


v*(l 


k-«+2)  . ^ 
0)  £ 0^  / 
J-0  J 


^a) 


^(k-(J+l»-l^^ 


k-(l+2)  - 

« v(l  - 0)  2 0Ja(k  - (J  ♦ l)>  v0*  * 

J»0 


<C) 


k-(I+2) 
(1-8)  £ gJ 

j.O 


Tha  abova  ealoulatlon  llluatrataa  tha  fanarality  of  tha  Z-tranafora 
aathod  aa  wall  aa  balni  uaaful  for  tha  varlanoa  ealeulatlona  to  ba 
flvan  In  tha  nast  aaetlen. 


CalcuXation  of  vrlanci.  From  th«  ilmpl*  Idontity  VAX  (1  - cX) 
" o^VAX(X),  w«  oully  dorlvo  th«  following  oquatlonii 


»)  v«^  Inw)  + T(N)(J  - 1,N), 


and 

(E)'vAK,,  <F1(N» 


Xj^  - + T(H> , 

« <"•«)  - + ><") 


- Xj  - 8j  T(H) 

vhara 

T(H)  ■ 2 (J  ■ 0,  N - 1), 

•j  ■ ^H0,8M*  \ ■ ^8N,8N* 


Ualng  (A)  and  (B) , va  can  now  oaloulata  tha  abova  varlaneaa  by  avalu~ 
atlng  T(H)  dlraetly.  Howavari  alneot  aa  both  varlanoaa  agproaeh 
■aro  (saa  propoaltion  balow)t  Xj^,  Xj  **0i  and  wa  nuat  havai 

T(N)-^n^  ^ Hanooi  va  ean  approxlaata  thla  laat  tam»  T(N),  by 

Fropoaltion.  Aa  VAX^(IF(N)}  approaohoa  aaro  for  a ■ t and 
H,  raapactlvaly. 

Proof « Lotting  l[  * ] atand  for  althar  ii[  • ] orB-I  • ]• 
tho  orgodlc  thooraa  lapllaa  '' 

k[|F1(»)  - ElFI(N)llj-H),  aa  N^. 

Slneo  |fi(N)  - B[FI(M)]|  jL  1 and  tho  chain  Inducod  probability  naaauro, 
F,  la  nocoaaarlly  finite,  wa  have 

e[|FI(H)  - E(FI(N»|*]  <e[|FI(N)  - E[FI(H)]|j 

wharo  wa  raeall  tha  daflnltlon  of  E[  ♦ ] in  tanaa  of  n anl  F aa  being 


BIX] 


X(u)dP(ai),  n ■ outcome  apace. 


Qt  EiDe 
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Th«  prtetloal  problM  of  wtlMtlng  tbt  varlMOM  glvtn  in  (D) 
and  (B)  hM  now  barn  raduead  to  tba  ealaulatlen  of  tba  aaqpraaalon 
£bj/H— a ealoulatlon  alnllar  to  that  alraady  dona  in  (C).  Howavat,  a 
atralght-foxward  approximation  can  alao  ba  obtalnad  by  tba  following 
conaldaratlonof  from  (C) , noting  that  a(j)  ■ 0 for  J < X,  wa  hava 


lA  .0  C * BHk)  , 

bia  at  * 


I (B  * 


wbara  0(b)  ■ 0^  and  k ■ 0|  (M  - 1).  for  £ ■ (x. , x.iixO  c daflna 
tba  t^(M>  non  of  x by  ||t|[  ■ (b  " l»H)i^  Uafng  tbZa  daflnltlenp 
tba  aquation  praeadtng  lti  and  xultlplying  threugb  by  lti  wa  eoneluda 

IlkM  ojl  (a  * Bill  + e,  ll(I  *-ft)ll. 


Raealllng  tba  Inaquality  for  tba  convolution , I lx  * yl I & ||j(|| 
I |y| 1 1 wa  tbarafora  bava 


Milll  iCx  Hill  Mill  ll&ll  liilH 


Dividing  tba  abova  Inaquality  through  by  N and  daflnlng  a(  * ) In  tama 
of  a(  • )»  wa  finally  obtain 


Rewriting  (F)  la  tama  of  AFI(N),  wa  gat 


Ualng  (Q) , tha  approxlnatlon  to  T(N) , (A) • (B) , and  rewriting  all  othar 
axpreaolona  In  tama  of  AFI(N)|  wa  obtain  the  final  mpraaalon  for 
uppar  bounda  to  (A)  and  (B) < 


VAR^(FI<N))  S A (1  + i)  <l  - AfI(M  + 
- (1  + J)*  (1  - AfKlI  ♦ 1))* 

+ <1  - <AFI(N))[l  - AFKNXl  - 0**’^ 


D) 
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«nd 


VAlj(fI(K»  i |ng^  - Hgj,^  + (1  - ATI(N))*  (1  - 
+ 5 <1 -"■<»))  (\-~lCO- 

la  eoaeludlng  this  aaetlon,  it  should  bs  noticed  that  both  the 
tt)|»par  bounds  above  approach  saro  as  IH*. 

S.O  PHOlAlILITt  BOOWOS.  In  this  ssction»  use  will  ha  nads  of  sons 
slMMntaxy  Kartingals  theory  [7.6 • pp.  209-215;  7.7,  7.9]  to  prove  the 
following  two  etatSMntst 

(D  P[(F1(H)  - l^[?l(ll)l)  > e]  i ^ (T1<H)) 

(B)  p[|n(H)  - 1„IP1(II)1|  > a]  < -ij  VAR,j(FI(M)). 

5.1  Wartinealss . We  start  by  giving  ths  following  definition  for 
a aequence  of  rsndoa  variables. 

Definition.  A aequence  of  randon  variables,  {V„),  ie  a (euner 
t...  sub)-Mertintale  iff  " 

Vk>  <»•  ••  i)  Vjj_|^[e.a],  for  1 ik  < M - 1. 

Row  let  V|,  ■ RguCk)  and  ^ Then  we  have 


Proposition.  For  SI  • ] ■ Rjjl  • ],  {Uj,}  la  a Martingale 
Proof . By  the  Markov  property,  va  have 

U^l  - *10^1  V* 


Splitting  up,  wu  obtain 


<C)  REO^Iu^l 


• 

k 

m 

(t  zvJ 

+ E 

1 

k 

«1 

\ J-1  / 

1+1 

-io,.,IalV 


Lactlng  a • B[V.],  for  uy  J (aineo  «a  ara  daaltng  with  tha  arbltrary- 
antry  caas)  and^ualns  tha  daflnitlon  of  conditional  axpactatlon,  wo 
have 

-i'f  2 ’'ij  ■ (H-^)  “• 

On  tha  othar  hand»  wo  alao  hava 

”i)]  - (H^)  «i»ii  ■ - 

Coaparlnt  tha  I.H.S.’a  of  tha  laat  two  aquatlona,  wa  eoneluda  that  tha 
L.H.S.'a  ara  aqualt 

‘[•I’M 

Slttca  both  of  tha  Intagranda  In  tha  laat  aquation  ara  non-nagatlva  alieoat 
ararywhara  ([a. a.]),  wo  can  eoneluda  that 

Coaqwrlag  thla  aquation  with  (C) » wa  finally  gat 

Ojl  la.a.], 

■ [a. a.]. 

Froa  thla  propoaltloa*  wa  can  dcrlva  two  eorollarlaa. 

Corollary  1.  (|U|^  • a|)  la  a Subaartlngala. 

Proof.  Proa  tha  propoaltlon  abovoi  wa  claarly  hava  that  {(U.  - a)> 
la  a Martlngala.  Oalng  Janaoa'a  laaquallty*  wa  hava  * 

«l|  OJ  i |b((0^  - 

■ - o|. 

Tha  aqwallty  followa  froa  tha  flrat  etataaont.  Q.B.D. 

Corollary  2.  (|fi(II)  - B(FI(N))|}  la  a Subaartlngila,  whara 
again,  if  • 1 - . j. 


1 


1 
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Proof.  Lot  a ■ Bl(Fl(M))],  thoa 


f 


■k 


f 


I. 


i 

r 

5? 


£ 


r 


► 


nOl)  - o - (1  - Oj,)  - (1  - o)  - 0^  - a). 

Wo  know  that  {|U^  - a|}  lo  a Subaartingala  froo  corollary  1.  Q.E.D. 

In  a slallar  aannart  using  tha  fact  that  b|e[Uj^|u^]1  ^ for 

I • wa  can  show  that  {(PI(N)  B.Cn(B)]))  la  s Suboartlngsla;  harct 

howavar»  than  an  n absoluta  valua  signal 

5.2  Bol«o«orov*s  Inoauality.  Iho  nsxt  nsult  noadad  is  Kolaegorov's 
Ina^uality  for  SubMrtingalas  laaa  7.6,  pp.  241-246,  for  an  SKcallant 
proof],  which  Is  glvon  hon  as  a thaonn. 

Thurg^.  (Belaogerov’a  Inaquallty)  glvan  that  {W.  } la  a Subnartln- 
gala  and  4(x)  a ecnvax,  aonotonlcally  Ineraaslng  function,  wa  havo 

p[Msz  {W.  } > a]  B[4(W_)].  Q.B.D. 

Tha  dsBonstratlons  of  tha  Inaqualltlas  (A)  and  (B)  now  follow  fron 
corollary  2,  tha  coMant  following  Its  proof,  Kolaogorov’s  Inaquallty 
on  aattlng  4(s)  " n^»  tha  sat  Inclusion 

{w|W„(m)  > a)  c {«|  Ms*  > a}, 

i<jtiP  * 

whan  wa  can  sbbravlata  such  sat*  as 

IW^  > a]  C (Max  {Wj^}  > a] . 

6.0  POBIHER  dPPLI^IOMS  OP  THB  Z-TRAMSPOBM.  Two  OKnplas,  In- 
diractly  ralatad  to  AP1(M),  and  a discussion  of  the  transfoxn  Mthod 
applied  to  aora  conplax  aanpllng  plans  nafca  up  this  concluding  chapter. 

6.1  BjcssiDlas.  Tha  first  axsapla,  psrt  of  which  Is  to  be  used 

later,  deals  with  tha  derivation  of  tha  Man  tlaa  of  sojourn  in  tha 
Inspection  phase  from  entrance  to  exit  (to  phase  II) . It  suffices  to 
consider  s aodlfled  Markov  chain  with  all  of  phase  II  as  a new  ^orp- 
tlon  state— called  A.  Then,  tha  problan  becomes:  calculate  B^[i] 

where  the  symbol  makes  note  of  the  aodlfled  chain.  Proa  the  C-K 
equation,  we  can  derive  the  following  equation  for  calculating 

I-l 

2 P<l^<a2  * + q\(k). 

j-0 


^H0,A  ■ 

azW  ■ 
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i 


I 


Oalni  th«  Z>tranafon  yl«ld« 

. £ - 0 to  p(«). 

F*rfor«lns  th*  slmplt  cnd-polnt  t«at. 


M saploylat  th«  aathed  of  first  antraiieo  17.5,  pp.  U4-215) 

producM  th«  followlns  oquatlotitt 

^H0.A  " <*HO,A  * 

»2(k)  ■ (Yj^  * Yj)  (k),  ifhoro 


Yj(k)  to  th*  probability  of  first  ontraneo  to  A on  atop  k. 
Z-tranafom  on  tha  laat  aquation  ylalda 


■..q) 

p(l) 


Daing  tba 


By  daflnitlon  of  flrat  antranea  probabllitlaa. 


• S kYi(k). 

k-1 

Ualng  tha  fonula  for  Yj<«),  we  finally  hava 

“« (^)  '• 

which  can  ba  avaluatad  as  In  chaptar  3. 

Tha  aacond  axaapla,  alnllar  to  tha  ona  abova^  eeaeams  tha  ealeu“ 
latlon  of  whara  again  a (naw)  oudiflad  Markov  chain  is  usad 

with  phaaa  I now  aarvlng  the  rola  of  tha  abaorption  stata— callad  I. 
For  thla  sxaapla,  tha  C-K  aquation  glvaa 


i 

i 


1 

I 

I 
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• p p^"*^  + p «fc"l  __  J 
'SII,B  ^ *^811, SI  'SI.B  ““ 

'si.B  " ^81,81  ^Sl]%  * ^8I,8H  ^TO^B  *** 

V 

Lffttlng  a^(k)  ■ using  chs  Z-trsnafom  on  ths  sbovs  slnultsnsoua 

squatlons,  solving  for and  transfomlng  back  ylslds 


*3<*>  ■ »)  “* 


{« - *i>  * »j)  <‘>  - A?  "iw- 

BBd<-poiat  snalpais  sgsin  givas  a.(»)  • !•  Ona  could  than  prooaad  as 
In  tha  pravlous  anaapla.  ^ 

Wa  now  uaa  parts  of  tha  asaaplas  in  tha  last  topic  to  ba  traatad 
In  this  chaptar. 


6.2  Hlahar  laval  aaapllnn  plana.  Wa  will  prasant  balow  a poasl- 
bla  nathodology  for  analyalng  hl^ar  laval  plans  through  a aystMatlc 
uaa  of  "oparator*box"  analysis,  first » it  la  convaniant  to  glva  a 
short  outllna  of  oparator-box  notations  (also  callad  block  dlagrsM 
In  control  thaory)  which  appears  In  figura  3, 

nOOBB  3. 


OPERATOR  NOTATION 
(1) 

*1  *1 


(2)  COMPOSITION 
L.O  L, 


■OPERATOR-BOX"  SVMB015 


(3)  INWT-OUTPUT 


i 

i 

I 

I 


I 
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Kith  r«f*rtne«  to  diafrM  3 In  ngiim  3,  m can  apply  th«  Z- 
tranafota  to  Cha  oparator  and  both  aaquaoeoa  to  pat 

^(a)  ^iX«)  • ot  ■ (ife')  t(a)  - ^(t)  ^(i)* 

Thla  la  praclaaly  cha  fotnallcad  varalon  of  what  waa  pravloualy  dona 
in  thla  papar.  Going  ona  atap  furthar,  raataaberlni  cha  ralationahip 
bctwaan  /s  and  *,  wa  can  vrita 

tf(a)  - ?(a)  t(a)  * o(k)  -(£*$)  <k) 

Ua  can  thua  wrlta  Cha  diagraai  In  cha  aora  eonvaniant  ways 

6 • I £ ^ a. 

With  Chaaa  prallalnaciaa  out  of  cha  way,  wa  can  now  put  forth  our 
tantatlva  preoadura  for  handling  any  typa  of  oakling  plan.  A atarting 
point  for  raaaareh  would  ba  C8P(N) . Coneamlng  phaaaa  X and  XI , wa 
hava  Cha  following  Infonution. 

(1)  Froai  chaptar  3,  wa  hava  for  CSP(N) 

h.  ®i  * ®i  " ^ ®X+P  * 

(2) '  Tron  asaavla  1.  wa  hava  for  phaaa  X alona 

hj  “2  * *1* 

<3)  Pron  oKapnpla  2,  wa  hava  for  phaaa  XX  alona 

S “3  ■ ‘3  ■ (rHj)  "i- 

X-1 

Xn  tha  abova,  ■ 1 - B4^  + ^2  " ^ ^J+1’  *****  ^3  " ^ " ®*1* 

0 

c ■ v/(l  - fq).  Glvan  Oj^  aa  known,  wa  now  try  to  find  now  Inputa  and/or 

now  oparatora  chat  can  ba  coabinad  with  porciona  (2)  and  (3)  abova  to 
yiald  a diagram  aquivalant  to  that  of  (1).  With  thla  proeadura  In  mind, 
tha  following  chraa  cypaa  of  arrangaaanta  atrongly  auggaat  thansalvaa 
for  Invaatigation  (uoing  tha  aora  nanagaabla  f * notation);  rafar  to 
Pigura  4 for  tha  aj^ola  uaad. 
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noon  4. 

PHASE  1 AHD  PRASE  II  * C8P(N) 

y 


Y - 0, 

(•)  f J * <£j  * (f^  * + Bj)  + *4  * ®1>  " ®» 

<b)  ^3  $2>/(l  + fp  ^3  ?! 

<c)  At^(«)  - l/2^(i). 

Y ■ $31  l*avlng  out  (B). 

<•)  fj  * («2  * (83  + £4  * a^)  + B3)  - 

<W  ?4  - 4,  - fj  (?/j  + ?3)/'V3^1 

(c)  Sama  as  (1). 

Y « unknown  input , laavlng  out  (D) . 

(a)  £3  * (fj  * 83  + Y)  - 

<b)  ?- 

(c)  Y(k)  - ^<a)  da. 


Th*  rMulta  gl««n«(l  fron  th«  foragoiaf  lavMtlgatloot*  concornlng  tha 
foiaa  that  and  y taka^  could  than  ba  uaad  la  tha  mora  coaplaa  plana 
to  aolva  for  tha  final  unknown  output. 

Thua  for  a aaapllng  plan  with  ona  clearanca  stage,  (r  - 1)  llmltad 
aaapllng  stagas,  ona  unllmitad  sampling  stags,  and  (r)  checking  phaaaa, 
tha  procadura  anvlaagad  would  ba  (1)  anelyza  each  phase  (or  stage)  by 
Itsalf  and,  taking  account  of  Its  place  In  the  plan,  derive  a formula 
k k 

for  either  P||q  or  ^(A  - all  posalbla  entry  phases  from 

tha  phase  under  consideration) ; (2)  the  outcome  of  this  analysis  should 
result  In  an  f*  for  each  phase;  and  (3)  put  the  "operator-bos"  symbols 
together  with  the  appropriate  additions  and  aolve  for  the  unknown  output. 

In  conclusion,  use  of  operator  diagrams  further  suggests  two  addi- 
tional areas  of  Inquiry.  The  first  Is  tha  possible  mechanisation  by 
electronic  circuits  of  a given  plan  since  all  operators  involved  can 
eventually  be  represented  In  terms  of  the  fundsmsntal  second 

area  la  the  possible  development  of  a relationship  between  the  respon- 
siveness of  a plan  and  tha  stability  of  a discrete  llneer  control 
system. 
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APPSMOIX 


A.l  BwnaMlon  of  l/p(i>.  In  thn  proof  of  thnoria  3,  wt  «zpand«d 

l/p(s)  bp  tiling  thi  blooalal  lorlM  for  1/(1  •«),«>  (Bi^  - e)/i^'*'^. 
How«v«r,  two  othnr  •xpiniloni  an  also  poaalbla  but  raault  In  intagrala 
that  an  hard  to  avaluate.  Tha  raaulta  appaar  In  (1)  and  (2)  balow. 


(1)  Z 


XVALt 


J Il(a  - *^)(i  - 1)* 


for  t - It  2;  k varying  fron  1 to  1 -f  1;  and  (I  l)at  root  of  6. 


^ I fl 

(f^a  - 


KVALt 


for  t • It  2*  Both  avaluatlona  nqulra  hlghor  ordor  dorlvatlvoa  by 
Cauchy 'a  Intagral  thooraa.  Havartholoaa t a eonnoctlon  doaa  axlat  batman 
tha  abeva  aspanilona  and  tha  ona  uaad  In  thaoraa  3.3.  This  eonnaetion 
la  provided  by  Mawton'a  foraula  for  tha  darlvativaa  of  tha  product  of 
two  functions: 


(u(a)v(i)) 


S (j)  <»>  v^^^(s). 

j«0  ' 


A. 2 Tha  LaCranga  KKpanslon.  [7>10t  p>  6]  Xn  this  aaetiont  m glva 
an  altarnativa  to  tha  uppar  bound  for  CT(s)  la  ehaptar  3 by  using  tha 
LaOraaga  Bxpanalon  Thaoraa.  First  of  allt  It  clearly  follows  that 


(A)  Z T(a)  i S T(s), 


By  ngrouplng  tha  factors  on  tha  R.H.S.  of  (A)  and  using  tha  alaaantary 
fact  that 
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IN  can  ravrlta  tha  R.H.S.  of  (A)  u 


In  ordar  to  uae  the  LaGrange  Expanalon  to  obtain  a closa<*  cspraaaloa 
for  (B)  I va  auat  flrat  eonaldar 


(C)  »y  (f (y)  + i(y)) , ahara 

f(y)  - y - B"”^^h(y), 


.(,) . h(,)  + r -tgi  Y<,)  («,)-*)  ^ 

k"l 


and 


<N-l+l+a) 
" ^H-I+I4a) 


Hewavari  (C)  • (B*)  whara  tha  priaa  danotaa  "no  avaluatlon  of  1.”  Wa 
now  ravrlta  (C)  aa  Dy(g(y))  Oy(f  (y)) : from  LaGranga'a  Thaoraa, 


D (,(y»  . D r(£^y?i”~yL1 

"yVtvy;;  N - 1 + a + ij 


^ara  r(y)  la  tha  unlqua  aolutlon  to 

(D)  ,(y)  . y § 

(ar(y))^ 

provldad  that,  by  Roucha'a  Thaoraa, 


(D») 


e 


-fl  < |ui(y)  - y| 


My)&y 

for  any  u on  aoaa  contour  |a-y|-b,b>0.  Onca  morn  applying  the 
lipanalon  Thaorem,  thla  time  to  (D) , ve  gat 


(E)  r(y)  - y - 


> = (")  i^y 

k-o 

y - / rVor  0/y  < 

(By)‘  \(1  - <e/y)V 


1. 
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from  (E) , wa  conaaquantly  have 


(F)  Dy  (t(y)) 


1 + 


91  r 1 

(6y)^  [(1  - (e/y))^ 


9 

y^(l  - (6/y)) 


Thus  we  have. 


(C)  Dyg(y)  + Dyf(y)  - 1 - (ay)**“^*^*  + r(y)""^'*’'  Dy(r(y)). 
Evaluating  (O')  at  1,  wa  finally  have  Iron  (A) 


where  r(l)  end  r'(l)  are  given  by  (E)  end  (F) , reapectlvely. 

To  conclude  thle  eectlon,  we  notice  the  trivial  fact  that  r(l>  < 1 
from  (E) . Thue  we  have  another  proof  that  Part  II,  In  Theorem  3.?, 
convergee  to  zero  provided  condition  (D')  holde  for  the  caae  y ■ 3 • 

However,  letting  ui  > 1 -f  ce^^,  the  validity  of  (O')  followa  from 

(1  - c)6  > <e/9)^ 
from  aufflclantly  email  e < 6. 
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ABSTRACT.  Appllcatlona  of  discrete  event,  digital  slnulatlon  techniques 
to  production  line  modeling  are  herein  dlaeueaed.  Six  network  models  are 
diagrammed  for  CERTS  IIIQ,  a language  specially  designed  to  resolve  sto* 
chastlc  networks  such  as  thoae  exhibited  In  production  line  problcoia.  The 
applications  are  then  generalised  to  a wider  claaa  of  stochastic  networks 
characterised  by  nonnegative,  unidirectional  branches  In  which  renewal 
processes  (cycles)  stay  occOr.  CERTS  lllQ  symbolic  diagrams  accompany  each 
application,  followed  by  an  explanation  of  the  network  and  its  functional 
utility.  Where  necessary,  analytical  expressiona  for  certain  statistical 
results  are  derived  from  conditional  probability  theory  and  preaanted  for 
verification  purposes. 

INTRODUCTION,  During  recent  systematic  aualyals  of  a high  speed,  auto* 
mated  production  facility,  several  modeling  techniques  were  developed  to 
realistically  portray  common  manufacturing  operations  (1).  Each  tech- 
nique was  designed  to  simplify  the  task  of  slsulating  a production  line, 
component  failure,  buffer  storage,  and  component  transfer  activities 
within  a continuous  type  production/inventory  envlronsient , Although  it 
was  not  readily  apparent,  these  methods  can  be  extended  to  resolve  anal- 
ogous problems  in  network  applications  far  rsmoveti  from  the  production 
line.  The  purpose  of  this  paper  Is  to  describe  basic  procedures  which  can 
provide  Insfght  Into  a class  of  networks  containing  repetitive  or  renewal 
(cyclic)  production  operations,  positive  flow  capacities,  and  unldlrec* 
tlonallty  of  flow  along  each  arc. 

All  of  the  procedures  to  be  described  are  modeled  ualng  GERTS  IIIQ, 
a discrete  event,  digital  simulation  language.  GERTS  IIIQ,  an  acronym 
meaning  Graphical  Evaluation  and  Review  Technique  Queueing  Simulation 
language.  Is  particularly  well  suited  to  resolve  the  discrete  scheduling 
activities  that  typically  arise  In  production  and  Inventory  systems.  Sto- 
chastic process  rvents,  such  as  the  occurrence  of  a tool  failure,  for 
example,  can  be  conveniently  controlled  by  adjusting  hhe  parameter  settlnga 


- 297  - 


oo  OtlfS  d«ci«l<m  nod*!.  Aetivltjr  tim»  tot  vatlOdt  Mtnorlt 
mj  b*  Ml«ee«d  ttom  aax  oi  aiaa  diffaMat  iwobability  dlatribatlona 
and  approprlacaly  aealad  to  Mac  alaulatloo  raqulraaaata.  <SHS  la 
alao  aultabla  for  ■odallnt  produetloa  ayataaa  which  laeluda  huffar 
atoraga.  Buffara  (qaauaa)  arc  eoamly  laatallad  baCwaao  auecaadlag 
ptoduetlva  pcoeaaaaa  to  aaooth  eoapoaaat  traaafar  Irragularltlao 
arlalag  froa  awehlaa  falluca.  Statlatlca  can  thaa  ba  coaputad  oa 
average,  alnlaba,  aazlaua,  and  atan«fard  davlatlon  of  auch  buffer 
eharaetarlatlea  aa  utlllaatloo  laval,  buey  tlaa,  and  auabar  of  eoapon> 
anta  balked  froa  full  buffara*  Thla  feature  allowa  relatively  ooa- 
plas  queueing  problaaa  to  ba  evaluated  and  taatad  for  paraaatar  aan- 
altlvlty  within  a raaaonabl%  period  of  tlaa* 

A brief  daaerlptlon  of  OgKIS  IZXQ  la  contained  in  the  appendix. 

For  aora  detailed  l^oraatlon,  the  lateraatad  reader  la  dlraetad  to  the 
rafaraaeaa  on  CERTS  and  ita  aataeadaat*  GASP  (2*6). 

METHOBK  MODELS.  Sla  baale  network  eonflguratlona  are  deaerlbad  In 
operational  detail. 

Network  1.  • Individual  Manufanturina  Procaaa 

Aa  Individual  naaufaeturlag  proeaaa  la  node lad  In  figure  1.  by 
aaana  of  a daelalon  node  and  two  dataradalatle  aodaa  on  which  atatlatiea 
of  production  and  failure  avaata  are  Mlntalnad.  A alagla  atartlng 
event  ananating  froa  aourca  node  2 laltiataa  the  naaufaeturlag  proeaaa 
and  fron  that  tine,  the  aourca  aaarta  no  further  Influanea  oa  alaulat- 
lon  atatlatiea.  Several  thaoratleal  raaulta  nay  ba  varlflad  oa  natwork 
1.  Flrat  of  all,  availability  la  a quantity  related  to  oparatlva  and 
repair  tinea  chat  eharaeterlsa  a given  ^ocaaa.  Lat 

MCBP  • Mean  tlaa  batwaaa  falluraa 

MRR  ■ Naan  tlaa  to  repair  . 

Oaing  theaa  daflnitiona, 

Availability  - WBF 

KTBr  •»-  Mm 

Produetive  and  failure  cycle  tinea  are  aynbolleally  ropraaantad  by  T and 
MITR  while  probabilitlas  of  production  and  failure  are  P and  1-P,  each 
reapactively.  Fron  these  valuea,  the  expected  operative  and  repair  tinea 
are  FT  and  (l*P)Mm  ao  that  proeaaa  availability  can  ba  espraaaad  aa 
follcwa: 


AvalUblllty  - FT  (l-P)Mm 

One  particaltr  choice  of  P equataa  thaaa  two  availability  expraaalona  and 
forces  the  siaulatlon  nodal  to  danonatratc  daalrad  operative,  failure,  add 
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eyelio  tlw  rtUtionihlpa,  that  btlag 


I + T/MT8F 

For  cxainplflt  aitUM  HTSF  ■ 100,  Min  ■ 10,  and  T ■ 1.  Than  availability 
■ .9091,  and  tha  raqulrad  probability  aattlng  would  bo  P ■ .9901. 

All  of  the  paranwtora  naceaoary  to  teat  network  one  ualng  GERTS  IIXQ 
have  now  been  defined.  Output  atatlatlce  ahould  dlaplay  an  availability 
of  90.91X,  production  cycle  tlaM  of  unity,  repair  tine  of  10  unite,  and 
branch  realiiatlon  probabllltlaa  of  99X  and  IX,  for  production  and  repair 
eventa,  reapeetlvaly. 

A aecond  theoretical  reault  of  thla  network  arleea  fron  eonaldera* 
tlon  of  conpletlon  tine  atatlatlea.  The  expected  eonpletlon  tine,  B(T), 
and  Ita  variance,  V(T),  for  a alngle  unit  of  production  are  derived  fron 
condition  probability  argunente,  aa  llluatrated  by  Prltakar  and  Uhltahouae 
<7). 

e 

■(T)  - Ti  + (1-P)T2/P 

V(T)  - Ti  + TjCTj-l)  (1-P)/P  + (T2<1-P)/P)^. 

Since  figure  1 ealla  for  eonpletlon  of  100  unite  of  production,  obeervad 
valuee  for  B(T)  and  V(T)  will  be  100  tinea  greater  than  predicted  here. 
Statlatleal  convergence  of  alnulatlon  data  to  theae  theoretical  predletlona 
le  eaally  deoKmatratad  with  GB&TS  IXIQ  by  plotting  both  quantltlae  agalnat 
the  total  nunber  of  unite  produced. 

Network  2.  - Serially  CoupUd  Proceaeee 

Figure  2 llluatratee  aerially  coupled  proceeaea  configured  eucb  that 
the  aecond  ataga  (node  5)  doea  not  function  until  it  racalvaa  output  fron 
the  flrat  atage  (node  3).  In  addition,  each  Iten  nanufaetured  by  the  flrat 
atage  nuat  be  accepted  downline  before  further  production  on  the  flrat 
atage  can  reauan.  Both  criteria  are  aatlafled  by  denandlng  receipt  of  two 
coB^leted  actlvltlea  at  node  4i  one  arriving  fron  node  3 and  a aecind 
fron  node  5.  Theae  branchea  algnal  the  operability  atatua  of  both  atagea 
and  aerve  to  regulate  further  production.  Due  to  the  Interactive  nature 
of  thla  network,  Ita  output  cycle  tine,  l.e.,  the  tine  between  flnlahed 
Itena  obaerved  at  node  6,  la  conatralned  by  that  atage  containing  the 
longeat  cycle  tine.  Thua, 

Network  Cycle  Tine  “ Max(Tx'l’Nr2,  Tj4-Kl4) 
where  N “ nuaiber  of  failure  loopa  occurring  between  nodee  3 and  8, 

M ■ nunber  of  failure  loopa  occurring  between  nodea  5 and  9. 
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TIm  probability  that  axaetly  R and  M faili»a  loop#  will  pra«aa4  a pro- 
duction avant  ia  Juat 

PlPia-Pl)"<l-P2)**. 

Expactad  natwork  eye la  ti«M,  B(T),  can  ba  <Atainad  by  auaadnt  the  product 
of  network  cycle  tlan  with  the  failure  loop  probability  for  all  valuaa  of 
N and  M batwaan  aero  and  Infinity. 

E<t)  - P1P2  2 I (l-Pl)"<l-P2)*Wx(Ti+W2,TjfMP4). 

Einea  figure  2 ealla  for  coaplation  of  100  produetion  unite,  the  obaanrad 
value  of  B(T)  will  ba  100  tiawa  graatar  than  pradietad  hare. 

Network  3.  - Buffered  NarUl  Procaeaaa 

Figure  3 danonatrataa  two  proeeaaaa  eonnactad  in  aarlaa  but  pbyaioally 
aeparated  by  a buffer  activity,  queue  noda  S«  The  buffer  abaorba  produe* 
tive  output  frou  noda  4 and  direeta  it  to  the  aeeond  proeeaa  vid  node  8, 
given  that  the  aeeond  proeeaa  ia  currently  operable  a^  awaiting  auch 
input.  Violation  of  aithar  condition  eauaea  the  buffer  to  augnant  ita 
inventory  level  until  the  aeeond  proeeaa  reanaaa  operability  atatua. 
Augnantation  eaaaea,  however,  whan  the  inventory  level  attenpta  to  axeaed 
buffer  capacity  ainea  the  (3RT8  prograa  autoaatically  balka  fur- 
ther input  away  fron  a full  buffer.  The  balking  unit  than  triggara  network 
Podification  three  whereby  produetion  on  the  firat  preeaaa  taralnatea 
pending  return  of  the  aeeond  proeeaa  to  operability  atatua.  In  eaaanea, 
■odifieatlon  feature  three  aevera  the  feddback  loop  fron  noda  4 through 
12  to  3.  Sinee  no  feedback  pulae  can  propogata  between  nodea  3 and  13, 
further  produetion  on  the  firat  proeeaa  innadiataly  halta  until  the  aeeond 
proeeaa  raaunea  ita  operative  atatua  and  aignala  that  fact  by  aanding  an 
inpulae  between  nodea  10  and  8.  At  thia  point,  a aaoand  inpulaa  paaaaa 
fron  node  8 to  16,  17,  and  finally  to  node  3 ao  that  the  firat  proeaaa  nay 
reauan  production.  8nall  tine  phaaing  factora  of  nagnitude  .0001  have  boon 
inaerted  between  certain  critical  nodea  to  guarantee  proper  functioning  of 
thia  network. 


Individual  proeeea  availabilitiea  are  detemined  by  proper  aeleetion 
of  the  varioua  and  P^,  and  explained  for  network  one.  Network  avail- 
ability in  thia  type  of  aerial  configuration  diaplaya  a atrong  dependence 
upon  the  buffer  ebaraeteriatiea  of  aiaxinun  capacity  and  initial  inventory 
level.  For  a aero  capacity  buffer, 

-ft- 


Network  AvaiUbility 


H 


Availability^^ 


Thia  condition  reflacta  the  interdependency  attributable  to  lack  of  ator- 
age  capacity  between  proeeaaea.  Eaaentially,  the  entire  network  ia  opera- 
tive only  during  thoae  perioda  when  both  proeeaaea  are  ainultaneoualy 
operative.  In  eontraat,  apeelfieation  of  an  infinita  buffer  capacity 
facllitatea  aupcinuu  independance  between  proeeaaea  ao  that 


Network  Availability  - Min  (Availabilityi) 

i 
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Ibtwork  availability  aaiar  tba  iaftoita  buffar  aituaeiee  ia  affaetivaly 
throttlad  by  that  yreeaaa  eoataiBlag  tha  lovaat  availability. 


£1 

( 


Far  valuaa  of  bu2far  aayaaity  batvaaa  aaro  and  infinity,  natverk 
availability  variaa  noBotonleally  within  tha  linlta  Juat  dlaeuaaad.  Tha 
aaaet  fora  of  thla  dapandanea  la  atrongly  Influanead  by  tha  totality 
of  ayataa  paraaatara  and  eyela  tlaa  dlatrlbutlona  aaployad  and  It  cannot 
In  ganaral  ba  eonvanlantly  pradietad.  However,  atatlatlcal  data  relating 
to  tha  dapandaaaa  ara  aaaily  ganaratad  frea  tha  CDTS  nodal  by  graphing 
obiarvad  natnerk  availability  aa  a funetien  of  aaainua  buffar  capacity. 

It  ahaold  ba  aaphaaiaad  that  ebaawad  availabilitiaa  aay  diffar  froa 
thaoratieal  valuaa  aaaignad  to  tha  nodal.  Honta  Carle  aolutieno  ganarally 
ecnauna  aopioua  quantltiaa  of  conputar  tlaa  bafora  nuaacical  pradlctlona 
aaauaa  auffieiant  lavala  of  accuracy  to  baeoaa  uaaful.  Divarganea  batwaan 
obaarvad  and  thaoratieal  availabilitiaa  can  ba  aignifieaat  for  abort  con- 
puting  nma  or  avan  nodarata  langth  runa  utillaing  probability  paranatar 
aattinga  naar  aaro  and  unity  ainea  thaaa  aattinga  ara  particularly  aaa- 
aitiva  to  diacratiaation  arror  aaaociatad  with  tha  daelalon  procaaa.  A 
[ nora  datailad  diacuaaion  of  daciaion  noda  diacratiaation  arror  ia  pra> 

aaatad  In  rafaranca  7. 

Hatwork  4.  - fltll  tlH  PfWlritMf 

I 

Figura  4 utiliaaa  tha  GtHTS  natwork  nodlfication  faatura  to  aaquan* 
tlally  dlatributa  iaconing  production  batwaan  nodaa  4 and  5 on  a flrat- 
in*firat*out  (FIFO)  policy.  Saquantial  dlatrlbutlon  aalata  aa  long  aa 
tha  intararrlval  tina,  T«,  at  noda  4 aacaada  tha  aun  of  tha  dlatrlbutor 
eyela  tinea,  l2fK3.  Violation  of  thia  raqulranant  raaulta  In  a production 
flew  blaa  favoring  tha  loop  containing  tha  longaat  eyela  tlna.  Network 
4 dlatrlbutlon  eharaetarlatica  ara  aanaitiva  to  input  rata,  a condition 
whoaa  aignifleanea  variaa  according  to  tha  context  In  which  tha  dlatrlbutor 
nuat  fuetion.  Obaarva,  howavar,  that  tha  dlatrlbutor  can  aeeonnodata 
additional  nodaa  by  axtanding  tha  principle  of  network  nodlfication  aa 
often  aa  la  naeaaaary.  Figura  5 llluatrataa  aueh  an  axtanalon  to  a three 
node  dlatrlbutor. 

Natwork  S.  - BilUAtht?!  iMfft  UU 

For  thoaa  altuatlona  danandlng  otrict  FIFO  dlatrlbutlon,  tha  dla- 
trlbutor  ahould  ba  reconfigured  aa  In  figura  6.  Tha  baalc  dlffaranea 
batwaan  nctworka  4 and  S raaldaa  In  tha  additional  feedback  branehaa  con- 
naetlng  nodca  6 to  3 and  7 to  3.  Thalr  praaanca  llaita  the  natowrk  Input 
rata  to  valuaa  which  guarantaa  aaquantlal  propartlaa  In  tha  dlatrlbutlon 
i by  affaetivaly  providing  a lowus  bound  on  network  eyela  tlna: 

I Cycle  Tlan  Unit  ■ Max  (T|,  T2,  T^) 

Network  6.  - Multlnlaxar  Cnlt 


Figure  7 llluatrataa  a nultlplaxar  network  daalgnad  to  aeeapt  and 
frandfar  Input  froa  aavaral  ehannala  to  a alngla  output  channel.  Baalc 


eh«rMt«ritCie9  of  thio  auliplMtlag  operation  iaeloda  a phyaletl  aapara* 
tlon  of  Input  froB  output,  parlodle  Input  ehannal  aaapl’ng  to  datamiina 
whathar  unit*  aro  actually  awaiting  tranafar,  and  rata  control  on  input 
cycla  tiM.  Aa  units  enter  the  various  input  channels,  they  first  engage 
network  ■edification  activitlas  and  than  enqueue  in  storage  areas  for 
further  procaaslng.  Civen  a clear  output  channel,  transfer  is  conveniently 
acconplished  during  the  next  saapling  Interval  by  asans  of  a detection 
signal  that  circulates  In  the  output  section  and  initiates  appropriate 
switching  aechanlsas.  Slaailtaneous  transference  of  more  than  one  unit  is 
precluded  by  network  logic  since  only  one  set  of  switching  relays  activates 
at  any  given  instant.  All  ocher  units  excepting  that  actually  undergoing 
transfer  ere  held  in  abeyance  in  the  input  section.  Input  unit  saapling 
is  periodically  perfomed  every  T3  tins  intervals.  The  output  channel 
cycling  tiaa,  14,  is  eoapoaad  of  coaponanc  transfer  plus  switching  tines 
luaped  together  as  a single  quantity. 

Input  rate  control  is  a logical  function  that  has  been  iapleashted 
as  follows.  Once  a unit  enters  a particular  channel  for  processing,  the 
entrance  to  that  channel  closee  until  the  unit  auccssafully  transfers. 
Ccapletlon  of  unit  transference  initiates  an  unblocking  operation  that 
opens  the  input  channel.  Thia  on*off  logic  can  also  be  extended  further 
back  through  the  input  channel  to  control  the  rate  of  unit  production  be- 
fore such  production  enters  the  aultiplexer. 

aPWlAhY.  Six  network  designs  were  docuasoted  to  foster  greater  interest 
in  the  use  of  GBITS  IIIQ,  illustrate  probleas  arising  in  verification  of 
nodal  behavior,  end  avoid  duplication  of  developasntal  effort  in  discrets 
event  production  line  amdeling.  The  operation  of  each  network  was  dis- 
cussed with  theoretical  predictions  being  presented  for  coaparison  against 
observad  statistical  results.  Although  the  techniques  were  priaarily 
conceived  to  aodel  production  line  activities,  their  applicability  can 
easily  be  generalised  to  any  network  flow  situation  involving  renewal 
operations,  positive  flow  capacitiss,  and  unidirectionality  of  flow  along 
each  arc. 
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OniTt  ZXIQ  Mtworki  eentlit  of  oetftts  aad  4ir«et«4  braaalMt  la  whleh 
tach  aoda  rapraniits  eoaplatlon  of  aa  avant*  TIm  baste  GtETt  prograa 
parferat  a slaulatloa  of  tho  notaork  by  advaaelat  ttas  froa  avoat  to 
ovaat>  Tho  start  aodas  ars  rsaliasd  at  tiaa  saro  and  all  aetlvltlas  ara 
sohadulad  froa  thaa.  Ivants  ars  saquantlally  raalisad  tharaaftar  uatil 
a apaelflad  nuabar  of  sink  nodas  is  raalitadf  this  nuabar  raprasaating  tha 
eoaplatloa  of  a aiaulation  run.  Tha  proeadura  rapaata  Itsalf  until  all 
tka  dasirad  runs  ara  parforaad*  at  which  tiaa»  tha  outpoc  statistics  ara 
priatcd. 

A node  is  datcrainistie  if  tha  output  branehas  (activities)  arc  all 
siaailtancously  scheduled,  i.a.,  the  probability  is  unity  that  all  branches 
caanatiag  froa  tha  aoda  arc  taken.  A nods  is  probabilistic  if  only  one 
caanating  branch  Is  taken,  where  the  selection  probability  is  proportional 
to  a pradatarained  paraaatar  setting.  Per  event  and  oink  nodes,  table 
A.1  danenatrates  that  tha  A paraastcr  specif iac  the  nunbar  of  tlaes  ac> 
tivitias  incident  to  a node  auat  be  eenplatad  before  tha  node  ia  raalisad. 
Tha  • paraaatar  specif iaa  the  nuabar  of  tines  tha  activities  incident  to 
tha  node  nust  be  conplcted  after  tha  node  is  raalisad  tha  first  tlM  to 
raaliaa  the  node  again  and  to  rcsebedulo  aetlvitias.  Tha  M paraaatar  is 
a nuabar  assigned  to  each  node;  all  nodas  oust  ba  assignad  nunbar  and  all 
nuabers  auat  ba  unique.  The  C paraaatar  of  a queue  node  spaeifiaa  tha 
intial  nuabar  of  Itana  in  the  queues  tha  D peranater  tha  naainun  nuabar  of 
iteas  allowed  in  tha  queue.  Coding  fomat  identifies  dateministie  nodas 
by  seaieirelas  on  tha  output  side  and  probabilistic  nodas  by  triangles. 

Branehas  of  GEMS  ZZIQ  networks  reprasant  aetlvitias  and/or  infomation 
transfer*  Associated  with  eaeh  branch  ara  tha  following  eharaetaristles. 

(1)  The  probability  that  the  eetivity  will  ba  initiated,  given  that 
tha  node  froa  which  it  eaanates  ia  raaliaads 

(2)  The  tins  to  parfom  tha  activity  once  it  ia  started.  The  tins 
function  can  ba  distributed  according  to  one  of  tha  available 
typeet  Constant,  Moraal,  Onifora,  Erlang,  Lognomal,  Poisson, 

•ate,  Ganna,  and  Beta  fitted  to  throe  paraaatars  as  in  PEkT; 

(3)  A eountar  that  raeorda  the  nuabar  of  tiaas  a group  of  activities 
is  asarclaad  bafora  a noda  is  raalisad; 

(4)  An  activity  nubber  which  paraits  network  aodiflcations. 

Tha  activity  caanating  froa  a queue  noda  roprasonts  a sartlea  activity. 

With  tha  praaant  varalon  of  tha  prograa,  only  one  earvlca  activity  can  ba 
asaoeiatad  with  a queue  noda. 

Counters  can  ba  assignad  to  a branch  or  a group  of  branches*  Tha 
nuabar  of  counts  recorded  ia  always  rafarancad  to  a particular  node. 

network  nodlfieations  ara  possible  by  assigning  an  activity  nuabar 
to  e branch,  and  whan  tha  branch  is  activated,  replaeaaant  of  a node  by 
another  node  occurs.  Tha  input  to  tha  raplacanant  noda  is  tha  saan. 

Only  the  output  branches  ara  changed  by  whatever  branchaa  ananata  froa 
tha  raplacad  noda. 
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TABLE  A-1 

GERTS  IIIQ  NOTE  CAPABILITIES 
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COMneOKATtOM  HAMMaMirr  POR  UUABXim/HAlllTBIIAIICI  ICRmO 


John  Parghtr 

Preduetiofi  Pluuint  and  Coatrel 
OrdMoe*  Dapartaant 
naval  Aaaualtlon  Dapot 
Rawtherna,  Ravada  89415 


Thia  papar  praaanta  tha  aatheda  aaployad  by  tha  Saall  Callbar 
AMUBltiea  NodaraitatlOB  Profraa  (SCAMP)  to  autotiata  tha  raportlag  of 
■atntonaaaa  aettooa  oo  Modulo  A1  ^f  tboir  oaw  fanaratloa  produetloa  aqulp- 
■aat  (HOPS)  for  aaoufaeturiBS  5.56Hi  aMuaitioa.  Tha  raportlag  preeadura 
utlllaaa  tha  preeaaa  eoatrellar  (■laleeoputar)  to  atera  fallura  tUMO  and 
oauaao  of  fallura.  Itaa  eeatrol  la  obtalaad  by  uaa  of  aarlal  auabora  oo 
aaaaobllaa.  Sub*aaaaabllaa  ara  aet  aarlal  auabarad  but  ara  laeludad  la 
tha  fallura  eauaa  coda  to  tha  eontrollor. 

Chaeka  oo  eaw  itaM»  rallablllty  dagradatleot  aad  on  out*of>control 
upatraaa  oparatloaa  aaa  ba  obtalaad  baeauaa  of  tha  eoaflguratlon  of  tooling 
<24  aaparata,  Idantiflad  lloaa).  Statlatlcal  taata  balag  iaplaoaatad  to 
tait  for  rallablllty  Ineluda  tha  uaa  of  Boo*paraMtrle  acatlatlea  bafora 
aufflelaot  hlaterleal  data  haa  baan  gatharad  to  gaaarata  a probability 
daaalty  funetloo.  Aftar  probability  danalty  fuaetloo  can  ba  aaauMd, 
eootlnuoua  eoatrol  eharta  ara  illuatratad  by  uaa  of  coaiputar  graphlea  for 
a oanagaaMnt  Inforoatlon  ayatao. 


Aoy  produetloa  plaot,  freai  a job  ahop  through  a dadleatad  facility 
raqulraa  a eartaln  aaquanea  of  oparatlona.  Thaaa  can  ba  daaerlbad  In  a 

bread  aaaaa  aat 

1.  Quality  laapaetlOB  of  rau  aatarlala  and  aatar.lala  uaad 
Inproeaaa  (parta,  capital  agulpawnt,  ella,  graaaaa, 
utllltlaa,  ate.). 

2.  Proeaaalng  tha  raw  taatarlala  Into  a flnlahad  product. 

3.  In-proeaaa  Inapactloo  for  quality  and  procoaa  control. 

4.  Plaal  verification  laapaetlea  of  quality  prior  to  ahlpaaat 
or  atewaga. 

Quality  Inapactloo  of  raw  •atarlalr  la  vital  to  allalnata  quality  and 
production  (reliability  of  production  aqulpaant)  problana.  Final  verification 
Inapaetlon  la  required  to  aaaura  that  all  proeaaaaa  ara  In  control.  In- 
procaaa  inapactloo  la  utlllaod  to  aagragate  "out-of-tolaranca”  Itana  fron 
aubaaquant  oparatlona.  In-procaaa  Inapaetlona,  if  properly  placed  and 
planned,  can  ba  aaaantlal  In  reducing  downatraaa  downtlaw  and  dlacoverlng 
upatreaa  quality  and  rallablllty  problaaa  ao  that  eorraetlva  ■aintananea 
can  ba  Inatitutad.  Control  can  bo  aalntaload  by  aanual  or  cutoaMtad 
aMthoda,  but  thla  papar  will  deal  In  only  autoMted,  In-procaaa  reporting 
of  Inapactloo  and  rallablllty  daflelanelaa.  Figure  I llluatrataa  tha  procaaa 
and  lofonaatlon  flow. 
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OptiMl  eonerol  of  ciijr  procMS  e«D  b«  attalMd  bp  apBitoriiit  th« 
precMS  paraaaetra.  Cen41tleiu  eraatiiv  "euc*ef*tel«rane«"  eoodltiona 
can  ba  dataetad  bafera  ''out-ef*telaraaea''  icaaa  art  preduead.  But, 
baeauaa  of  tha  difficulty  of  Macurlat  tbaaa  paraaatara  (aad  avan  datamlalag 
uhat  paraaatara  to  Maaura)  aad  rallabllltp  problaM  within  tha  a^ulpaaat 
■aaaurlni  thaaa  paraaatara,  In-procaaa  laapaetieaa  ara  utlllaad  aa  "tha" 
control  paraaatari  or  aa  a back-*up  apataa  for  verification  and  control. 

Digital  procaaa  control  coaputara  ara  naarglng  aa  an  lapertant  part 
of  procaaa  and  duality  control.  Tha  procaaa  control  eaaputar  la  a raliabla 
and  accurate  tool  for  aolving  coaplan  aanufacturing  problana  aa  wall  aa 
ainipla  logical  control  of  Bachinaa.  An  lavortaat  now  davalnpawnt  la  that 
of  tha  aiiniccaputar,  with  thair  low  coat  and  anaa  of  progranBing  chnngaa. 
Inapaccicn  paraoatara  can  ba  raadily  changad  and  input  pnraaotara  addad  or 
changad  with  only  ninor  prograaning. 

Inapaetien  reporting  can  ba  aeecaipliahad  through  digital  aignalc  auch 
aa  go*no  go,  viaual  dafacta  antorrad  on  a kayboard,  and  photodioda  circulto 
and  analog  aignala  auch  aa  contracting  autoMtic  gngipig  and  non-contacting 
air,  light  or  laaar  gaging  (Baa  ri|ttra  ^). 


Tranadueara 


Figure  2.  in-Frocaaa  Inapaetien  kaportlng 


kayboard  A 
^StiSI 


! 


I 

a 
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Baliability,  tha  probability  that  an  itan  will  parfona  properly  for 
a certain  apaclfiad  tiaa,  ia  an  aapacially  inportant  paraaatar  in  the 
operation  of  a ayatcm.  Naintanaoca  dowatina  ia  tha  other  aaaantlal 
paraaatar  dataraining  production  ayataa  availability.  Inventory  eentrel 
of  apara  parte,  production  planning  aad  aehaduling,  aaintanance  action 
aeha^ling  (both  pravantiva  and  cerractiva)  and  aaintannnea  aanpewar 
raquiraaanta  ara  all  tuactiona  of  reliability,  availability  and  aaintainability 
(MM).  Tha  purpcca  of  thia  paper  ta  to  tie  tha  reporting  of  naintananca 
actiona  with  (1)  ccaputariaad  data  procaaaing  and  (2)  proven  atatiatical 
analyaia  taehnlquaa  to 


i 
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1.  Record  tool  and  cquipnent  life  data, 

2.  Generate  procesa  control  notices  vhen  out- 
of-control  condition  is  noted, 

3.  Relate  failures  to  possible  causes, 

4.  Prepare  standard  maintenance  reports  and 

5.  Prepare  special  reports  upon  request. 


Figure  3.  Flow  of  Equipment  Failure  Data 

An  exao^le  of  a reporting  system  being  implesMnted  is  Module  A1 
of  their  n«*v  generation  production  equipment  (NGFE)  by  the  Small  Caliber 
Amsunition  Modernization  Management  Office  (SCAMMO)  at  Frankford  Arsenal. 
Module  A1  manufactures  5.56mm  ammunition.  The  reporting  procedure 
utilizes  a process  controller  (minicomputer  network)  to  store  failure 
times  and  causes  of  failures.  The  process  controller,  called  a Process 
Quality  Control  System  (FQCS),  is  responsible  for  monitoring  quality  and 
production  rates.  From  these,  the  PCQS  controls  production  rz^as  and 
issues  ninagement  reports  on  the  operation  of  Module  Al.  The  inputs  to 
the  PQCr  are  (1)  Inspection  data  (quality  assurance),  (2)  Tools  lost 
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• IMtPfCT  AND  CONTROL  INFORMATION 
y'  FRoouceo  in  plant 


fr«B  troiuceiMi  (fqcf  provl4«t  cIm  cloak),  asd  (3)  Coded  lofotBOtioo 
(roa  Cko  OfO>‘*t^Bf  •olotoooaeo  oaraooMl  for  oduipaoBt  idontifiooeloo 
oad  foiluro  eouso.  Tho  coded  lofocactloo  lo  ontorrod  through  tolotygo* 
wrltaro.  riguro  d lllootrotoo  tho  ofotoa  eoeflgurotloo  with  iogoto  to 

iqct. 

ConfiaurotloB  iUnoaauoiit . In  order  to  IdontLfjr  tooling  m to 
cuhaodul*  and  turret,  the  fellouing  eenrentien  will  be  utllieed  for 
providing  each  tool  aodwle  with  e aerial  nuahor  (8  dl|lt  nuaber). 


Type  of  tfttipaent 


Noehine 


Conaootttlvolp 


0 184 


rigure  S.  SorUl  Maker  for  Tooli^. 


Thie  8/N  will  allow  data  to  bo  generated  for  each  tool  ood  bp  tooling 
tppe  (bp  turret). 

Addltlonellp,  whonavor  e tool  le  brought  Into  eenriee  (l.o.,  a aerial 
nukber  le  oealgn^  it)  a file  le  reearved  in  tiie  IQ08  fdr  date  ea  a 
check  for  ectuellp  having  that  tool  in  conrice.  Vhonever  deu  le  fed  into 
the  IQC8  about  tooling,  a eoareh  le  perforacd  to  aoke  euro  that  that  file 
le  In  oslatoace,  i.e.,  the  tool  8/K  aniata.  A*  tooling  le  reploead  on  the 
aoehinorp,  a date  input  id  prepared  ahowing  the  new  tooling  8/M,  the  eld 
tooling  8/11,  and  the  tlaa  aad  date  (tlao  ^ deto  will  be  eupplled  bp  FQC8 
iteelf),  end  tool  etetien  aunker  (1  to  24).  An  axe^ple  of  the  date 
input  let 

WW  TWL8/II  Old  Tool  8/W  Tool  8tation  Me. 

01  020184  01  020207  005 


Figure  8.  taport  of  e Tool  Change. 

ip  replacing  a tool  aodule  8/M,  the  FQC8  will  net  allow  tho  eld  tooling 
to  return  to  the  production  epetea  until  the  tool  reca  porteme  repeiro.  A 
reaerke  card  relating  aaintenonee  action  would  be 


AfiUn 


01  020207 


Figure  7.  Tool  toon  gepert. 

The  "actioa”  eoluan  would  eignifp  tool  aoAilo  diopeaitien,  0 for  return 
to  gudud  dad  1 for  retireaont  of  that  tool  aodule.  Aa  the  tppw  of  ropairo 
reguired  ere  doeuaented,  eeparate  eodeo  will  be  generated  for  the  "kepaire 
leguirod"  celuan. 
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■ Of  Wiy  fnfVUnr* t Itelat— mw 

MtlM*  MM  k«  kniMa  4««v  bf  tMl  mAiU,  turret  aad  11m,  «ai 

tMllai  Cff*  (alio  M<tila  ukaa  tallav-oM  ara  (MUllad).  If  aoMKarlag 
ealjr  tool  awAilM,  '^atf"  eaal  v^iblca  aaa  W Uaatlfiatf  m "out-af'eaetrel** 
•mi  Mt  aliowai  to  ra*oaear  rha  oroMatloa  ajpo^M.  Tool  ataeioto  aai 
opatroM  ofO’CA^lM*  mo  ba  ehaakW  tot  aut-of-tolaraaeo  M'Tonaoea  bjr 
ehaefciog  bjr  turrat  atatloo  aad  11m.  fartlaular  coollat  Malta  frabloM 
aaa  ko  aMokatf  oalat  4aca  kf  tMlUt 

Maa^iarlal  iMMrad  itapa.  Vharo  l/K  Idoaeifieaeioo  la  Mt  ratvitad 
fkaoMea  of  oiit>Ii*i*r  dMljpi)  tko  folloolat  aoavaatloa  will  W aaad 
CO  roiNMre  roHint 


ntura  8.  lopo't  of  a la^lr  to  a lloo*8orlal  Viaiborod  Xtaa 

Thla  data  lafut  will  ka  aut^llad  to  tha  IQC8  M cho  Itaa  la  raplMod 
ahowlat  aubaedula  BMatar,  turrat  iwialur  la  ckat  aubaodula,  tool  atatloa, 
Itaa  auabor,  a eodo  to  iadlaato  what  rapaiM  vara  ratulrad  aad  prokaklp 
aauaa  of  falluro.  Ukaaowar  a tool  atatloo  la  Mt  layolvad,  auah  aa  a 
akala,  a 00  eoda  will  bo  uaad.  Ukaaowar  varltieaciea  of  falluro  aoda  la 
rofulrad,  tha  ICm  ahauld  ba  caagad  (phpaleallp  bp  a rad  tap  ratuaatlag 
aaalpalt  Md  la  tha  VQC8  bp  a flag),  tha  flag  la  to  ba  raaovad  oulp  bp 
iBputlag  ao  updatad  falluro  aeda. 


IMtiittCdl  Ttatt  to  ba  Forforaad  ou  tha  p^t^.  a*  a ahaak  for 
ptMoaa  aootrol,  oMlpala  of  tha  data  will  ba  ragulrad  for  tool  aad  ItM 
llfa.  loaulta  of  tha  ataciccioal  toata  will  pravlda  a Maoa  of  warlfplat 
tha  proaaaa  eoatrol  diaak  Itaalf  wlbh  a tlM  lag.  ^ ^ 
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BAYESIAN  INFERENCES  FOR  INTERVAL 
RELIABILITY  OF  WEIBULL  COMPONENTS 
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ABSTRACT.  Bayesian  Intervals  have  been  generated  for  the  interval 
reliability  of  a cooponent  within  a systea  given  cos^wnent  failure  data. 

The  reliability  Index  considered  Is  the  average  Interval  or  mission 
reliability  of  a component  over  system  life  under  the  assun^tlon  of  ideal 
repair.  Under  this  assumption  a component  Is  replaced  or  renewed  with  a 
new  component  whenever  failure  occurs  during  systea  operation  yielding  a 
renewal  process. 

The  distribution  assumed  for  component  Interarrival  failure  times  Is 
the  two-parameter  Welbull  with  both  parameters  unknown.  Since  classical 
confidence  limits  cannot  generally  be  found  for  this  problem,  a Bayesian 
approach  Is  used  to  render  the  problem  at  least  numerically  tractable. 
Uniform  priors  were  assumed  for  the  Melhull  parcseters  to  simplify  deriva- 
tions and  computations  and  to  approximately  -^present  complete  prior 
Ignorance.  Since  this  Is  not  necessarily  true,  a mxnber  of  Montd  Carlo 
trials  were  conducted  to  study  the  exactness  of  the  Bayesian  Intervals 
from  the  classical  frequency  viewpoint.  Results  Indicate  that  the 
Bayesian  Intervals  generated  yield  close  to  exact  frequency  Intervals 
depending  on  sample  size,  Welbull  shape  parameter  and  the  true 
reliability. 

1.  INTRODUCTION.  The  general  problem  considered  Is  the  determination 
of  Inference  Information  for  the  Interval  reliability  of  a component  within 
a system  from  failure  data.  The  reliability  Index  considered  Is  the  average 
Interval  or  mission  reliability  of  a component  over  system  life  under  the 
assumption  of  Ideal  repair  [1].  Under  this  assumption  a component  Is 
replaced  or  renewed  with  a new  component  whenever  failure  of  the  component 
occurs  during  system  operation.  In  this  Instance  component  failures  and 
subsequent  replacements  form  a renewal  process.  The  distribution  assumed 
for  component  interarrival  failure  times  In  this  study  Is  the  two-parameter 
Welbull  with  both  parameters  unknown. 

The  problem  Is  basically  one  of  determining  Inferencing  Information  on 
a relatively  complicated  function  of  more  than  one  population  distribution 
parameter.  Since  classical  confidence  limits  cannot  generally  be  found  for 
this  problem,  a Bayesian  approach  is  used  to  render  the  problem  at  least 
numerically  tractable.  Numerical  techniques  were  developed  for  generating 
Bayesian  limits  for  the  average  interval  reliability  of  a Welbull  component 
over  system  life.  An  approximation  to  the  interval  reliability  valid  for 
high  reliability  components  was  also  made  in  the  numerical  work  to  improve 
computational  efficiency. 
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In  the  Bayesian  formulation,  uniform  priors  were  assumed  for  the 
Welbull  parameters  to  simplify  derivations  and  computations  and  to 
approximately  represent  complete  prior  Ignorance.  Since  this  Is  not 
necessarily  true,  a number  of  Monte  Carlo  trials  were  conducted  to 
study  the  exactness  of  the  Bayesian  Intervals  from  a classical  fre- 
quency viewpoint.  Results  Indicate  that  the  Bayesian  Intervals 
generated  yield  close  to  exact  frequency  Intervals  depending  on 
sample  size,  Wei bull  shape  parameter  and  the  true  reliability. 


2.  STATEMENT  OF  THE  The  problem  of  specific  Interest  Is 

the  determination  of  the  reliability  of  a component  within  a system  for 
a mission  time  Interval  (t,t-*-T)  whcire  t Is  the  system  age  and  t Is  the 
mission  length.  Prior  to  time  t the  component  could  have  failed  and 
been  replaced  one  or  more  times.  For  the  non-constant  failure  rate 
component,  the  Interval  reliability  Is  a transient  function  of  system 
time.  The  general  formulation  of  this  problew  Is  well  covered  In  the 
literature  with  only  the  final  results  being  simmarlzed  here  [1-5]. 

The  reliability  in  this  case  Is  given  as 

t 

R(t,x)  ■ 1-F(t+T)  + / [l-F(t-»-T-x)3h(x)dx  (1) 

0 

In  which  R(t,r)  « Interval  reliability  at  system  time  t for  a 
mission  length  t. 

r(t)  ■ Distribution  of  the  Interarrival  times  or 
first  failure  times  of  the  component  as  a 
function  of  component  age. 

h(x)dx  ■ Renewal  rate  or  density  which  describes  the 
unconditional  probability  of  failure  and 
subsequent  renewal  at  time  x. 

Another  form  of  equation  (1)  wilch  Is  more  suitable  for  numerical 
computation  is  given  by  the  relation  [6] 

t+T 

R(t,x)  » 1 - / [l-F(t+x-x)]h(x)dx.  (2) 

t 

In  equation  (2),  Integration  Is  required  only  over  the  Interval  (t,t-»-r) 
whereas  In  equation  (1)  Integration  over  the  entire  Interval  (o,t)  Is 
required  for  each  different  value  of  t.  In  addition,  a simplifying 
a.sumption  can  generally  be  made  in  equation  (2)  for  high  reliability 
components  (I.e.  t«  Mean  time  between  failure).  In  this  case  F(t)  ^ 0 
and  equation  (2)  reduces  to 

t+T 

R(t,T)  - 1 - / h(x)dx.  (3) 

t 
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Thi  rMiMMl  rate  h(x)  In  tht  abova  aquations  It  a function  of  tha 
undarlying  fallura  distribution  of  a coaiponant  givan  by  tha  following 
aquation: 

,t 

h(t)  ■ f(t)  ♦ / h(x)f(t>x)dx  (4) 

0 

In  which  f(t)  ■ dF(t)/dt. 

Solution  of  aquation  (4)  for  givan  f(t)  can  ba  accompllshad  using  numar^cal 
nathods  [6>8]  or«  fdr  tha  Walbull  distribution,  through  tha  usa  of  tha 
powar  tarlas  solution  givan  In  rafaranca  [9]* 


In  practical  applications,  tha  translant  rallablllty  In  Itsalf  la  not 
antlralv  utaful.  for  axanpla.  In  waking  ganaral  comparisons  of  eomponant 
rallabliltlas  or  In  spaclflcatlon  of  raquirqd  rallablllty  lavals  for 
componantt.  This  difficulty  It  oftan  ovareoma  by  eontldarlno  althar  tha 
worst  rallablllty  or  tha  avaraga  rallablllty  ovar  soma  spaciflad  systam 
Ufa.  In  this  particular  study,  tha  avaraga  rallablllty  Is  considarad 
and  Is  dafinad  by  tha  ralatlon 

R«(t)  - n-1  (5) 


In  which  R|^ 


n 

T 


4*«araga  interval  rallablllty 
Rallablllty  for  tha  1th  mission. 

Expected  number  of  missions  ovar  system  Ufa. 
Mission  length. 


Usinq  aquation  (2)  for  tha  reliability  of  tha  1th  mission  with  system 
time  t being  sat  equal  to  (1*1 )t.  aquation  (S)  for  avaraga  Interval 
reliability  reduces  to 

R*(t)  • 1 - n'^  / 6(x)h(x)dx  (6) 

0 

In  which  T • Tha  specified  systam  Ufa 
■ Tn 

G(x)  - Function  Cl-F(^-y(x))]  where  y(x)  Is  equal  to  x on 
tha  Initial  Interval  (o.t)  and  Is  then  periodic  with 
period  T for  x>t. 


For  tha  approximate  reliability  given  by  equation  (3)  avaraga 
reliability  becomes 

Ra(T)  ■ 1 - n”^  / h(x)dx.  (7) 

0 

Tha  failure  distribution  F(t)  assumed  In  this  work  Is  the  two-paramatar 
Walbull  given  by  the  expression 

F(t;o,e)  ■ 1 - exp  (-at®) 

f(tio,6)  ■ oBt®“^  axp(-at®)  (8) 
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In  Mhich  6 • Shape  parameter 

a ■ 1/n^  t^here  r\  Is  the  scale  parametar  or  Welbull 
characteristic  life. 

The  parameter  a Is  used  here  Instead  of  the  usual  characteristic  life 
to  facilitate  derivations  of  the  Bayesian  Intervals  to  be  presented  later. 

Finally*  It  Is  assumed  that  crinponent  failure  and  suspension  data 

has  been  generated  where  Xfj  for  1«1 nf  represents  n«  failures  and 

Xsi  for  j<"l*...»ng  represents  n.  suspension  or  censored  times.  Inference 
Inrormatlon  In  the  form  of  confidence  limits  Is  then  required  for  the 
average  system  reliability  given  by  equation  (6)  or  (7). 


3.,  BEtEmiHftTM  ff.mm  IIITEBYAL^.  in  this  study  Bayesian 
Intervals  are  derived  through  the  use  of  the  likelihood  function  and 
Bayes'  theorem.  Details  of  this  approach  are  well  known  and  can  be 
found  In  the  literature  [10]. 


[11] 


The  likelihood  function  *or  the  Welbull  distribution  Is  given  as 


L(X:a.B) 


0-1 


■ a(0)a''%xp(-ab(0)). 


In  which  X 


T.S. 


a(6) 


Sample  outcome  Xf^  for  1>1 

]■! * • • • (ngt 


>e  a e 


.nf  and 


Summation  over  total  sample  Including 
failure  and  suspension  times. 


(xfi) 


0-1 


(9) 
Xsj  for 


both 


b(B) 


A simple  assumption  for  prior  distribution  of  the  parameters  a and  0 
Is  the  uniform  where  ot  and  0 are  assumed  Independent.  This  simplifies 
numerical  computation  and  derivation  of  posteriori  Information  about  the 
parameters  and.  more  Important,  functions  of  the  parameters.  Assumlno 
uniform  priors  does  not  nKessarlly  mean  assuming  maximum  lonorance  of 
the  parameters  but,  as  will  be  shown  shortly,  the  Bayesian  Intervals 
prove  to  be  nearly  exact  In  a classical  frequency  sense.  Using  Bayes' 
theorem  [10]  the  posteriori  distribution  for  a and  0 can  now  be  written 
directly  as 
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f(o,$iX)  ■ C i(B)a  ^ expC-dbCB))  (10) 

In  Mtilch  C ■ Nonnallzlng  constant  such  that  aroa  undtr  f(a.B;X) 
Is  unity- 

The  function  f(o.B;X)  Is  defined  as  the  conditional  density  distribution 
of  the  parameters  a and  B given  the  sample  outcome  X.  The  constant  C in 
equation  (10)  can  be  determined  from  the  relation 

C " 1.0//  / a(B)a  ^ exp(-ob(B))doulB.  (11) 

0 0 


Letting 


y ■ ob(B)  In  equation  (11)  yields 
*“  -n,-i  ••  n« 

C ■ 1.0// a(B)(b(B))  ^ /y% 


1.0/Cn.l  / a(e)(b(B)) 


.n,.l 


dydB 
dB]. 


(12) 


Consideration  Is  given  next  to  determination  of  the  posteriori  distri- 
bution of  average  interval  reliability  R«(Tia*B)  which  Is  essentially  a 
function  of  the  parameters  a and  B.  rrom  probability  theory  [12]  the 
cumulative  distribution  for  R|^  can  be  determined  from  f(o,B;X;  using  the 
relation 


FRa(z)  • / / f(o,B{X)dodB  (13) 

^Ra 

In  which  Og.  ■ Domain  of  R.  and  represents  all  values  of  a and  B 
such  that  Ra(Tio,B)<2. 

Assume  next  that  for  given  B and  Rg,  equation  (6)  or  (7)  can  be  solved 
for  a.  That  1s 

o ■ Ra“^(Ra*®)* 

Letting  a»a*  whenever  Rg*z  gives  for  this  expression 

•*-Rg-^z,B).  (14) 

Numerical  solution  of  equation  (14)  for  a*  1$  considered  In  the  next 
section.  Also,  It  1s  shown  In  the  Appendix  that  for  reliability  given  by 
equation  (7) 

Ra(a*8)  i Ra(“*t6)  (15) 

whenever  a > o*. 
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Th«  domln  of  R.»  cm  noM  bo  Inforrod  diroctly  from  oquotlon  (15). 

Th#  poftoHorl  aiitrlbutlon  for  R,  givon  by  oquatlon  (13)  cm  now  bo 
writton  IS 


fRi(*)  ■ / /*  ^(o.ejx)dcde 


0 a 


(16) 


in  which  o*  ■ a*(i«B). 


Substituting  equation  (10)  into  (16)  yields  the  following  expression: 


m m 


"f 


^Ra(z)  * / /*  C a(B)a  exp  (-ab(e))doid$. 


0 a 


(17) 


after”soine1nanlpulat^^^  «<I««tion  (12)  for  the  constant  C finally  yields 


FRa(*)  ■ 1.0  - X'’  / •(B)(b(B))  >(n,+l  ,w(B))dB 

in  which  K ■ / a(e)(b(B))  ^dB 
0 


n^l 


(18) 


«(B)  ■ 


b(B) 


T.S. 
\ ' 


w(B)  ■ a*(z,B)b(B) 

P(n,x)  - Incomplete  Gamna  function 

■ 1 - (l+x+x2/2i+...+x""V(n-l)l)e‘’<  for  interer  n. 

T **•  cowtrocted  directly  from  Fr.(2).  For 
givm'Js  * Bayesian  limit  for  confidence  or  probability  levet  (!-♦)  is 


(19) 
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4.  COMPUTATION  OF  a - R/^(z.B). 


In  tht  solution  for  tht  Boyoslsn  IntorvaVi*  tho  Invorso  of  tho 
rollablllty  function  glvon  By  tqustlon  (6)  or  (7)  Is  raqulrod  In  dotor- 
iilnlng  0|u  In  aquation  (13).  For  tho  approxlmsta  Iptarval  rallablllty 
aquation  (7).  this  was  acconpllshad  numarlcally  whtrt  a particular 
property  of  h(t;a.B)»  the  renewal  rate  for  the  Welbull  process,  was 
emp.oyed  to  Improve  numerical  efficiency.  Namely.  It  Is  shown  In  the 
Appendix  that 

h(timB)dt  ■ h(t/ns0)d(t/n)  (20) 

In  which  n ■ 

The  average  Interval  reliability  therefore  has  the  property 

R(T*,n,B)  ■ 1-n“V  h(tin*B)dt 
0 

■ 1-n“V  h(t/n;6)d(t/n) 

0 

-R(T/mB).  (21) 

Given  a solution  for  equation  (21)  It  Is  clear  that  for  a different 
value  of  n.  say  « that  a value  T]  can  be  found  such  that 

R(T-.n.B)  - 1-n-l  Z’^'’^(t/nitB)d(t/Tii) 

0 

■R(Tiini.N)  (22) 

In  which  T,  • (ni/n)T. 

Computational  speed  can  consequently  be  greatly  Improved  If  the 
function  h(t;n*B)  Is  generated  separately  for  a finite  number  of  6 
values  within  a predetermined  range  of  significance  or  applicability 
and  for  some  fixed  n and  T.  That  Is.  generate  h(t/niB)  as  a function 
of  t/n  for  various  values  of  0.  Nbat  In  essence  Is  actually  generated 
upon  Integration  of  h Is  n(1-z)  as  a function  of  T/n  and  0.  Numerical 
methods  were  used  to  compute  h(t/n;0)  [6]  for  the  Welbull  distribution 
as  a function  of  0 with  the  results  being  generated  In  tabular  form. 

It  Is  a simple  matter  then  for  given  z.  0 and  T to  determine  the  cor- 
responding n bjf  table  loolcup  with  Interpolation.  Given  n one  can 
determine  a«  1/n^  and  hence  solve  equation  (14): 

o ■ R«"^(z.0). 

A similar  procedure  could  be  used  to  solve  for  the  inverse  of 
equation  (6)  where  the  approximation  F(t)  f 0 Is  not  used  although 
more  complicated  numerical  procedures  would  be  required. 
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5.  FREQUENCY  INTERPRETATION  OF  T^E  BAYESIAN  INTERVALS.  In  the 
application  of  feayeslan  fnferendng,  difficulty  aHses  In  the  Inter- 
pretation of  the  derived  intervals.  This  steins  primarily  from  dif- 
ficulties In  objectively  establishing  the  prior  distribution  to  be 
used  or  Its  Interpretation,  particularly  when  little  or  no  prior 
Information  exists.  Although  a number  of  papers  have  been  written 
dealing  with  priors  representing  complete  Ignorance  for  single 
parameter  problems  (for  example  references  [13-15]),  little  has 
been  reported  on  choosing  priors  for  multi parameter  situations 
In  which  a function  of  the  parameter  Is  of  Interest. 

A number  of  Monte  Carld  computer  trials  were  consequently  con- 
ducted to  determine  frequency  Interpretation  of  the  derived  Bayesian 
intervals.  If  any.  In  these  trials  various  sample  sizes  of  failure 
times  were  generated  from  the  Welbull  distribution  using  different 
values  of  the  true  Ra,  designated  as  R^t*  and  shape  parameter  B. 

The  approximate  R^,  equation  (7),  was  used  In  this  study.  Suspen- 
sion tliras  were  not  generated  In  these  particular  trials.  System 
life  was  fixed  at  unity  with  the  number  of  missions  over  system 
life  being  fixed  at  150.  This  number  of  missions  was  chosen  to 
yield  mission  times  t much  less  than  the  mean  time  between  fail- 
ure required  for  the  approximation  used  and  to  represent  an  actual 
system  testing  problem  of  current  interest  to  this  writer.  The 
parameter  values  used  In  tills  study  are  summarized  In  Table  I. 


TABLE  I:  PARAMETER  VALUES  USED  IN  MONTE  CARLO  STUDY  OF  BAYESIAN 
INTERVALS. 


Rat  B Mean  Time 

(True  RelTablllty)  (Shape  Parameter)  Between  Failures 


0.99 

1.0 

0.661 

3.0 

0.512 

6.0 

0.494 

0.95 

1.0 

0.113 

3.0 

0.126 

6.0 

0.125 

0.90 

1.0 

0.067 

3.0 

0.065 

6.0 

0.065 

Number 

of  Montd  Carlo  Trials  Per  Case  = 1000 

System  Life  = 1.0 
Numbr-  of  Missions  = 150 
ilsslon  Time  = 0.007 

Number  of  Failures  = 5,  10, 

20,  30 
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In  checking  for  exactness,  1000  samples  each  of  size  n^  were  generated 
and,  for  each  sample,  the  value  of  F(z)  given  by  equation  (18)  was  evaluated 
at  z equal  to  Rat»  the  true  value  of  R».  If  the  posteriori  distribution  Is 
exact  In  a frequency  sense,  then  the  distribution  of  F(Rat)  the  1000 
generated  saa^les  should  be  uniform  on  the  Interval  (0,1)  [16]. 

Two  statistical  tes  s were  used  to  check  exactness.  The  first  was  the 
K-S  test  [17]  In  which  the  distribution  of  F(Rat)  hypothesized  tc  be 
uniform.  The  second  was  a binomial  test  [17]  for  the  lower  5;>d  upper  90% 
probability  limits.  In  the  binomial  test,  for  example.  If  the  lower  90^ 
limit  Is  exact  then  an  average  of  lOt  of  the  Mont^  Carlo  samples  should 
yield  values  of  F(R«t)  1ms  than  0.1.  Significance  levels  of  1 to  20^ 
were  used  In  both  of  these  hypothesis  tests  to  draw  the  conclusions 

Results  of  the  various  trials  conducted  Indicate  that  the 
Bayesian  Intervals  generally  are  not  exact.  To  Investigate  degree  : ' 
exactness  (or  Inexactness)  the  function  F(Rjt-e)  was  Investigated  for 
exactness.  In  this  Instance  If  c Is  small  relative  to  then  th-: 
intervals  can  be  Judged  to  be  nearly  exact  for  practical  purposes. 

Table  II  summrlzes  the  results  of  the  Nont^  Carlo  trials  performed. 

As  can  be  seen  from  the  results  given  In  this  table,  the  Bayesian  Inter- 
vals are  nearly  exact  at  all  confidence  levels  for  sas^le  sizes  of  20  or 
greater.  The  lower  and  upper  confidence  limits  are  nearly  exact  for  all 
of  the  cases  considered  except  for  the  case  of  sample  size  equal  to  5. 

In  this  Instance,  the  lower  90X  limits  arc  nearly  exact. 


6.  CONCLUSIONS.  The  results  indicate  the  feasibility  of  computing 
Bayesian  Intervals  for  average  Interval  reliability  which  are  nearly 
exact  in  a frequency  sense.  It  should  be  noted,  however,  that  a limited 
mmiber  of  cases  were  studied  and  this  general  conclusion  cannot  be  made 
for  all  conditions  not  considered.  Intuitively,  the  approach  used  Is  a 
sound  one  In  that  frequency  Interpretation  Is  considered.  It  seems 
reasonable  that  Bayesian  Intervals  can  be  found  for  many  similar  prob- 
lems which  can  at  least  be  made  conservative  through  frequency  studies 
similar  to  the  one  used  for  Interval  reliability. 

Other  methods  for  studying  Bayesian  Inferenclng  Include  study  of 
priors  which  yield  frequency  Intervals  and  questions  of  optimizing 
derived  intervals.  Some  difficulty  Is  encountered  In  these  approaches 
If  classical  confidence  Intervals  are  not  available.  Mont^  Carlo 
sinwlatlon  can  be  used  for  such  a study  which  Is  a subject  for  future 
efforts . 
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7.  APPENDIX. 


In  this  apptndixt  tht  following  two  propsrtlss  rsquirtd  for  dtvtiopmnt 
of  tho  BsYOsIsn  probability  limits  on  Interval  rallablllty  are  derived  for 
the  Welbuil  distribution: 


(1)  h(t;n,8)dt  ■ h(t/n;0)d(t/n) 

(II)  R,(a,B)  < R,(o*,6) 

A 4 

whenever  a > a where  a • 

The  renewal  rate  h(t;ni6)  satisfies  the  relation 

t 

h(t;n>B)dt  ■ f(tin»6)dt  * / h(x;n»B)f(t>xin*B)dxdt  (A-1) 

0 

in  which  f(tsntB)  Is  the  Welbuil  distribution  given  by 

f(t;hiB)dt  • (B/n)(t/n)®’^  exp  (-(t/n)^)dt.  (A-2) 

Since  n Is  a scale  parameter 

f(tin»B)dt  ■ f(t/niB)d(t/n)  (A-3) 

and 

F(tsn.B)  - F(t/niB).  (A-4) 

It  follows  directly  then  from  the  relation 

t/n 

h(t/TuB)d(t/n)  ■ f(t/mB)d(t/n)  ♦ / h(x/mB)fTl-x)/n;B) 

d(x/n)  d(t/n)  ° (A-5) 


that  (I)  holds  by  virtue  of  equation  (A<3)  since  solution  of  the  renewal 
equation  In  this  Instance  Is  unique. 

The  relation  (II)  can  be  shown  for  the  approximate  reliability  given 
by  equation  (7)  using  the  property  (I).  The  average  reliability  can  be 
written  as 

Ra(Tin,B)  ■ l-n‘^  / h(t;n,B)dt 

0 

, T/n 

■ 1-n*^  / h(t/n;B)d(t/n) 

0 

1 T/n 

■ 1-n"'  / h(y;B)dy  (A-6) 

0 

Since  h Is  a positive  function,  the  Integral  In  eqiiBtlon  (A-6)  Is 
inonotontcally  Increasing  with  decreasing  n where  T and  B are  held  fixed. 
Hence  R.(a.B)  Is  monotonically  decreasing  with  Increasing  a ■ n”^»  thus 
establishing  property  (II). 
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ftCLIABlLITY  OF  A SERIAL  SYSTEM 


A.  E.  Johnirud 

U.S.  Aniiy  Concepts  Analysis  Agnecy 
Bathesda.  Maryland 


A aarlal  •yaiam  is  «a  asaaoMy  of  aubayaiaBS  of  aucb 
fora  that  tha  failure  of  any  aubayataa  vill  ooaaiiiuta  a 
failure  of  the  eniira  ayatea  (a*g.  artillery  round  and  fuae)* 
Tha  reliability^  aa  uaed  in  thia  papar»  ia  one  ninua  the 
probability  of  failure  in  one  trial*  The  queation  to  bo  an- 
avered  oonoerna  the  oonfidenoe  level  that  is  to  be  aaaooiatad 
vith  a given  reliability  for  the  ayatan  vhen  the  reliability- 
aonfidenea  ralationahip  haa  been  eatabliahed  for  oaoh  of  the 
aubayatena  through  tooting.  A rigoroua  derivation  ia  praaented 
ahoving  hov  tha  eonfidanoe  level  can  be  oaleulated  exactly 
for  any  nuaber  of  aubayatena  vhen  the  aubayaten  teat  reaulta 
(trials  and  failures)  are  oonpletely  general)  i.e.,  any  nua- 
bar  of  trials  and  failures  aay  be  apeeified  for  any  aubsyatea. 

Confidence  level  for  a Sinaia  Svatea 

A single  ayatea  (which  aay  later  be  a subsystea  of  a 
aerial  ayatea)  is  tested  to  deteraine  its  reliability.  The 
test  is  a set  of  Bernoulli  trials  (pass  or  fail  on  each 
trial)  and  the  result  ia  a failures  out  of  n trials.  The 
confidence  level  for  a particular  reliability  (B)  is  called 
C*  It  is  defined  to  be  the  probability  that  the  reliability 
exceeds  B.  How  its  value  depends  upon  B,  a,  and  a is  shown 
by  the  following  arguaentt 

Suppose  that  the  reliability  is  precisely  r.  Then  the 
probability  of  obtaining  a failures  in  n trials  is 


- 335  - 


This  OM  b«  oonTtrt«d  to  a probability  diatribut^on  funotioa 
by  Bultiplying  by  tbo  probability  that  tbo  roliability  ia 
batvota  r aad  ri-dr.  Siaoo  ao' prior  knovladgo  about  tho  roll* 
ability  axiata,  all  probabilitiaa  batvaoa  0 aad  1 ara  aqually 
likaly  and  tho  probability  that  tha  reliability  is  batvaoa  r 
and  r<fdr  ia  ainply  dr.  Thus  the  pro..'u,bility  dlstributxwn 
funotioa  for  tha  ayatan  ia 

• ft) 

tha  factor  (n^fl)  ia  for  aornalisiag»  to  naka  tha  integral 
ever  0 r < 1 equal  to  unity. 

Tha  eonfidanea  level  for  a given  raliabiliiyt  B,  is  tha 
integral  of  tha  probability  distribution  funotioa  fron  ft  to  1* 
Although  tha  ganaral  axpraaaion  can  be  intagratad^  tha  treat- 
■ant  is  simpler  if  one  prooaads  atapviaa.  letting  the  values 
of  a increase  fron  aero. 

For  a « 0 (no  failures) t 

C • (n^l)(l)7  r"  dr  ■ (ntl)  • (1-B“*' )/(n«f1 ) 


For  a ■ 1 ) 

1 1 
C ■ (n4l)(n^  r®*^(l-r)  dr  m (r“"'«  r*)  dr 

m » 

- 1 - b"*^  -»■  B“‘*'^  - (n-M)B“  ♦ oB®'*’' 

. 1 - - (n4l)B®(1-B) 
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Vor  ■ « 2» 


1 


0. 

- u+0(ii)(i>-i)(i)  [§“■’  ' 


)*  dr 

_ rJL-  A £ii»— 
a-!  n n+1 


] 


- 1 - (*)(n)(a^l)B“-^  ♦ U*-1)b“  - 

. 1 • b“^^[b*+  U^I)B(I-B) 

- (i)(tt)(n+1)  + (n^-l)B-  (i)(n)U-t)B^j 

• 1 - - (a-H)B“(l-B)  - (n+1)(n/2)B*^Ul^)*. 


(Many  algtbraio  siapt  haT«  baan  lafi  out.) 


A gaaaral  axpraaaion  for  C ia 


Thia  aaya  thaii  glran  a failuraa  in  n trlalay  tha,  oonfidtnot 
that  tha  raliablllty  axeaada  R ia  ona  ninua  tha  probability 
that  thara  ara  j|^  no  at  u failuraa  ia  n-fl  triala  vhaa  tha 
raliability  ia  praoiaaly  U.  A ohaok  on  tha  validity  of  tha 
axpraaaion  ean  ba  nada  by  oai.culating  tha  oopfidanoa  laval 
for  an  B of  0.5  vhan  half  tha  triala  raault  in  niaaaa.  Syn- 
aatry  ra^uiraa  that  tha  confidanoa  ba  0.5  alao.  If  n ■ 2ni 
va  hava 

®.,j.  ■ ’ - 
■ i I 
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vhioh  is  iht  dssirsd  result.  It  is  pointed  out  liere  that  the 
literature  on  this  subjeoi  uses  a different  equation  for  the 
oonfidenoe  lereli  onr  in  which  n is  used  instead  of  (ntl). 
Tables  oaloulated  from  that  equation  show  the  oonfidenoe 
lewel  for  B a 0.5  occurring  at  n a so  that  the  absence 

of  symmetry  is  evident. 

The  expression  for  ^ is  valid  for  any  n,  including 
serOf  and  for  n going  from  0 to  n.  It  is  symmetrio  for  m 
values  on  either  side  of  n/2. 

For  applioations  iiv  which  it  may  be  desirable  to  make 
use  of  a single  reliability-related  figure^  instead  of  the 
reliability-confidence  pair,  the  oonoept  of  the  average  reli- 
ability is  introduced.  By  average  reliability  is  meant  the 
average  of  reliability  over  all  oonfidenoe  intervals.  It 
is  very  simply  expressed  in  terms  of  m and  n,  being 


The  derivation  follows  from 


The  function  C „ is  known  from  above  and  one  can  choose  some 
m,n 

small  values  of  m and  n to  demonstrate  the  resultant  IC,  The 
average  reliability  can  probably  be  used  everywhere  that  the 
"point**  estimate,  (n-m)/u.  Is  now  usedi  it  agrees  with  the 
latter  for  reliabil  1 ties- near  and  for  n large.  It  gets 


k 


■j 


'i 

.1 

I 
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avay  from  tho  diffioultloo  mrlto  vhon  thorm  aro  aaro  or 
a failurta.  S ealeulatad  for  a aorial  ayatom  la  tha  produot 
of  tha  S' a for  tha  aubayatama,  aa  vill  bo  damonatratad  lator 


Tha  eonfidanoa  for  raliability  axoaading  R In  a ayatan 
vhlah  la  oompoaad  of  aubayatam  ▲ and  aubayatian  B ia  datarnlnad 
through  oaleulationa  in  thraa  dimanaioual  apaea*  Conaidar  an 
X,  y,  a ooordinata  ayatwa  in  vhioh  x and  y ara  tha  raliabili** 
tiaa  of  aubayatama  A and  B and  Bj^)  and  tha  a coordlnata» 
tha  dapandant  Tariabla^  ia  tha  produot  of  tha  probability 
diatributir^n  funotiona  for  and  R^*  (Thaaa  diatribution 
funotiona  ariaa  from  tha  iaating  of  A and  B{  thay  ara  givan 
in  tha  praTioua  aaetion*)  Tha  a ooordinata  now  rapraaanta 
tha  joint  probability  diatribution  funotion  for  tha  two  aub-< 
ayatama* 

Tha  raliability  for  t ho  oompoaita  ayatam  ia  dofinad  aa 
B^Rjg,  A ohanga  in  variablaa  oan  now  ba  nada  in  auoh  a way 
that  thia  produot  baeomaa  ona  of  tha  nav  ooordinatoa. 
Curraa  daaignating  oonatant  valuaa  of  oompoaa  a family 
of  hyparbolaa  in  tha  apaoa  of  Orthogonal'. to  that  aat 

ia  anothar  aat  of  hyparbolaa  and  thaaa  two  aata  naka  up  tha 
now  ooordinata  ayatam.  Tha  naw  ooordinatoa  ^a 


■ *A®B 


T - (iXa/  - Hj*) 


Tha  oonfidanca  lavtl  aaaooiatad  with  a givan  oompoaita  ayatam 
raliability  ia  found  by  intagrating  orar  tha  plana  from 
u at  Rq  to  u ■ 1 . A diagram  of  tha  R^»  R^  plana  OTor  which  tha 
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iat«gratioa  i«  to  b«  don*  is  sheim  oa  Figurs  1 


Assoeistsd  viih  iht  trsaiforastioa  is  a Jaeobiaa  (J) 
vfaoss  purpdst  is  to  adjust  for  the  stretching  or  shrinking 
of  the  sise  of  the  area  element  (dE^dIt||).  This  Jaeobian  has 
the  Talue 


The  product  (f)  of  the  distribution  functions  is  a func- 
tion of  and  Bg,  idiioh  ean  be  changed  over  to  a fuaetioa  of 
tt  and  T through  the  relations 

Bj^  « I^T  ♦ (u*  + J ^ 

Bg  • u[t  + (u^ 
so  that  f(K^,Bg)  « f(tt,T). 

This  leads  to  the  folloving  expression  for  the  confidence 
that  the  reliability  of  the  odnposite  systea  exceeds  B^t 


C 


/ f(u,T)(j>Hu^  + T^)"* 


dT  du 
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trttwwnwiiiiXusfc'tsueasi 


l^^^>^il/ssl^l‘ssi>lu>‘|’  ^ 


Y ■ 


Xt  is  ftSSOBtd  h«r«  tlMt  ih»  distribution  funotiob  it  slvsys 
nornslisod.  Yorifjring  thst  C.spprosohos  unity  ns  Bg  nppronehtt 
ssro  it  n good  ehoek  for  nistskos  in  tko  esleulstion. 


Tbo  oxtontion  to  nny  nunbor  of  tubtysiomt  proooodt  atop* 
by-stopf  vitb  s pair  of  subaystont  boing  dono  first  to  yiold 
0 AS  s funetion  of  Eq  for  tbo  pair.  Bifforontiating  this 
funetion  vill  produeo  a probability  distribution  funetion 
vhioh  is  to  bo  paired  vith  the  next  siB>syston*  The  preetss 
eontinuos  until  all  aubsystons  are  used* 


Throe  aubsystons  produeo  rospoetiro  tost  results  of  1 
failure  out  of  5 trialSi  2 failuras  out  of  6 trials*  and  0 
failures- out  of  10  trials*  Labelling  the  first  two  of  those 

» 

aubsystons  A and  B*  for  the  nonont*  vo  hare  a joint  proba- 
bility distHbution  funetion 

f - (6)(7)(5)B/(l-B^)(6)(5)(*)B|l^1-aj)* 

- (42)(75)  u^  (1-Ej(l-2Bj+Bj*) 

i 

I 

At  this  point  it  would  bo  helpful  to  list  sens  oTalu- 
atod  ferns  for  the  inner  integral*  ferns  Wiish  eeeur  fre- 
quently. Those  are  the  followingi 


4t  ■ 

/*(«*«*)"*  e/  4t 


-In  u 


■ Xl/n)(1-u‘)  for  nitO 
(and  sinilarly  for  B^) 


3 


,1 

i 
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/ la  Rj^  dr  m (-l/a^}(l-u®4-nu“la  u)  for 

-4(l-u^)  (and  oiailarly  for  1^^) 

J la  R^  dY  ■ -(la  u)^  (and  ainilarly  lor  R-). 
-*(l-tt*) 

Boturaiag  nov  to  f,  vo  oan  vrlto  it  ao 

f - (42)  (75)  tt^  (l-aRjj^R^^-R^+Ru-nRg) 

vhioh  VO  oaa  rovrlio  for  laiogratioa  purpoooa  (aftor  natiag 
that  and  R^  boharo  tho  aano  undor  tho  laiogratioa)  at 
follovsi 

f - (42)  (75)  (l-3R-uB^R^-f2u) 

Tho  iatogral  OYor  aftor  f li  nultipliod  by  tho  Jaitobiaar 
thoa  boeonoo 

(42)(75)[u^(1-*-2u)(-la  u)  - (5/2)  y 2tt^  ♦ iu^J. 
Zatograting  thia  oYor  u,  froa  R^  to  glTos 

C - (42)(75)|  -In  u [(uV5  ♦ - (23/50)u’ 

Y (7/l8)tt^  Y (1/14)  J j 

• 1 ♦ (42)(15)Bg’la  Bg  ♦ (42)(25)Bq®  la  Bp  + (2l)(69)Rp’ 

- (49)(25)Bp*  - 3(75)Rp^ 
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r««t  of  this  popor  will  fiuiah  this  oxoaplo*  Xho 
flMl  oiq^oMioB  for  iht  eoafidoBOo  Itroi  of  iho  ihvoo-sttb- 
qroioB  ooapofiio  bfooaoo 

C • 1 ♦ (15)(77)(b’  ♦ 2B*)  Xa  1 ♦ (7/4)B^^  - (77)(33)* 
(1/4)*^  - (77) (29)*^  ♦ (77)(37)b’  . 

Tho  S ooloulatod  by  iniograilag  iliio  oxpvoooioa  io 
(29)(11)/(96)(12)  , 

iho  ooBO  BO  ono  obtolBO  by  Bultiplyiiig  iogothor  iho  ihrob 
•ttboyoita  K'o«*1 
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IHE  R01£  OF  ncnuEirr  fesfophance  stanimrds  in  ihe  ccmtrol  of 
IHE  MUTE  SMNDS  MISSI1£  RANSE  TEST  SUPPORT  PROCESS 


n 


J<  B«  GOSE 
W.  R.  JSOONS 
QlMLnY  ASSURANCE  OFnCE 
US  ARMf  MUIE  SANDS  MISSILE  RANGE 
NEW  MEXICO 


I 1.  INIRODUCnON.  Tht  MSMR  Plant  Prooaas  hat  ocntrol  Inputa  of  data 

i raquirvaantsi  inatnanant  aaai^iuntat  inapaotlon  raault8»  Inatmaant 

I anrars,  and  final  data  arrara.  Prior  to  faadback  of  Iha  parfonaance 

f quality  data  to  managanent,  Iha  data  ara  ocaparad  with  ^prqprlata 

atandarda  and  oontrol  liadta.  Tha  parent  out  of  control  ara 
and  the  out  of  oontrol  prooaaaaa  are  tagged  for  aanaganMnt  action.  Thia 
prooasa  has  as  plant  oontrol  variables: 

a.  Nvnher  of  stations  in  solutLon  - n 

b.  Geometry  - from  the  Error  Equation  o * • * 

Z X 

0.  Sanple  Rate  - a 
d.  Points  in  Filter  - N 

2.  STANDARDS.  The  instrunant  perfomanoe  standards  are  tha  ounulatlva 
frequency  curves  of  observed  pt^armanoe  for  each  System.  Exanplas  are 
dhown  in  Figures  1 throu|^  8.  Tha  oontrol  limits  (indicated  ty  arrows 
on  these  figures)  ara  established  through  oonslderation  of  sud:  factors 
as:  tha  rasouroea  available  for  foUow->u|>  aotlons»  the  effeot  of  error 
values  and  the  geogrvphloal  Icoation  of  iirntrunants  in  the  solution 
proeesst  and  tha  fluency  of  use  of  the  Instruments.  Tha  upper  control 
limit  for  measuranent  error  is  used  for  support  planning  purpoees,  and 
the  lower  oontrol  limit  for  data  loos  is  used  for  support  pJaunning. 

The  WSMR  conventions  for  error  type  ara  included  on  tha  figures*  these 
are  defined  as  follows: 

"o"  is  used  to  denote  error  estimators  conputed  by  hybrid  (two  or 
mors  different  Instnmmntation  Systenm)  solutions. 


I(x.-y)* 

* — a? — 


* ^INST  * ®i^* 

gj 


5C(x^-y>*] 
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”S"  is  UMd  to  (tanots  anor  MtiMtora  oonputsd  by  an  N-8tation 
SingXa^lnatnjMnt  Syatan  aolutlan. 

\ • — — --  • - 1*  - ^ 

it  UMd  to  dMota  wrap  attinatoni  ooo^uttd  by  vaidata 
dlfftmtot  or  aevlng  arc  ourva  fitting  ttdniquet. 

E^‘*  ^ • tt<*l  - M - 4s*S  - 

3.  IcXJUUncms  of  the  FI^  process.  The  parfonnanot  of  the  plant  prooaea 
la  naaturad  by  the  nuibar  of  raquimaanta  met  for  ead)  teat  of  aadi  project. 
In  tanae  of  the  probabilitiaa  involvad,  thie  perforaiBnca  may  ba  defi^  as 

P(RM)  « P(T  > Tj^)  P(o  < Or)  < PCt  > tg)  P($  < Sg>  Bq  I 

tdiare  P(RM)  ia  the  probability  that  a raquircnent  is  met 

T is  data  oovarage  time 

a ia  data  error  <o»  S,  or  £) 

t is  oovarage  from  instrument  raoords 

6 is  Instrunant  maasunment  wrap  (o,  S,  or  E> 

Subscript  R ia  the  requirement  value 

Svibaerlpt  S is  the  standard  or  control  limit  value. 

To  make  Eq  1 an  equality,  it  is  proper  to  introduce  a factor  "g".  Thus 
Eq  1 becomes 

P(RM)  = P(T  > Tg)  P(o  < Op)  * P(t  > tg)  P($  < 8s)g  Eq  2 

uhera  "g"  is  the  ptrabability  that  the  planning  is  done  corraotly  and  ia 
oonprised  of  the  plant  varLdiles  previously  cited  i.e., 

g = P{f(n,  a,  N,  ...)) 
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Oomldtration  of  tha  reoUtleB  of  operatlcn  at  WSMR  allous  us  to  mdoB  tha 
fvBthar  alapUfloatiana  that 

P(a  < Or)  ■ P<e  < Bg)g  * Bq  3 

vAdch  is  to  8^  that  the  error  is  Indeperident  of  the  tijne  frame  whan 
maasurements  are  made. 

4.  F3RECAST1N6  (SUPPORT  PIANNING).  Tha  standards  are  used  with  Eq  2 
to  pcadlot  process  parf^omance.  An  approximate  value  of  g is  obtained 

by  evaluating  N,  s for  the  instruments  perfamanoe  standards 

and  process  configuration  planned.  This  approximation  (gL>  is  used  in 
Eq  2.  ^ 

P(t  > tg)  P(B  < Bg)g  s P(T  > Tj^/2)  P(o  > Or)  > 0.68 

Comparison  of  g^  to  g (evaluated  as  in  Paragraph  4}  indicates  the  degree 
of  operational  oonformance  to  the  process  support  plan. 

5.  A CASE  OF  PLANT  PROCESS  PERFORMANCE.  In  order  to  evaluate  equations 
for  an  actual  case*  the  entire  output  ftom  WSMR's  plant  process  was 
analyzed  for  three  months  of  tests.  The  probabilities  found  were: 

P(a  1 Or)  = 0.89 


P(B  < 8g)  = 0.95 


The  values  of  P(RM)  were  found  for  P(T  > k Tj^)  for  an  array  of  k from  0 

tluough  100  percent.  These  values  are  shown  on  Figure  9.  WSMR  has  a 
performanoe  standard  for  P(RM)  at  0.68,  the  standard  is  seen  to  occur  at 
k s 50%.  The  proper  expression  for  P(T  > T«)  is  P(T  > T«/2)  which  is  in 
fact  the  expression  in  use.  * 


*Ths  coverages  may  be  considered  independently  from  Eq  2 using 
P(T  > Tj^)  = P(t  > tg)h 

wherein  h Is  the  probability  that  a data  record  Is  not  lost. 
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PVen  tha  Abow  data,  wa  avaluata  tha  xaoaining  pntMbilitiaB  in 
Equation  2.  Rram  Eq  3,  wa  find 

g B 0.88. 

From  Eq  2,  wa  find 
P(T  > Tj^/2)  s 0.76 

and 

P(t  >.  tg)  ■ 0.81. 
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CiMUUTIVi  ilSTIIIVflOII  OF  ASKANIA 
AZIMUTH  MEASUliMiNT  EIIOIS 
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(fYK  S iSYMATOI) 
CIWIIUTIVE  MSfliiVTIOII  OF  ASIANM 
HEVATION  ■iASIliiaiNT  RIOIS 


MILnVAMAII  MIALYSIt  YlOWiqilU  APPLI80  TO  SqUlPtCNT  T18TIN0 

I John  l«rt  Wilburn,  Jr. 

UB  Any  Blnetronlc  Proving  Ground 
Port  HuocKuen,  Ariiono  SS61S 

AMTWACT 

Thlo  ropott  dlseuitoo  tho  gonoml  thoery  of  ■iltlvorltto  olgenvoctor 
OMlyois  ond  dooetibos  an  ■pplleatlon  to  aquipuont  tooting  for  dovolop- 
ing  a Mdol  opacifying  oqulpaont  porforMaeo  and  for  eonotmetlng  a 
eliaata  aodal  froa  tha  vantaga  point  of  aquipaant  parforaanca. 

Tha  purpeoa  of  thia  report  la  to  outline  a aathod  of  analytlng 
ooaplax  phaaoaana  in  an  operating  anvironaant.  Tha  report  diacuaaaa 
tha  general  theory  of  tha  aothod  of  aultivariata  analyais  and 
I daacribaa  an  application  to  aquipaant  taatlng  for  developing  a aodal 

^pacifying  aquipaant  parforaanca  and  for  eonstmeting  a eliaata  aodal 
fWea  tha  vantaga  point  of  aquipaant  parfomanea. 

Method;  Tha  Nothod  of  analyaia  hao  bean  known  by  eavaral  naaaa 
aiaca  Ita  aarliaat  foraa  of  about  40  yaara  ago  daeeribad  by  H.  Hotelling 
(1)  aa  principal  fhetor  analyaia  and  tha  aora  aodam  traataant  of 
T.  W.  Andaraon  (2)  aa  principal  coaponant  analyaia . Currant  taxalnology 
has  bean  Principal  Coaponant  Blianvactor  Analyaia.  Baplrlcal  Orthogonnl 

I Ptotctiona  or  aiaply  Multivariate  Analyaia. 

f ' 

It  ia  of  paraaount  iaportanco  that  one  point  be  aada  clear  froa 
I tha  outsat  - that  is . that  thia  aathod  of  analyaia  does  not  Iqply  any 

I causal  relationships.  The  relationthipa  are  purely  coincidental  with 


Praceda  page  blank 
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an  ostiaiabln  datandnanex  and  confidanca.  Ctuaal  relationsliipa  ara  to 
bo  axplalned  in  atibsoquant  Invastlfiatlons  of  tho  eoincidantal  ralation- 


ahipa  revaalad  by  this  analytia. 

be  can  start  with  an  array  of  obaarvations  of  variables  Dnm 
wltora  I indoxas  tha  class  of  variablas.  a.g. , location  or  typa  and  tha 
nxn  array  of  n variables  obsarvod  m tinas,  i.a.,  a is  tha  swasura  of 
tlna.  For  eonvanience,  tho  I siparscript  will  ba  droppad;  furthar- 
aore,  it  Is  dtslrable  that  tha  n variabias  are  of  the  sane  disMnsions 
Ind  similar  variance.  This  latter  constraint  is  assured  if  tha  array 
Dnm  > nonsalizad  array  such  that  whan  tha  co-variance  matrix  is 


coaputod,  it  is  tha  correlation  matrix 


Cnn  ■ ^ F ) Dnnri  D^^n 


Ban  1 


with  tha  correlation  matrix,  a routine  eigenvector  analysis  is  performed 


result inp  in: 


Cnn  Enn  • Enn 


Bqn  2 


where  tiN  Enn  orthogonal  eigenvectors  and  the  Vp  are 

the  aiganvaluas. 

The  eigenvector  set  constitutes  an  orthogonal  basis  sat  of  tha 
correlation  matrix. 

To  analyse  the  data,  some  workers  have  referred  to  these  eigen- 
vectors as  the  principal  component  eigenvectors  as  they  are  used  to 
ceapute  the  principal  components  or  aaplitudes  as  some  workers  have 
called  them. 
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Tlw  eoiVMtaticii  if 
X 


nm 


• e;»  0 


nn 


gqn  S 


TIm  waning  of  this  aquation  and  subsaquently  the  significance  of  the 
eigonvfctor  can  bast  be  illtiatratod  it  tha  flm  alosisnt  of  the 
principal  eoi|Mmtnts  ia  writtaa  in  long  iomt 


X||  • 
X|2  • 


hi  ®21  ®si 


®4l“ 


®12  ®2E  ®32  ®42* 


®ni 

®n2 


®in  ®®«  ®»i*  • • Of 


dn 

d 


21 


'ni 


Bon  4 


•2n  ^3n  ®4n‘  • • ''nn  | 

Tliwaj  X,,  •(®nd4|t62j  d2|+  ®3idj{  * * 6nidni ) ISSJ. 

As  me  can  ft  tha  X nm  i*  • napping  of  tha  norsialisad  data  onto  tha 


orthogonal  coordinate  aystan  defined  by  tha  aat  E 


nn 


lha  sat 


Xnm  of  row  vectors  ) of  n nan  variables.  Bach  row 

vaetor  is  orthogonal  to  ovary  other  row  vector.  Bach  row  vaetor 
in  X n m ttn  h*  thought  of  as  a vaetor  of  a state  variable  of  a syston 
defined  by  tha  original  sat  of  n variables  in  Opm  *ooh  )th 
olanant  of  i J * I i*o  denoting  the  variance  with  time  of  tha 
system  state  variable. 

Considered  in  this  way*  the  eoiponants  of  tlia  aigenveetors  are  tha 
coefficients  of  the  n original  variables  constituting  tho 
coafionent  of  • As  with  the  correlation  coefficient,  the  amount 

of  variance  in  X? 


tH  ft) 

produced  by  the  i variable  in  the]  colusn  of 
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Onm  by  square  of  its  approprlats  elRonvecter 

cosqionsnt . Thus : 

S(e,„)'*  i.o+e 

k»i 

Ntkoro  9 is  the  cooputational  row  cl  off  orror. 

To  illustrate  the  orthosonality  of  the  , note  that: 

V n iS"^  P " 

^nm^mn  * ^nn  ^nm^mn^nn 


end  Bqn  8 

^nm  ^mn  ^nn"  ^nn  ^nn  ^nn  " 

«> 

Htus  tliey  are  orthogonal.  Ihe  singularity  plane  is  defined  by  the 
eigenvectors  whose  eigenvalue  is  lero,  within  system  noise  and  round>off 
error.  Ihese  sero  value  eigenvectors  reveal  the  linear  dependence  of 
the  data.  Tlie  eigenvalues  not  close  to  sero  provide  a measure  of  the 
deviation  from  that  plane  in  orthogonal  hyperspace  of  their  associated 
eigenvectors.  It  c^n  be  shown  (2)  tliat  the  relative  magnitude  of  an 
eigenvalue  denotes  the  amount  of  variance  in  the, original  data  set 
explained  by  tho  combinations  of  the  original  data  variables  dictated  by 
the  eigenvector  associated  with  that  eigenvalue. 

Consequently,  the  amount  of  variance  of  the  variable  in 
explained  by  the  ptb  eigenvector  is  denoted  by  : 


explsined  variance  ■ 


nVp  2 


Bqn 
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Cmibinini  •qiittioi  6 nil  9,  nd  tundni  over  n , th»  iiwunt  of  vorinco 
in  0^^  neoiaitod  fbr  by  tho  oifonvoetor  !•  ceiqiuted  by: 

Bqn  10 


fxplalnod  varlneo 


»»1  l-lVi  “P  filVl 


Using  this  infonition,  n on  soloct  from  a sot  E, 


Mhich 


account  for  a doslrtd  aaount  of  tho  varlneo.  Nith  E^p  wo  cn  eooputo 


^pm  • Epn 


Bon  U 


whoro  tho  sot  of  row  voctors  sro  orthogonal . uncerrolatod,  aro 

tin  varying  nd  oxplalnod  n saount  of  varlneo  in  Dnm  given  by: 


o:q)lalnod  varlneo  • X S )L^ 

In  qioVj 


Bon  12 


Note  that  tho  Vq^q  a a,p  aro  not  In  gonoral  aoquontlal  as  tho  first 
p of  V n those  preportios«  tho  Xp^  aro  ideally  suited  for 

rogrosslon  nslysls  onto  other  nasurod  quantlbios  In  tho  fbrn 


Y « A X 

'im  ”ip  ^pm 


Bqn  13 


whoro  A^p  Is  a row  vector  of  regression  coefficients.  In  this  way, 
the  data  Dnm  can  bo  tmsfomd  to  Yim  trnsfor  faction 


T,,»  A,.  E1^  The  precision  of  tho  ostlaato  of  Y,..  by  equation  13 
in  ip  pn  im 

is  given  by; 


f*  P 2 Vo 

explained  variance  ■ X X 8e  ^ 

l»l  q«Q  ’'1 
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«h«r«  I*  is  th«  eesffleitnt  of  dotominotion  of  A^p  . Confidoneo 
liMits  ( l*a)  for  osdi  olOMSnt  of  the  transfor  function  eon  bo 

obtained  fxon  tho  raspoetivo  standard  errors  of  A|p  . The  eonputation 
is  perfonsed  by  (see  Draper  1 Sadth,  #7»  and  Fritt  et  al  #4). 

S„„  - (E„U,pUpp  ^ 

ahoro  Upp  is  a dlafonal  a«trix  of  standard  errors  of  the  eleMnts  of 

A|p 

AFPLICATICN! 

Ibe  ^pplieation  of  these  aailtivariate  tediniquos  to  equipswit 
Modeling  can  proceed  as  follows.  First,  we  laist  realise  that  the  scope 
of  analysis  cm  be  varied  froa  a detailed  malysis  of  an  individual 
equipMS  nt  piece  fuictlonlng  in  a Micro~clinate  to  a general  analysis 
of  a groiqp  of  identical  equipnant  pieces  functioning  In  a regional 
cliaata.  The  distinction  will  becene  clearer  later. 

For  the  nicro-climate  analysis,  we  start  with  a set  of  Measured 
paraMsters  such  as  frequencies  of  internal  oscillators,  various 
currents,  pulse  widths,  accuracy  of  output  signals  compared  to  a 
standard  or  tdiatever  else  is  considered  to  be  Inportant  to  the  fmcticn- 
Ing  of  the  equipMsnt.  These  variables  are  incorporated  into  the 
namaliiod  sot  Dnm,  ' * location  or  equipnant  typo  for  n variables 
and  m aeasureaents . Then  follow  the  Method  outlined  in  the  previojs 
section  so  as  to  select  the  p noat  inpoxtant  eigenvectors  E._ 

I ^ 

md  ooMpute  the  oqulpaent  principal  eospononts  set  X...  . 
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Now,  pwtnrn  0 slnilor  oporatlon  wltli  tho  ■BteerelORical  data 
of  r Mtaorelogieal  varlablas  analogous  to  and  dariva 

the  cllaato  principal  eooponents  Yqm  ^ Inportant 

aiganvectors  eoqirislng  tha  sat  6 rq  * thasa  two  sots  of 

principal  coaqronants,  calculate  a oatrix  of  row  vactors  of  ragrossion 
cooffielants  A*gq  *ueh  that 


X*  a A*  Y* 
^pm  "pq  'qm 


Ban  16 


Additional  infOraaticn  can  ba  gottan  fron  tha  analysis.  For  axaspla, 
tlia  corralation  aatrix  C^n  eontainad  all  corralations  and  intar- 
locklng  corralations  of  tha  paranatars . Howovar,  sinea  tha  original 
data  in  0^^,  it  not  in  ganaral,  orthogonal  and  uneorralatad,  tha 
intar* locking  corralations  can  ba  daeaptiva.  An  analysis  of  tha 
oiganvaetors  is  aora  pronlslng.  Also,  tha  following  operations  can  ba 
parfomad  which  aaounts  to  a Mq>plng  of  tha  Yq^i  Xpm 

tha  "real  world*'  spaca  of  nomaliiad  data.  It  is : 

ft  - J J 

®nm  * ^np  ^q  ®qr  ^rm 

whare  6 danotas  a ragrassion-basad  astlnata  of  D.  Tha  transfer  function 


^nr  ■ ^np  Apq  Gq^ 
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is  idantifiad  which  is  a sat  of  o row  vactors 


(tj  )‘ 
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This  Amctioa  c«n  tiMn  b«  uMd  with  validity  far  transfori'^in»  additional, 
1-1  ^1 

noimlitod  data  to  eonatitutlnn  « prediction  astinata.  If 

earofhl  attention  la  paid  toward  naintalninx  tlia  orlslnal  test  eondltlona 

pntant  in  the  derivation  of  T|,f  . The  font  than  la 

g,  , . • lanil 

Om*T„,  F„ 


Tlia  aammt  of  varianoa  In  tha  aquipmnt  variobla  axplainad  by 
all  r eliaato  variablaa  ia  aatinabla  by  tha  aatliod  outllnad  by  aquation 
14  md  the  eonfldanea  of  tha  analyaia  glvon  by  aquation  IS. 

Clearly,  thia  tochniqua  of  analyaia  could  bo  ^tpliad  to  a ganaral 
testing  eondltion  of  a eoqtlex  systan  just  aa  aasily  aa  to  a piece  of 
oqulpaent.  The  sat  Xp^  could  ba  regraaaad  on  both  clinate  and  on 
SOON  other  niaaurabla  "affactivanoaa"  paraawtor.  Thus  giving  a two-fold 
act  of  parfomanca  axplanationa. 

On  the  regional  scale,  the  application  appears  as  follows i The 

■ean-aubtraetod  data  array  0^^  eenaista  ofi  e : aquipnent  parawtar, 

er’’ 

n variabla  locations  and  m noasuranenta . Thia  than  lands  to 
c 

and  Xp^  in  the  saiM  nanner  as  bafora.  Similarly  tha  clinata  data  ia 

y 

oonposod  in  tha  same  way  ; v:  metaorologlcal  parameter,  o.g.. 


precipitation,  ta^ioratura,  or  praasura,  n locations  of  mauuroment 
tdiich  should  ba  at  or  near  tha  aaaa  location  aa  tha  aqulpmant  and  m 
■aaauramenta.  Tha  same  analysis  is  followad  ai  before  except  that  in 
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this  CM*  Dnm  aid  art  of  only  ono  poraator  aid  u such  the 

eorreUtlon  nttiix  of  the  MLexo-cUaMito  aodol  my  be  replaced  by  the  eo> 

vorience  netrlx.  Thle  hee  the  poeeible  edventege  in  trensfoming  beck 

ow 

to  the  reel  world  through  tdiere 

iS  -ev  -«  H<» 

f>m  * T*  •'nm 
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iaetoed  of  being  expreeeed  In  itnndud  devletlon  unite. 

^ c V 

Aa  beforoi  ai  oitlietoi  or  predletion,  of  0,^1  fvom  P,,^. 
by  con  be  nede  with  tht  eeioeietod  proeiiion  and  eonfldonoe 

oonputod  ae  bofon. 

There  ic  an  advntago  in  ualng  the  regional  analyaie  in  that  the 
elinate  eonetruction  ia  on  a regional  eeale  and  aa  aueh  la  nore  euily 

related  to  current  technology  in  aeteorologioal  aelence  linoe  the 

« 

^ ^ entire  region  and  only  in 

location  for  all  tine.  Siailarlyt  the  Xp^  vary  only  in  tine  and  the 
^np  locatim.  Hiua,  plotting  equation  9 for  each 

location  can  reveal  eoaw  very  intereating  reaulte  conceming  the 
aenaitivlty  of  locationa  fron  the  vantage  point  of  the  equipnent  to 
regional  elinate  ccndltlone. 


idiere 


r®" 

nn 
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ONE  SHOT  SENSITIVITY  TEST  FOR 
EXTREME  PERCENTAGE  POINTS 


Seymour  K.  Elnblnder 
Concepts  and  Effectiveness  Division 
Ammunition  Development  and  Engineering  Directorate 
Picatinny  Arsenal 
Dover » New  Jersey 


^STRACT . Sensitivity  testing  deals  with  continuous 
variables  which  cannot  be  measured  directly.  Several  well 
known  statistical  techniques  are  available  for  the  treat- 
ment of  experimental  responses  which  are  quantal,  i.e.i  all- 
or  nothing.  In  this  paper » a sequential  sensitivity  test 
strategy  and  estimation  methodology  is  proposed.  This  pro- 
cedure appears  to  be  more  efficient  than  the  methods  that  are 
in  common  use  for  sensitivity  testing  to  determine  extreme 
percentage  points  of  a response  function.  No  loss  of  efficiency 
or  accuracy  results  in  the  estimation  of  central  percentage 
points  such  as  L.50  or  LD.50.  The  method  is  robust  to  many 
forms  of  the  underlying  response  distribution,  doesn't  re- 
quire a possibly  limiting  assumption  of  normality  and  stimulv^s 
step  size,  and  is  insensitive  to  the  choice  of  Initial  stimulus 
level.  The  test  procedure  is  discussed  in  three  parts:  (1) 

the  test  strategy,  <2}  the  response  model  and  (3)  test  data 
analysis  and  estimation. 

1.  INTRODUCTION.  The  basic  ingredients  of  a sensitivity 
test  are:'  a stimulus,  a test  specimen  and  a qua,ntal  response. 
Associated  with  each  object  is  a critical  stimulus  or  strength 
such  that  if  the  stimulus  exceeds  the  strength,  the  object 
responds,  and  vice  versa.  The  distribution  of  strengths  in 
a population  of  objects  is  called  the  response  distribution  or 
the  response  function.  Some  typical  responses  may  be  failure, 
survival,  functions  properly,  explodes,  etc.  The  response 
must  be  chosen  such  that  an  increase  in  the  stress  level  results 
in  an  increase  in  the  response  function  or  the  probability 
of  the  occurrence  of  the  response. 

The  basic  problem  in  sensitivity  testing  is  to  estimate 
the  response  function  either  completely  or  locally  over  some 
region.  Also  required  are  estimates  of  percentage  points 
of  the  response  distribution  and  probabilities  of  response  at 
specified  levels  of  stress. 


Somtt  simple,  basic  rules  for  the  design  and  analysis  of 
a sensitivity  experiment  underlie  the  test  procedure  that  was 
developed.  In  the  first  place  extrapolation  of  results  be- 
yond the  region  of  the  Lest  data  should  be  minimized.  Tests 
should  be  conducted  as  close  to  the  region  of  Interest  as 
possible.  The  use  of  continuously  variable  stress  levels  applied 
sequentially  is  preferable  to  discrete  ones.  Finally,  the 
response  model  should  be  robust  to  the  form  of  the  usually 
unknown  underlying  response  distribution  and  be  a good  approxi- 
mation in  the  local  region  of  primary  interest. 

2.  REVIEW  OF  SEQUENTIAL  SENSITIVITY  TESTS.  A brief  re- 
view of  some  well  known  sequential  sensitivity  test  methods  will 
be  given  next  to  facilitate  the  presentation  of  the  new  test 
procedure . 

2.1  Up  and  Down  Test.  Probably  the  most  well  known 
sequential  sensitivity  t^st  procedure  is  the  Dixon  and  Mood  Up 
and  Down  Test  (1)  which  is  illustrated  in  Figure  1.  One  item 
is  tested  at  a time  starting  at  the  best  initial  estimate  of 
the  50%  response  point.  The  test  level  is  moved  up  one  step 
after  each  negative  response  and  down  after  a positive  one. 

The  step  size  is  fixed  and  must  be  determined  in  advance  of  the 
test.  The  recommended  step  size  is  equal  to  the  standard  de- 
viation of  the  response  distribution.  This  method  of  testing 
tends  to  concentrate  the  observations  near  the  mean.  As  a 
result,  the  procedure  is  quite  good  in  estimating  the  mean  or 
50%  point  of  a symmetric  distribution  but  does  not  do  too  well 
with  extreme  percentage  points.  The  method  of  analysis 
assumes  a normal  distribution  for  the  response  curve. 

2.2  Lar.alie  One  Shot  Test.  Langlie  (2>  developed  a 
sequential  ii'est  strategy  that  overcame  certain  difficulties 
with  the  Up  and  Down  test.  This  strategy  makes  use  of  con- 
tinuously variable  stress  levels  and  is  insensitive  to  the 
starting  level  and  the  apriori  choice  of  a stop  size.  The 
analysis  is  based  upon  a normal  response  distribution  and  has 
been  shown  to  be  more  efficient  than  the  Up  and  Down  method  in 
estimating  the  mean  or  50%  point  as  well  as  the  standard 
deviation. 

The  Langlie  Method  is  best  illustrated  by  means  of  an 
example  from  his  report  (See  Figure  2).  The  objective  was  to 
determine  the  high  temperature  performance  of  thermal  batteries. 
The  procedure  consists  of  first  choosing  upper  and  lower  limits 
such  that  all  items  function  satifactorily  at  the  lower  limit 
and  all  fail  at  the  upper  limit.  Failure  is  defined  as  a 
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SAMPLE  "ONE-SHOT”  TEST 


positive  responss  and  is  denotad  by  1 and  sucosssful  battary 
parformanoa  Is  danotad  by  0.  Tha  first  strass  laval  Is  salactad 
at  tha  midpoint  of  tha  Intarval.  Slnoa  a fallura  resulted  • 
tha  second  trial  Is  at  tha  average  of  tha  first  strass  level 
and  tha  lower  limit.  Tha  general  rule  for  tha  next  stress 
laval  is  to  average  tha  last  stress  laval  with  an  earlier  strass 
laval  such  that  tha  number  of  I's  equals  tha  number  of  O's  In 
going  from  one  to  tha  other.  If  no  previous  laval  exists  that 
satisfies  that  condition  than  tha  last  strass  Is  averaged  with 
either  tha  upper  or  lower  limit  depending  upon  whether  an  Increase 
or  daoraasa  In  strass  Is  required. 

Tha  accuracy  and  efficiency  of  tha  Langlla  strategy  are 


the  standard  deviation  Is  required.  Analysis  of  data  is  by 
the  method  of  maximum  likelihood  and  Is  based  upon  the  assump- 
tion of  a normal  distribution  of  strengths. 

2*3  Sensitivity  Testing  for  Extreme  Percentage  Points. 

The  test  methods  described  thus  far  tend  to  oonoentrate  the 
observations  near  the  central  part  of  the  response  distribution 
and  are  efficient  for  estimating  its  properties  there.  Often » 
however,  the  experimenter  la  interested  in  the  nature  of  the 
extreme  parts  of  the  distribution.  This  requires  appropriate 
test  data  from  the  region  of  interest.  Wetherill  (3)  published 
the  results  of  an  Investigation  of  sequential  test  methods  for 
the  estimation  of  general  percentage  points  of  a quantal  res- 
ponse function.  He  found  that  most  of  the  available  procedures 
such  as  the  Up  and  Down  and  the  Robbins  - Monro  were  not  suit- 
able for  estimation  of  extreme  percentage  points.  A rule  for 
transforming  the  response  in  an  Up  and  Down  test  was  proposed 
by  Wetherill  which  tends  to  oonoentrats  the  observations  in  the 
tall  areas  of  the  response  curve.  The  question  of  stopping 
rules  was  also  addressed  by  Wetherill.  For  more  detail  refer 
to  Reference  3. 

3-  ONE  SHOT  TRANSFORMED  RESPONSE  TEST.  In  this  test 
procedure,  the  Wetneriii  response  frans formation  is  applied  to 
the  Langlla  One-Shot  test  algorithm.  In  this  way,  advantage 
Is  taken  of  the  best  features  of  both  techniques  which  results 
in  an  efficient  and  effective  new  method  of  sensitivity  testing. 

One-Shot  Transformed  Response 

(OSTR)  Rule. 
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3.1  Ony-Shot  Transformed  Response  Test  Strategy.  The  OSTR 
strategy  is  besi  illustrated  by  an  example  which  is  protrayed 
graphically  in  Figure  3.  The  objective  in  the  example  is  to 
estimate  the  upper  tall  performance  of  the  response  distribution. 
An  OSTR  test  strategy  with  Nqb3  was  used.  The  transformation 

is  defined  by  the  value  of  Nq  which  determines  the  response 
quantile  around  which  the  test  levels  tend  to  concentrate.  This 
quantile  is  called  the  transformed  median  percentage  (TMP) 
point  for  reasons  which  will  be  apparent  later.  For  No«3,  the 
TMP  * 79%.  The  response  transformation  is  designed  to  make  an 
increase  in  stress  easier  than  a decrease.  The  greater  the 
difficulty  In  decreasing  the  stress  level,  the  greater  will  be 
the* transformed  median  percentage.  A positive  response  is 
denoted  by  an  X or  1 and  a negative  responbiM  by  0.  A type  D 
response!  which  requires  a reduction  in  stress  level,  is  allowed 
to  occur  after  N'o  confirmations  of  a positive  response.  In 
this  case  a type  D response  consists  of  a (111)  outcome  and  a 
type  U response  of  the  set  of  outcomes  (0),  (10)  or  (110).  After 
choosing  lower  and  upper  stress  limits,  as  in  the  Langlle 
procedure,  the  first  test  level  is  chosen  at  the  percentage  point 
of  the  test  interval  corresponding  to  the  approximate  TMP  of 
the  transformation.  The  sequence  of  tests  at  the  first  stress 
level  resulted  in  three  positive  responses  or  a type  D.  The 
process  proceeds  by  applying  the  Langlie  strategy  to  the  U’s 
and  D's.  Thus,  the  second  stress  level  is  at  the  average  of 
the  lower  limit  and  the  first  stress. 

3.2  Stopping  Rules  and  the  w Estimator.  The  same  test 
sequence  and  results  are  shown  in  tabular  form  in  Table  1,  A 
change  of  response  type  is  said  to  occur  when  an  alternation 
of  response  is  obtained.  In  this  experiment  the  fourth  change 
of  response  occurred  at  the  16th  trial.  Wetherill  proposed  a 
stopping  rule  based  upon  a specified  number  of  changes  of 
response  type  rather  than  a fixed  number  of  trials.  Occasionally, 
peculiar  sequences  of  outcomes  occur  which  provide  little  or 

no  information  about  the  response  distribution.  This  condition 
is  minimized  by  using  the  change  of  response  stopping  rule 
rather  than  a fixed  sample  size. 

The  number  of  observations  required  in  an  experiment  is  a 
random  variable  with  this  stopping  rule.  The  expected  sample 
size  with  a particular  number  of  changes  or  response  increases 
with  No  or  the  farther  out  in  the  tails  of  the  response  curve 
in  which  the  testing  takes  place.  For  each  sequence  of  trials 
on  the  transformed  scale  that  represents  a change  of  response, 
a reasonable  estimate  of  the  50  percentile  is  the  midpoint  of 
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ONE  SHOT  THANSrOHMED  gESPONS 


TABLE  1 


A ■ 0, 

ONE  SHOT  TR 

TEST  FOR  Ho 

- 3 , TMP'  - 

. 7937 

.8(70)  - 56 

B ■ 70, 

x(l) 

Trial 

Stress 

Response 

Response 

Change 

I 

XCD 

Ycn 

Type'* 

Number 

w 

1 

56. 

1 

2 

56. 

1 

3 

56. 

1 

D 

4 

28. 

1 ' 

5 

28. 

0 

U 

1 

42. 

6 

42. 

0 

U 

7 

56. 

1 

8 

56. 

1 

9 

56: 

1 

D 

2 

49. 

10 

49. 

1 

• 

11 

49. 

0 

,U 

3 

52.5 

12 

52.5 

1 

13 

52.5 

0 

u 

14 

61«2S 

1 

15 

61.25 

1 

16 

61.25 

1 

0 

4 

56.875 

' 

200.375 

w - i(200.37S)  ■ 50.09 
4 

* D:  111 

U:  0,  10,  110 
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th«  str«8t  int«rval  whera  the  change  took  place.  These 
estimates  are  denoted  by  w after  Wetherlll  who  proposed  this 
estimator  for  the  Up  and  Down  routine  which  uses  equally  spaced 
stress  levels.  The  Wetherlll  approach  was  also  found  to  apply 
to  the  Langlie  strategy  and  appears  to  be  efficient  and  accurate. 
Each  change  of  response  results  in  a separate  estimate  of  the 
transformed  50%  point  and  the  overall  point  estimate  w is  the 
average  of  all  of  the  individual  estimates . 

In  this  example,  w is  an  estimate  of  An  iterative 

method  of  calculating  maximum  likelihood  estimates  of  the 
response  curve  parameters  is  used  which  requires  initial  estimates 
of  the  parameters . These  are  obtained  by  a method  of  matching 
peroentage  points.  The  w estimator  is  useful  for  estimating 
percentage  points  to  be  used  for  maximum  likelihood  estimation. 

3.3  Transformed  Response  Strategies.  Transformed 
response  strategies  for  s'ev'eraT  values  of  No  are  illustrated  in 
Table  2.  Also  shown  are  the  upper  and  lower  tail  percentage 
points  that  are  estimated  and  around  which  the  one  shot  test 
levels  tend  to  concentrate.  This  table  can  be  easily  extended 
for  additional  values  of  No.  For  P>.5,  X denotes  a positive 
response,  and  0 designates  a negative  one.  For  lower  tall 
strategies,  the  responses  are  redefined.  Zero  represents  a 
positive  response,  and  the  U and  D designations  are  interchanged. 
The  TMP  for  a given  Nq  is  found  in  the  following  manner.  Call 
P(x)  the  probability  of  a positive  response  at  a test  level  x. 

Then  the  probability  that  the  outcome  at  this  level  will  result 
in  a downward  change  of  level  is  CP(x)]^o,  xhe  transformed 
response  curve,  in  which  the  responses  are  classified  as  U or  D, 
is  then 


F(x)  « PC(x)3^o 


The  OSTR  strategy  is  actually  the  Langlie  routine  applied 
to  a transformed  response  curve.  The  standard  Langlie  pi'o- 
cedure,  which  is  obtained  when  No’*!,  may  be  used  to  estimate 
the  50%  point  of  the  transformed  response  curve  F(x).  By 
solving  for  the  value  of  Pvx)  corresponding  to  F(x)  » .5,  we 
obtain  the  probability  value  of  the  original  response  function 
corresponding  to  the  50%  point  of  the  transformed  response. 

This  is  the  transformed  median  percentage.  As  noted  before, 
for  Ng«3  this  value  is  .7937  in  the  upper  tail  and  .2063  in  the 
lower  tail. 
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TABLE  2 


CHARACTERISTICS  OF  SOME  TRANSFORMED  RESPONSE  STRATEGIES 


Response 

Type* 

Percentage 

D if  p>.S, 

U if  p>.S, 

Trans 

form- 

Point 

Hstimated 

"o 

U if  p<.S 

D if  p<.S 

atlon, 

F ■ 

p<.5 

n> . 5 

2 

XX 

XO,  0 

p2 

.2929 

.7071 

3 

XXX 

XXO,  XO,  X 

p’ 

.2063 

.7937 

3 

XXX,  xxox 

XXOO,  XO,  0 

P^C2*p) 

.2664 

.7336 

4 

xxxx 

XXXO,  XXO,  XO,  0 

P^ 

.1591 

.8409 

4 

xxxx,  xxxox 

XXXOO,  XXO,  XO,  0 

P^C2*p) 

.1959 

.8041 

5 

xxxxx 

XXXXO,  XXXO,  XXO 
XO,  0 

p5  ' 

.12945 

.87055 

S 

xxxxx,  xxxxox 

XXXXOO,  XXXXO 
XXO,  XO,  0 

P^C2-p) 

.1540 

.8460 

6 

xxxxxx 

XXXXXO,  etc. 

p6 

.1092 

.8908 

7 

xxxxxxx 

XXXXXXO,  etc. 

P^ 

.0944 

.9056 

8 

xxxxxxxx 

XXXXXXXO,  etc. 

p8 

.0829 

.9171 

9 

xxxxxxxxx 

XXXXXXXXO,  etc. 

P® 

.0740 

.9260 

10 

xxxxxxxxxx 

XXXXXXXXXO,  etc. 

pio 

.0670 

.9330 

14 

xxxxxxxxxxxxxx 

XXXXXXXXXXXXXO, 
etc . 

pi' 

.0484 

.9516 

•For  p>.5,  X-»rcsponsc  and  n>  non- response . 
For  p<.5,  X^non-response  and  0+  response. 
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4.  THE  Response  function.  Next  we  consider  the  sensitivity 
model  or  the  form  oi*  the  response  function.  The  well  known 
Weibull  distribution  was  selected  as  a general  response  model 
for  several  reasons. 

The  Weibull  distribution  is  general  and  very  useful  as 
a response  function  because  it  exhibits  many  different  shapes. 
Consequently,  it  is  robust  to  the  form  of  the  true  response 
distribution.  Since  skew  shapes  may  also  be  approximated,  the 
need  for  normalizing  transformations  that  are  required  by  most 
conventional  methods  is  minimized  or  eliminated. 

The  main  difficulty  with  the  Weibull  is  the  fact  that  it 
is  a 3 parameter  distribution  and  the  location  parameter  is 
difficult  to  estimate.  Fortunately,  however,  the  estimation 
of  responses  and  percentage  points  in  the  stress  regions  of 
interest  appear  to  be  insensitive  to  variations  in  the  location 
parameter. 

Figure  4 illustrates  the  variety  of  shapes  of  the  Weibull 
density  for  a number  of  values  of  the  shape  parameter  y*  An 
exponential  distribution  results  for  y*1.  The  distributions  are 
skewed  to  the  right  for  y<3.6  and  to  the  left  for  y>3.6.  Normal 
densities  are  approximated  by  y ■ 3.6. 

To  provide  additional  flexibility  and  capability  in  fitting 
the  best  response  functions  to  experimental  outcomes  in  some 
local  stress  region,  a reflected  version  of  the  Weibull  distribu- 
tion was  also  introduced.  This  allows  the  tail  of  the  Weibull 
that  best  fits  the  data  to  be  used  for  estimation  purposes  and 
minimizes  the  dependence  of  the  estimates  on  the  location 
parameter  y. 

5.  ESTIMATION ■ Given  the  results  of  a sensitivity 
experiment , maximum  likelihood  theory  was  applied  to  estimate 
the  best  Weibull  response  distribution.  Let  the  stresses  be 
x^,...,Xfi  and  the  outcomes  y(x] ) , . . . ,y(xyj>  for  a series  of 

n trials.  An  outcome  y(x)»l  denotes  a positive  response,  and 
y(x)«0  indicates  no  response.  To  find  the  maximum  likelihood 

estimate  of  £ » flp)*»  for  the  response  distribution 

function  F(x;£),  we  require  the  likelihood  equation: 


L<viO)  ■ S Qi  1-yi 

i«l 
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...  ^ \ 


wh«r«  Pi  « PCxi]  ■ PCY(Xi)»l]  « ; dF(xifi). 

-w  ”* 


Differentiating  log  L(yi€)  with  respect  to  each  parameter 
and  equating  each  derivaHve  to  aero  results  in  a set  of  p 
equations  whose  solution  set  gives  the  maximum  likelihood 
estimate  for  9. 


BjCO)  A 


Vi-Pi 

FI5T 


SPi 


0 (jal,... ,p) 


Solution  of 
them  by  means  of 


these  equations 
a Taylor  series 


is  aooompllshed 
expansion  about 


by  linearizing 
O^.  Thus  I 


P Sgi(6) 

gj(«^+A6)  « gjCOfi)  + A6j^ 


0 


The  linearized  equations  are  then  solved  using  a Newton- 
Raphson  iterative  procedure.  The  problem  of  an  Initial  estimate 
£o  for  the  first  itsration  of  the  solution  was  solved  by 

matohlng  peroentage  points  of  the  response  curve  with  particular 
stimulus  levsls. 

The  covariance  matrix  for  the  sstimators  is  the  inverse  of 
the  Fisher  Information  matrix  B which  is  defined  as 


B(jk)  ■ C-E< 


pxp 


It  then  follows  that  the  covariance  matrix  for  0 is 
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5.1  M.L.  Estimates  of  Weibull  Parameters.  The  form  of 
the  Weibull  distribution  function  found  to  be  most  practical 
and  useful  for  fitting  to  sensitivity  date  is 

F(x)  = l-exp-[(x-Y) /fl]^  x5^Y 
= 0 x<Y 


Maximum  likelihood  estimates  of  the  Weibull  parameters 
€ s (6,a,Y)'  et'e  obtained  as  described  in  the  previous  section. 
Starting  values  for  the  iterative  solution  are  found  by 
matching  two  percentage  points  for  a fixed  value  of  the  location 
parameter  y*  The  w estimator  is  useful  for  finding  these 
percentage  points.  The  M.L.E.  of  y is  found  by  searching  over 
the  domain  of  y.  Convergence  problems  were  encountered  in 
solving  the  non-linear  equations.  A transformation  of  the  data 
into  an  exponential  form  based  upon  the  critical  estimates  of 
the  Weibull  parameters  was  found  to  stabilize  and  speed  con- 
vergence to  a solution. 

5.2  Confidence  Region  for  Weibull  Parameters.  A joint 
confidence  region  for  the  Weibull  parameter  vector  d is 
obtained  by  making  use  of  the  asymptotic  normality  of  the  maximum 
likelihood  estimator  d for  £. 


9 ^ NCe,  Sg] 

..  -1  A 

The  quadratic  form  in  the  parameters,  v =(£-£)'  E§  » 

is  approximately  chi  si^uare  with  3 degrees  of  freedom.  Thus, 
a (1-a)  confidence  region  for  G is  given  by 

2 2 

Xf  18  the  value  of  x for  degrees  of  freedom  that 
satisfies 
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where  q is  the  number  of  parameters  estimated. 

5 • 3 Eatimation  of  Keliability  and  Percentage  Points  . 

The  reliability  at  a given  stress  level  XoiV  defined  as the 

probability  that  the  strength  exceeds  this  stress  level.  For 
the  Weibull  response  function  or  strength  distribution  the 
reliability  is 


RCxoi®)  = l-exp-[(x-Y)/0]“,  *>y 


An  M.L.  estimate  of  R is  obtained* by  substituting  0 for 

0 a (0,a,Y> ' . 


R(xc)  = RCxciS). 


By  the  thir.or'em  on  the  agymptotic  distribution  of  functions  of^ 
consistent  statistics,  RCxq)  is  asymptotically  NCR(xci£),  V«,(R)] 


where 


V (R)  a 2;  £ 


3R  3R 


i j »9i  38j  ^ ^ 


Thus,  a lox<er  (l-o>  confidence  limit  for  R(xcjg^)  is 
R<Xc)  a Zf^  /V«(R) 


where  is  the  100a%  point  of  the  N(0,1)  distribution  such 
that 


P[Z  > Zgj]  a a 
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Percentage  points  Lp  az«  estimated  by  solving  the  Weibull 
distribution  function  for  Lp.  Thus,  we  have 


P s l-exp-C(|^-Y)/8]* 


which  gives  us 

Lp  s fl(-log  ♦ Y 


where  Q > 1-P. 


Using  the  asymptotic  distribution  theorem  as  before, 
we  got 


Lp  ■ Lp  ( fl_) 

V*  (Lp)  s £ I COV(S£8j) 

^ i j 861  ^ ^ 

where 

^ . (-log 
8L  a 

^ (-log  Q)^^®log(-log  Q> 


1 


A A 

Thus,  Lp  ' N(Lp,  V„(Lp)).  This  permits  the  simple  computation 

of  asymptotic  confidence  intervals  for  percentage  points  of 
the  response  function. 
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b.4  Reflected  Welbull  Estimation.  The  reflected  Weibull 
density  and  distribution  functions  are 

fCx;e,a>YR)  * oC(Yn-x)/fl]“‘'"exp-C<YR-x)/e3“  >«<,Yr 

= 0 x>Yr 


F(xiQ,a,YR>  ■ exp-C(YR-x)/fl]“  x<Yr 


Fitting  of  a reflected  Weibull  distribution  to  a set  of 
experimental  data  (xi,  yCxj,)),  isl,...,n  was  accomplished  by 

reflecting  the  stress  levels  and  outcomes  about  an  arbitrary 
point  A.  Th4  data  transformed  to  the  standard  Weibull  form  is 

Xg  • 2A  - X£ 

yg  = 1 - y<Xi> 

where  Xg,  yg  are  the  transformed  stress  and  response  which  are 
used  to  obtain  M.L.  estimates  for  the  parameters  of  a standard 
Weibull  distribution,  0^  ■ (d8»ag,Ys)'*  Since  the  scale  and 

shape  parameters  <C,a)  are  invariant  under  this  transformation, 
the  M.L.  estimates  of  the  reflected  Weibull  parameters  are 


8 = 9, 


Yr  = 2A  - Yj 


where  Og , Cg , Yb  estimates  for  the  standard  Weibull 

distribution  based  upon  reflection  of  the  original  data  about  A. 


- 385  - 


The  reflection  transformation  allows  all  of  the  statistics 
and  estimators  developed  for  the  standard  Weibull  to  be  applied 
to  the  reflected  Weibull t 

6.  SUMMARY  AND  CONCLUSIONS.  In  summary  a new  OSTR 
strategy  has  been  developed  that  is  relatively  easy  to  apply. 

It  has  been  found  to  be  more  efficient  than  existing  methods 
for  estimating  extreme  percentage  points  on  a quantal  response 
curve . 

A general  response  model  has  been  incorporated  based 
upon  the  Weibull  distribution  which  is  robust  and  minimizes  the 
need  for  normalizing  transformations.  In  addition,  the  ability 
to  fit  response  curves  has  been  expanded  by  reflecting  the 
Weibull  distribution. 

Maximum  likelihood  theory  has  been  applied  to  derive, 
for  both  the  standard  and  reflected  forms  of  the  Weibull 
distribution,  point  and  confidence  estimates  of  the  parameters, 
the  Fisher  information  matrix,  the  asymptotic  covariances  matrix 
and  point  and  interval  estimates  of  the  reliability  and  per- 
centage points. 

The  Wetherill  w estimator  was  successfully  applied  to  the 
Langlie  routine  and  provides  a simple  and  efficient  estimate  of 
certain  percentage  points. 

Finally,  a Fortran  IV  computer  program  was  written  that 
analyzes  quantal  data  and  calculates  all  of  these  statistics 
and  estimates. 
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ANALYSIS  OF  TECHNIQUES  FOR  FINDING 
A FORWARD  OBSERVER 


Charles  McElwee 

Frankford  Arsenal,  Philadelphia,  Pennsylvania 


ABSTRACT 


This  paper  Is  the  result  of  work  done  In  conjunction  with 
projects  designed  to  produce  a point  target  first  round  hit  capability. 
The  initial  portion  of  this  task  was  to  consider  a new  technique  of 
forward  observer  location  possible  only  since  the  development  of 
precise  Laser  Rangefinders  and  optimize  it.  In  the  process  of 
optimization  and  statistical  comparison  with  existing  techniques,  the 
feasibility  of  a still  newer  Idea  came  to  light. 


DEVELOPMENT  OF  TWO-HIT-RANGE-ONLY 
METHOD  OF  LOCATING  A FORWARD  OBSERVER 
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i 

PROBLEM:  Locate  a Forward  Obaerver  by  Firing  Two  Rounda  from  a I 

Mortar  and  Having  the  FO  Supply  Range  Information  to  the  j 

Hit  Point!  } 

By  ualng  vector  equations  a computer  sub»routlne  which  la  easily 
utilized  W88  developed, 

Input  data  required  to  use  the  aub-routina  la  range  and  dlrac-  | 

tlonal  Information  between  the  firing  point  and  each  of  the  hit  ; 

points.  The  solution  aat  contains  two  seta  of  range  and  dlree-  i 

tion  calculations.  Tha  correct  set  may  be  aacertalned  by  having 

the  FO  note  whether  tha  angle  (aa  he  observed)  subtended  by 

the  first  and  aaeond  hits  was  clockwise  or  eounterelockwlae . The 

output  ranges  from  the  aub-routlne  will  show  one  positive  and  one 

negative.  The  sign  establishes  the  '?loekwlse-counterclock*lse  i 

sensing  and  should  be  Ignored  when  plotting  the  FO's  position 

once  the  proper  solution  Is  determined. 

i 

To  test  reliability  of  the  technique,  fifty-five  (55)  selected  ! 

cases  were  tested  and  four  (4)  probability  outlines  Including 
100  percent  were  plotted  accounting  for  the  following  error 
sources : 


1.  Elevation  error  In  mortar  (firing  table) 

2.  Deflection  error  In  mortar  (firing  table) 

3.  Rangefinder  error. 

Depending  on  the  choice  of  data,  tha  100^  error  radius  ranged 
from  65  to  over  900  meters  at  extreme  mortar  ranges  - reasonable 
through  unreasonable.  Investigation  revealed  that  the  error 
could  be  minimized  by  proper  selection  of  the  hit  points  with 
respect  to  the  FO.  There  la,  however,  the  requirement  of  some 
prior  knowledge  about  the  FO's  position. 

ASSOMPTIOWS  FOR  INVESTIGATION 


1.  Round  dispersion  (Gaussian,  according  to  firing  tables) 

2.  Flat,  level  ground 

3.  ± 10  meter  Rangefinder  (accuracy  plus  precision,  uni  orro) 

4.  ^8  degrees  compass  error  (gaussian,  due  to  local  magnetic 
disturbances) . 

The  Mortar  Is  used  throughout  this  discussion  but  the  results  should 
in  no  way  be  construed  as  useful  only  In  Mortar  Systems.  All  aimed 
hit  locations,  FO  actual  locations,  and  "errors"  incorporated  in 
calculation  were  generated  randomly  Internal  to  the  program.  Sample 
sizes  in  each  sample  set  were  also  generated  randomly,  restricted  to 
the  region  30  to  170,  Uniform  or  Gaussian  random  numbers  were  used 
in  the  program  as  appropriate. 
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COMPUTER  PLOTS 


Tht  following  computor  plots  rspresent  outlines  resulting  froa 
the  use  of  25,  50,  75  and  100  percent  boundaries  of  each  error 
source.  The  asterisk  near  the  center  of  the  outline  Is  the 
location  of  the  observer  if  no  errors  were  encountered.  Th. 
scale  le  In  neters/lnch,  with  the  tnaxinum  error  appearing  4.166 
nches  from  the  center.  The  scale  was  established  differently 
on  each  plot  to  obtain  naxieua  resolution.  Other  Infornatlcn 
on  the  plot  was  used  for  researching  purposes  only.  The  non> 
continuous  nature  of  the  outlines  is  due  to  discrete  point 
selection  on  the  error  outlines  ("walking  the  boundary"). 

The  plots  for  the  PO-  are  In  the  minimum  error  configuration 
which  has  been  found  to  exist.  This  configuration  is  discussed 
in  the  conclusion  for  this  part. 


ERROR  OUTLINES 

The  error  outlines  below  are  Indicative  of  those  used  for  this 
discussion.  Mote  that  two  hits  and  two  ranges  were  used  for 
each  calculation. 
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A typical  "walkaround"  la  depleted  balow.  There  are  nine  (9)  points 
per  reference  round  and  three  (3)  points  per  ranging  for  a total  of 
729  points. 


Test  Problem  - Zero  jirror 


FO  (•!■) 
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• SXNIOH 


/nChES/sO  UMITS  a 76  POINTS  • 729 


Hi  222  12^2 


5C*LP  a 10-^  KCrES/35  anil's 


ii.6  lNC^ES/9d  U>«ITS  » ^.14  1 POINTS  • 129 


COMCtOSIOM 


Th*  plots  sttschsd  for  P0>  ara  an  axanpla  of  tha  ainlBun  arror 
radius  configuration  dlseovarad  during  tha  raaaarch  for  tha 
project.  Plaasa  nots  that  this  plot  rapraaanta  axtrema  nortar 
rangas  (4500  natars)  and  naar  extrana  rangaflnder  ranges  (9620 
■stars).  Tha  resulting  lOOZ  probability  outline  for  FO-  la 
eontainad  within  a clrcuaacrlbed  circle  of  radius  100  aatara. 
Tha  saaa  outline  for  FO-f  (not  In  alnlaa  configuration)  raqulras 
a 240  aatar  radiua.  Tha  arror  la  larger  even  though  tbs  FO  la 
closer  to  tha  firing  point. 

Tha  following  dlagraa  lllustrataa  tha  alnlaa  ctltarlon: 


♦ FO 


O 

rr 


••  •' 


Tha  alnlaa  criterion  is  that  92  and  9i  both  ba  identically  90°. 

To  perfora  thle  feat  requires  actual  knowledge  of  the  FO's 
position.  It  was  found,  however,  that  error  aenaltlvtty  to 
the  actual  valves  of  9i  and  O2  la  low,  tharafore,  It  la  necessary 
to  know  only  an  approxiaate  location  for  the  FO  and  establish 
and  H2  to  produce  a alnlaal  error  condition. 
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Enlarged  View  Of  Minira  Criteria 


QUALITATIVE  C*^AM80N 


8«ven  taehnlquas  of  FO  location  vara  amployad  In  the  statiatical 
analyaia  includad  in  this  portion  of  tha  report 


Technique 


Description  (on  basis  of  required  Information) 


A Rans«  and  Bearing  to  Hit  (^ 

B Raqga  and  Bearing  to  Hit  1Vn> 

C Ranges  only  to  Hits  One  and  Two 

D Bearings  only  to  lilts  Or.}  arid  Two 

E Average  Locations  Found  in  A»B 

F Average  Locations  Found  in  C,D 

C Average  Locations  Found  In  A»B,C 


Number  of  times  (out  of  36)  technique  showed  least  value  of  error 
statistic. 


Technique 

Hean 

Standard 

Deviation 

Standard  Error 
of  Mean 

SD  4 5EM 

A 

0 

0 

0 

0 

B 

0 

0 

1 

1 

C 

2 

0 

0 

2 

0 

0 

0 

0 

0 

E 

10 

34 

33 

18 

F 

0 

0 

0 

0 

C 

24 

2 

2 

13 

Additionally,  Technique  E and  C turn  out  to  be  statistically 
similar.  This  result  is  logical  as  no  different  Infomation  is 
incorporated  when  utilising  C.  Techniques  A,B,C  have  sinilar  values 
also,  as  should  be  expected.  Ranking  of  these  techniques  according 
to  statistical  accuracy  would  be: 

Best  £,C 

Fair  A,B,C 

Worst  D,F 

Tha  added  criterion  of  simplicity  causes  E to  be  chosen  as  the 
best  over-all  technique. 


STATISTICAL  COMPARISON  OF  LOCATING  TECHNIQUES 

The  following  pages  contain  Computer  Outputs  comparing  the  seven 
techniques  tested  as  listed  under  "()uelitatlve  Analysis".  Tha 
first  set  of  36  samples  assumee  the  ± 8 degree  eonpaas  error. 

The  second  set  assumes  * 2 degrees.  Column  headings  arei 


MEAN 

(Expected 

Value) 

SD 

(Standard 

Deviation) 

8EM 

(Standard 

Error  of  tha  MEAN) 

8EEW 

(Skewness) 

EURT 

(Kurtosls) 
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1177/..-* 

•90 7. . 1 

luoel.4 

1106.0 

12314.3 

1-JJ.7 

£oy«H  . 

S2U.0 

• 3017.2 

i6MPLC  SkT'tl-jMbc*»“ 

‘.lO.  'S-hPLt 

3T2t  IS"  -6  ■ 

' ioO.S  " 

"*  20a;-* 

26,7" 

; ■■  48, '0 

136.3 

2i*i.l 

236.3 

36.6 

74.5 

277.6 

239.2  ■ 

dOo.*.' 

116.4 

260.3 

1703.0 

l?52.S 

0639.2 

669.0 

2»2.0 

1333.0 

21)0.2 

l9-i).l 

■ ■ ■ 23.0 

60.3 

263.0 

V«o«3 

2370.1 

343.3 

23-4.4 

1370.6 

12h,3 

2o7  .2 

36.6 

233.7 

1431.0 

SAMPEE  SET  NUPBE*)  ' 

)S* ' SA.-  -'l.E 

SUE  “is  106 

223.0 

17V.0 

17.4 

123. 1 

3*.’9,4 

230. n 

210. H 

20. S 

139.3 

434,1 

2-«'.  0 

7-01.2 

66;i 

Sl7.7 

29T0.3 

2V0O.7 

10103.7 

. .900.3 

661.6 

5182.7 

177.7 

12H.A 

12.1 

123.6 

515.3 

I..69.7  , 

...  51-3-*.2_ 

49S.6 

6 7tt«  d 

5152.6 

173.2 

23o.o 

23.2 

494.2 

2359.6 

sample  set  SliKBE^'' 

To*  sample" 

SI2riS'  '76  ■ 

— 



i >•.  r 

i'sViT" 

IH.i 

isti,}'  ' 

423.1 

iai.9 

16S.A 

19.2 

. - . -V3.S 

20H.6 

ooJ.S 

1272.« 

144.1 

271.9 

1123.2 

2937.0 

IBs  62  .«• 

2090. S 

. 632.1 

$653. 0 

150.6 

117.7 

13.3 

113.0 

426.3 

1O0-.2 

Oa-I'O.S 

1064. T 

646.3 

5504. 6 

211.-) 

' 393.9 

.<4.0 

264,9 

1132.7 

■4 


I 


- 410  - 


sample  Stt  N*JM0€A~  7t 

SAMPLE  SIZE  IS 

A7 

S 

60.9 

a3.7 

6.A 

so.s  ' 

166.9 

5a.  3 

, .39. A 

. 5.7 

S2.0 

307.0 

1 Al.S 

210.6 

30.7 

Z36.6 

IA3A.A 

^02.2  . 390.6  _ 57.0  tZS.Z  I3A3.9 

SAMKE  SET  NU**eE«  SAMPLE  SIZE  IS  |46 


317.6 

Z6.3 

73S.5 

A3Z9.7 

1Z609.3 

1051.0 

ITZZ.S 

..  zoosa;z 

miij 


rvi'] 


— 703.6  

. . 6A16.6  ...  :S31.Z 

. 17ZI.1 

. Z06Z7.S 

6V.6 

105.1  «.7 

671.2 

• 

3B19.6 

SAMPLE  SET  MUMBEO 

9t  sample  SIZE  is  6S 

Z3 

AZ 

Za 


3IS3.a 


pj.yjii 


. ..... 237. 0 

631.9 

76.6 

..  396.2 

2809.2 

SV.A 

169.6 

S0.6 

471.0 

1250.3 

SAMPLE  SEt  NJMHEM 

*iOt*  SAMPLE  SIZE  l‘S 

56 

I3Z0.Z 

zroA.tt 


Z1T3.:> 


sample  set  NUArtEiT  lit  sample  SIZE  IS  6Z 


39SH.1 


13«0.7 


-MO -9 

..  _ 19, 7a.  8 

....  . 250.8 

.AA2.3 

336A.7 

97. A 

215.7 

27. A 

273.0 

136A.3 

sample  set  numbep 

12i  sample 

SIZE  IS  ISO 

S37.9 
133a. A 


5Z77.P 

13767.1 


12PA.3 

12915.6 

• 37.9 

5278.3 

V 


1 

4 


I MMPLE  SCt  N0H8E«‘  13»’ SAHPLC  SI2E  l«  155 


66.3 

48.2 

3.9 

72.4  _ 

. . 52.1  

4.2 

165.1 

77b. 1 

'62,3 

655.2 

„4261.3  . _ 

342.3 

48.3 

32.0 

2.6 

mT9.S 

2161.6 

173.6 

79.7 

256.1 

20.6 

244.0 
20H.4 
1228.4 
1490.6 
’ 186. 1 

1423.0 

1217.0 


■ 960.9 

709. S 

10311.6 

16163. 5 
" 733.6 

15126.7 

10198.6 


i SAMPLE 'set  NU68E 8 14«  SAMPLE  SI7C  IS  134 


■*"*73i9 

87.3 

“ 

4.9 

260.9 

. 6-4.0 

47.6 

4.1 

183.9 

216.7 

851.8 

73. 6 

95S.3 

,.**91.5 

..  ..  ,2192.5 

189.4 

1285. 5 

. 50.8 

32.1 

2.8 

126.0 

• 

_312.1 

„ -.1341.9 

US. 9 

1272.8 

92.3 

278.7 

24.1 

954.0 

• 

sample 

SET  NUP6EP 

IS*  SAMPLE 

SUE 

15 

165 

0 

68.2 

44.3 

3.4‘ 

174.7 

68,4.  .. 

47.7 

3.7 

221.6  

306.9 

956.5 

74.5 

827.0 

,.525.2  .. 

. - 1761.1 

132.4 

1385.1 

49.0 

31.7 

2.5 

2J0.6 

.355.5 

1020.8 

. 79,5 

1068.8 

121.1 

313.0 

24.4 

027.9 

sample 

‘set  Nui'aes 

16*  SAMPLE 

SUE 

IS 

58  ■ ' 

62.5 

40.1 

'2,b 

1 

..  57.8  . 

....  45.4 

6.0 

82.3 

178.1 

507.8 

66.7 

315.3 

._246.9  

446.9 

. 56.7 

. . 194.2 

43.2 

29.3 

3.8 

54.7 

_178.2  . 

. 316*8 

41.6 

. 1/7.1 

77.2 

]6s.5 

22.1 

307.5 

! sample* 

SET  NUP8EK 

17*  SAMPLE 

SUE 

IS 

106 

66.9 

43.2 

.*  ••• 

* • 

~ 4.2 

■ 130.2 

,■  

67.4 

57.9 

5.6 

213.6 

285.2 

885.0 

86.0 

505.7 

■ _ . 

..4SJ.3  . . . 

_ .,..1070.6 

lO-l.O 

581.7 

49.0 

35.6 

3.5. 

206.8 

...307.9 

_ . b43.9 

62.5 

396.0 

! 

114.8 

288.5 

28.0 

504.7 

1 sample 

SET  NOK8EM 

18.  SAMPLE 

SUE 

IS 

37 

79.7 

69.9 

11. S 

83.5 

— 61.5  . - 

41.1 

. - 

■■  ■ 

6.9 

27.2 

27b. 6 

877.9 

144.3 

139.3 

;l 

.279.1 

. 412.8 

.. 



.67,9 

157.1 

51.1 

41.0 

6.7 

72.3 

207.7 

391.6 

64.4 

135.2 



118-0 

291.0 

47.9 

lJb.9 

lOlO.C 

616.0 

7368.1 

13507.7 

498.5 

13466.7 
7365.4 


698.5 

832.6 

4894.7 

14035.9 

952.3 
. 9502.5 
4935.1 


1»3.J 

256.1 

2006.3 

000. b 

190.3 

732.2 

1935.6 


409.7 

791.2 
2738, r. 

4134.2 
842.9 

2066.2 

2735.7 


325.6 
09.9  _ 

579.9 

HSS.l 

274.6 

506. ti 

Sob . i 


- 413  - 


te 


9CM 


KMr 


i sWlc  $ET  MU»'BE>(  .19*  SAi^^LC  S!Z£  IS  B1 


6<*.  1 

51. 1 

5.7 

140.2 

496.  1 

4S.4 

_.5<*.7 

...6.1  .. 

-.10Z.3 

767.3 

222.4 

642.3 

71.4 

419.2 

2597.7 

9?i.9 

327.*.  

36.4 

„242.3 

1039.0 

S3.I 

37.0 

4.1 

114.1 

374.0 

„i«9,2 as**. 7 39.4 319.S 164T.7 

91,0  2I0*£  23.4  401.4  2438.1 


SAMPLE  SET  NUPBEft 

20*  SAMPLE 

SIZE 

IS 

67 

60.0 

39.5 

4.8 

77.4 

299.7 

43.5 

..  5.3 

56.9 

175.1 

237.7 

660.5 

01.7 

324.5 

1706.2 

-307.0  . . . . 

. . 437.5 

93.5 

. . 170.5 

590.0 

«i5.6 

25.8 

3.2 

29.9 

145.7 

>41.3  _ 

aso.o 

43.5 

. IV6.9 

776.4 

97.8 

214.9 

26.3 

322.7 

1773.9 

_ . ..  . . 

. 

. 

.. 

.•a  M.  ...  > •«  * .la  - - 

....•aaa.....  ..  . .m.. 

sample  set  NUN6E9 

21.  sample 

SIZE 

IS 

74 

62.6 

36.8 



• 

4.3* 

00.4 

373.8 

*.3,2 

..  S.O 

bS.  1 

- ..  217.7 

40b. 3 

9)8.0 

116.0 

264.3 

1177.4 

655. 9 

1599.9 

106.0 

368.5 

2369.9 

h2.  0 

25.7 

3.0 

67.6 

280.3 

<.26. 5 . . 

. ..  902.1 

104.9 

201.5 

, . 1524.9 

1h9.3 

32a.  7 

37.9 

£b>.5 

1104.4 

SAMPLE  SET  number 

22*  sample 

SIZE 

IS 

129~ 

i.l.>) 

43.5 

■ 

3.0 

117.4 

402.8 

— Ob.  4 

■ • . 42.5 

3.7 

79,3 

328.1 

253.0 

747.9 

65.9 

569.0 

2989, 9 

..337.1  . 

..  >1060.3 

. 93.4 

. . I055;o 

9910.3 

47.0 

28.8 

2.5 

135.0 

555. 0 

234.1 

S44.2 

47.9 

581.0 

3321.8 

105.3 

243.6 

21.4 

567.5 

3007,8 

sample  SET  NUMBCrl 

23*  SAMPLE 

Size 

IS 

134 

63.0 

44.9 

3.9 

219.0 

894.3 

.60.1 

40.3 

4.2 

170.0 

670.4 

146,7 

31S.2 

27.2 

737.6 

5226.4 

312.9 

62e.3 

54.1 

578.9 

3154.2 

40. 0 

27.1 

2.3 

162.0 

702.8 

.190.0..—  . 

359.8 

_ 31.1 

...  ..  570.6 

3206.1 

69.4 

99.4 

0.6 

724.0 

5230.6 

sample  SET  number' 

"247  sa-mple 

SIZE 

IS 

30 

65.7 

'64.1  “ 

6 

11.7 

35.6  ■ 

91.9 

62.5 

37.9 

..  6.9 

- 30.7  . 

...104.3 

131.5 

261.7 

47. R 

114.1 

547.0 

261.5  . . 

456.7 

. 03.4 

. . 120.3 

5)7.4 

45.0 

31.2 

5.7 

22.6 

03.6 

.146.3  . 

240.8 

.. 

45.1. 

. ,110.6  . 

587.1 

63.9 

8).4 

16.3 

119.1 

593.0 

414 


?E  AN 

so 

SEM 

' SALW 

rtUNT 

»AK^e 

SET  NUPBER 

■25.*  SAMPLE 

SI2E 

is 

105  “■ 

— 



■■  — 

6«**T 

AS. 6 

• • — 

6.l0 

* 153.6 

566.2 

_ 61.3  .. 

66.4 

6.6 

92.2 

319.3 

13>..7 

256.7 

25.0 

631.6 

22/9.0 

-U6.1.  . . 

691.3 

5137.1 

..  .. 

••6.4 

31.7 

3.1 

126.3 

665.3' 

. ,*lV.6  ... 

676.6 

« 

. 66.0 

660.6 

A676.S 

67.0 

td.l 

■■  377.0 

U63.1 

SET  NUPbEK 

26 « SAMPLE 

SUE 

IS 

S3 

70.1 

52.0 

5. a 

A2!f.O 

..  61. a 

67.3 

S.2 

107,1 

3d9.7 

16C  .H 

640.5 

S3. 8 

566.9 

6638.7 

...SIS.B 

. 1740.5 

197.2 

522.8 

3509.6 

hb.4 

30.1 

3.3 

67.8 

• 253.1 

• 

— 303.d  

420.4 

... 

101. r 

670.2 

322A.S 

7S.a 

106.7 

la.i 

563.6 

6627.6 

siMPtif 

SET  NOP6ER 

27*  SAMPLE 

SIZE 

IS 

163 

• 

6B.2 

64.S 

* 

* ■“ 

6.1  ■ 

~'26>i,S 

■■'1108,2 

53.9 

. 6.S 

. . 260.1. 

. . 903.3 

271.3 

022.0 

60.7 

606.3 

3602.5 

ld5>..<« 

14113.6 

1599.6 

1673.6 

19572.3 

«<t.  1 

30.2 

2.5 

225.0 

1009.1 

100V.6 

9566.7 

794.0 

1670.0 

19dl5.1 

,t 

in.i 

26 /.d 

22.6 

6/0.2 

3676.2 

samole 

SET  NUPBER 

2d.  SAMPLE 

SUE 

IS 

30 

63.4 

SO.d 

4.3 

71.0 

320.2 

••4.1 

65.1 

8.2 

53.6 

166.6 

1K2.1 

322.9 

54.0 

107.9 

605.7 

•♦07.6 

1030.7 

ldo.2 

99.  1 

391.1 

••2.6 

2«.3 

5.6 

62.7 

160.6 

.263.7 

Sid. 4 

46.7 

97.0 

378.'. 

63.0 

105.0 

19.2 

113.0 

S33.5 

SAMPLE 

SET  NUPBER  . 

24.  SAMPLE 

S12E 

IS 

SO 

■■'sv.s  ■ 

63‘.3 

••• 

'*5,7  ■ 

d6‘.5" 

361.6 

. 70.5 

50.7 

6.7 

07.6 

338.9 

2«9.S 

700.6 

92.0 

257.1 

1369.1 

3PS.3 

670.6 

62. d 

. 132.0 

630.9 

63.6 

27.2 

3.6 

37.0 

r/9.5 

- 2^i3.6 

369.5 

.6B.5 

I3d,l 

676.2 

100. s 

22d.y 

30.1 

255.0 

1360. S 

sample 

SET  NOPBER* 

30.'  SAMPLE 

SUE 

IS 

60 

62. 0‘ 

63.2 

5.6 

71.9 

290.6 

63.6. 

50.0. 

6.5  ... 

04.0. 

276.1 

213.7 

715.3 

92.3 

339.5 

2I>31.5 

. - - 

. -27S.6  

617.6 

. 



53.9  . . 

. 197.0 

930.5 

^••.a 

24.1 

3.0 

110. d 

537.7 

- ■•  . . 

...•9V.S 

...  674.5 

*■ 

61.9 

. -3A3.5 

..  . 2332.6 

S7.>« 

23d. 3 

30.0 

333.5 

2047.-- 

-415  - 


to  ■ 

• 

“'if  AN 

$0 

•EN^ 

kiitT'  1 

\ 

( : 

; sammlc 

set  NUPBLP 

ii'.  SAHHUt 

s'u-e 

'is  i'oa" 

• •^•tooto  #to«to.to^to  ..MMtoa 

1 

1 

66*6 

‘ AS.  7 

A .s' 

12A.6 

A62.5 

, 

Ji.2.  

. .._,5d.O. 

...  ..5.7 

.231.5  .. 

1067.0 

* 

UH.5 

326.3 

32.0 

749.2 

61A3.6 

i 

_..<t2o«2  

.1293.2 

. .J26.8  . 

6V7.2 

86S0.2 

i 

JA.3 

3.4 

133.7 

51A.S 

1 

..  2JS.I  . ABltV 

. .63.9 

676.1  . 

SA2S.0 

.! 

A0.« 

106.7 

10.5 

732.0 

6010.1 

! tAMPLC 

SET  NUMBER 

32.  SAMPLE 

SUE 

is  166 

i 

63.3 

A#. 6 

3.8 

206.6 

■726.0"'  1 

65»h 

. ..  ..  A3.0 

3.3 

......  164.0 

553.9 

167.<« 

592.0 

A6.0 

1314. S 

12352.2 

> — -r— r-  - — 

-27H.S 

.612.0 

A7.5 

957.3 

. 734A.A 

#7.0 

2A.7 

2.2 

1S2.4 

659.3  [ 

.167.9  ..  ..  . 

AA#.3  . 

. .to  .toto. 

^ ..  34.S 

.629.0  . 

5151.2 

'■ 

75. 9 

197.# 

18*3 

1319.6 

12A63.S 

SAMPLE 

SET  NUMBER 

33.  sample 

SIZE 

IS  113  “ 

: 

6V.0 

#7.0 

A.b' 

101.1 

760.2 

‘ to. 

...67.6 

- ..  A9.2 

A. 6 

. 151.6 

...  500.7 

2h3.9 

766.0 

7A.1 

571.6 

3105.1 

' . ..  to.M.  to 

- #22.# 

132a. 1 

12a. 7 

970.1 

9611. A 

S).2 

3S.9 

3.A 

1A1.2 

500.0 

, 

.275.  A 

906.0 

05. A 

936.5 

09*9.0 

1 

101.0 

259.7 

2A.A 

561.4 

3360.7 

■ sample 

SET  NuMSEw 

3A«  sample 

SIZE 

IS  AO 

.»».•»  » >«  to  II 

. 

77.0 

50.2 

7.2 

37,  A 

132.6 

« «•  toto-  • • 

. 79.6 

67.# 

9.7 

. 72.6 

270. A 

23e.2 

606. A 

116.A 

269.3 

1703.9 

..369.8  • 

711.7 

. .102.7 

160.9 

- .603.5 

87.0 

#0.3 

5.0 

73.3 

302.6 

. ......  . 

276.5 

SA2.0 

. 64.0 

192.9 

997.7 

101.6 

239.3 

37.A 

265.9 

1675.9 

sample  SET  NUMBER 

'^33.  SAMPLE 

silZE 

IS  106 

60.0 

#7.5 

A.6 

lOH.l 

"371, l"' 

—71.5 . . 

-56.2 

. . r . - 

5.1  .. 

_ ....  129,1  

A33.9 

2#2.d 

701.2 

66.1 

517.7 

2979.3 

S2J.9 

II06.I 

112.9 

- 507.U 

331A.2 

S3. 2 

33.2 

3.A 

122.7 

560.6 

321.9  . 

_76e.L.„ 

7 A.  A 

A7J.5 

2629.1 

103.5 

230.2 

22.A 

S16.6 

3017.2 

• #.  to..  ■ mm  m m 

-toto-  , « .. 

to 

. _ 

... 

sample  SET  NUMBER 

36,  sample 

SIZE 

IS  7B 

i 

SO.# 

. ...  . 

iVo  ■ 

"1O6.5 

"aOI.3 

#3.4 



A. 9 

99.9  

, A02.9 

A43.5 

1276.# 

lAA.I 

271,9 

1123.2 

ASOO.A 

_...373#6.9 

. -A220,.3 

. 662,3  

6774.7 

#9.9 

31.7 

3.6 

117. A 

#22.6 

241S.3 

16765.0 

2127.0 

..  ..  661.3,  _ . . 

5763.3 

167.6 

#16. V 

#6»t 

2/A.O 

llA'.f.O 
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Gtiwrailyt  MrUit*  two-hit  loeotlng  ayttoas  offar  a raduetioa  of 
ordar  1/3  In  tha  maan  arrer  fflagnltuca  of  locating  tha  FO  ovar  tha  ona- 
hit  locating  ayatam.  Than  la  alao  a aignlfieant  reduction  in  atandard 
davlatlen  and  ineraaaa  in  kurtoala.  All  curvea  have  a akatrad  charac- 
tariatlc. 


Tha  OKtramaly  high  akavnaaa  of  tha  data  indicataa  that  aiaply» 

■oat  of  tha  tiiaa  tha  arror  in  location  will  ba  laaa  than  tha  maan  (or 
axpactad  artor)  but  that  occaaionally  outliara  will  occur*  An  ineraaaa 
in  akavnaaa  eouplad  with  a daeraaaa  in  atandard  daviation  indicataa 
that  tha  outliara  will  occur  laaa  fraquantly.  Tha  ehoiea  of  tha  FO 
eoordinata  aata  indieatad  appaara  from  invaatigatlen  to  ba  tha  baat 
eoaprootaa  batwaan  tiaa*  accuracy  and  alioplicity  available  at  tha 
atata  of  technology  aaaunMd. 

ASSUMPTIONS  FOR  INVESTIGATION 

1.  Flat*  level  ground  for  all  points  with  no  obstructions. 

2.  Round  dispersions  used  for  calculations  were  Gaussian  according 
to  firing  tables  (81mn  Mortar  was  basis). 

3.  A rangefinder  Is  available  to  the  forward  observer  which  has  a 
10  meter  accuracy  plus  precision  uniform  error. 

~ 4.  The  compass  techniques  employed  by  the  forward  observer  have 

as  a dominant  error  -t-  8 degrees  Gaussian  (3.5  standard  deviation) 
resulting  from  locaPmagnetlc  disturbances. 
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Tht  Hortar  Is  used  throughout  this  discussion  but  the  results  should 
In  no  «Miy  be  construed  is  useful  only  In  Mortar  Systems.  All  aimed 
hit  locations*  FO  actual  locations,  and  "errors"  Incorporated  In  cal- 
culation were  generated  randomly  Internal  to  the  program.  Sample  sizes 
In  each  sample  set  were  also  generated  randomly,  restricted  to  the 
region  30  to  170.  Uniform  or  Gaussian  random  numbers  were  used  In  the 
program  as  aooroDrlate. 


CONCLUSION 

The  use  of  the  average  of  locations  predicted  by  using  two  ranges  with 
bearings  between  the  Forward  Observer  and  two  hits  has  shown  to  be 
the  best  overall  technique  examined  when  consideration  Is  given  to  time, 
accuracy  and  simplicity.  Errors  Imposed  Include  aiming,  terrain,  ranging, 
compass  and  round-to-round  variations  due  to  physical  properties  of 
ammunition  and  movement  of  the  weapon. 

ERRORS  REDUCTION 

Round-to-Round  Variations:  Ammunition  properties  are  state-of-the-art 
and  only  highly  Improved  technology  can  reduce  this  error. 

Terrain:  Terrain  factors  are  uncontrollable. 

Ranging:  The  Rangefinders  Implied  are  also  near  state-of-the-art  with 
little  Improvement  Imminent. 

Aiming  and  Movement:  Aiming  errors  are  Individual  and  subject  to 
training  and  experience.  Weapon  movement  1$  minimized  by  re-aiming. 

Compass:  This  source  of  error  offers  the  most  promise  for  Improvement. 

8 degree  errors  can  be  expected  when  using  a magnetic  devlco  due  to 
Tocal  disturbance.  If  a non-magnetic  for  determining  bearing  was 
produced  which  could  hold  within  2 degrees  of  the  grid  established  by 
the  fire  direction  center,  the  error  In  locating  a Forward  Observer  can 
be  reduced  by  a factor  of  three.  Statistical  comparison  Is  shown  on  the 
two  sets  of  computer  listings. 


- 418  - 


raiOICriVB  IQUMTIONS  POR  A0CIURA110  IXPI  TWTXII6 
OP  SVMKaUTIO  fiWWffWL 

W.8.  MtfM*  Jr.«  J.A.  ■■Iwr,  8.J.  PesiOMk, 

J.  iMrdMy  and  H.  Balk 
OavaloiMMat  nd  Eaiinaarlat  Dixaetorata 
Phxaieal  PTOtaetion  Bnadi 
Bdgaaood  Ananal 

Abardaaa  Pfoaiag  Otwad,  M>  21010 

AMTHACT.  Ihia  pi^ar  pxaaanta  a ■athaaatlaal  Mdal  and  aattiiag 
pnaiettva  ai|iiatloaa  lor  neiaal  aad  aaealaratad  Ilia  taatlag  of 
iapragaatod  ^areoala  laidar  varioaa  eeadltioaa  of  taaparatura  aad  watar 
eaataat.  Pradictad  raaulta  ara  coaparad  with  data  for  diareoal  ia 
actual  atorago  aa  «all  as  laboratory  aealo  aeaoloratod  atorago.  Aaalyaia 
of  tha  raaulta  givaa  laforaatloa  oa  tba  aaabaaiaa  of  dogradatioa 
duriag  atorago. 

IMTROOUCTION.  Iba  gaaaral  adaoxboat  uaad  ia  raapiratory 
pxotoetivo  ayataaa  ia  activated  ebarceal.  Por  raaoval  of  teaic  vaaora 
froa  air,  auch  ayataaa  prove  aora  thaa  adequate  as  aoaaurad  by  aimeo 
tiaoa.  Heoavar,  for  raaoval  of  teaie  gsBcs.  auch  ayataaa,  although 
adequate,  do  aot  aatch  tha  parfovMoiea  with  yntfon, 

Portuaataiy,  iapragaaticu  of  activated  charcoal  with  various 
abbstaaeca  aarkadly  i^provaa  the  porfeiaanca  with  raapoct  to  raaoval 
of  gaaos.  A typical  case  is  the  aahaaeod  aarvico  Ufa  for  raaoval 
of  eyaaegan  chloride  by  diarcoala  iapragaatad  with  aa  aaaeniaeal 
aolutica  ecataiaing  eoavouada  of  copper,  silver  aad  dircoiua.  Ihia 
case  was  axtaaaivaly  studied^  during  World  War  II. 

Soalod  atorago  at  alavatad  taavaraturas  aad  in  tha  praoanea  of 
aoiatura  of  raapiratory  protective  dovicos  centaiaiag  such  inprogaatad 
diareoal  results  la  a datarioraticn  of  tha  iaprovad  aarvico  life 
avantually  back  to  that  for  tha  iniapragnatod  natorisl.  Storage  of 
dried  iapragaatad  notarial  at  virtually  aay  tanparatura  shews  no 
datarioraticn.  Although  such  soalod  ,dry  atorago  yialds  a virtually 
imlinitad  shall  Ufa,  dovicos  used  intamittantly  pick  up  nolstura 
and  dograda. 

This  study  is  concomad  with  tha  pradiction  of  rasidual  aarvico 
livas  of  itaas  storad  saalad  with  known  watar  pick-up  and  at  a given  tanpar 
atura.  Tha  rasults  ara  prasontad  in  toms  of  a nathanatical 
nodal  and  conparad  with  data  for  axparinantal  charcoals. 
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2.  MVELOFMBIff  Of  TUB  MOOBL.  JoMS  «id  Rahnann^  ■edified  an 
equatien  develeped  ^ iWMeier  and  Rebell^  and  applied  the  result  te 
atudiea  on  the  service  lives  of  fixed  beds  of  enareeal  exposed  to  a 
variety  of  gases  and  ytipon.  The  Modified  equation  is  the  torn 


where  t is  the  service  life  (or  breakthrough  tine)  of  the  bed  as 
define?  by  a concentration  C of  the  toxic  ■eterial  being  attained 
in  the  effluent  air  atreanflL  is  the  Amaade  anturation  cwacity  of 
the  bed  in  teiaa  of  weight  or  toxic  picked  up  per  unit  weight  of 
diarcoal  in  the  bed*  V is  the  wei^t  of  diareoal  in  the  bed*  Cp  is 
the  influent  concentration  of  the  toxic*  ^ ie  the  velunetric  flew 


rate*  £.  is  the  bulk  density  of  diarcoal  in  the  bed  and  k in  a quasi 
first  order  rate  constant  for  reaeval  of  the  toxic  ■eleeules  by  sites 
on  the  charcoal.  Sinilar  equations  hatve  bean  reportedt»e  in  the 
literature*  their  foxna  differing  slightly  depending  upon  lAieh  preceaa 
in  the  bed  la  rate  detemining.  A nere  c«qplete  dlacusalont  of  this 
will  be  published  separately. 

Equation  (1)  is  applicable  te  aystens  in  diich  the  instantaneous 
effluent  concentration  C can  be  deternined.  &9erinentally*  cyanogen 
chloride  service  lives  Iwe  deternined  by  the  collection  of  a specified 
cunulative  enount  passing  through  the  bad.  Calling  this  aneunt  n . 
we  can  write  the  relation 


= ] CQ<it 


where  u is  the  service  life  defined  by  the  cunulative  aneunt  ■ of 
cyanogen  chloride  passed  through  the  bed  and  C is  the  instantaneous 
effluent  concentration  given  solution  of  equation  (1) . Perfoming 
the  integration  at  constant  ^ and  collecting  terns*  we  have  the  relation 
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Prat  MawiMiittl  datft  on  on^  uMgod  taqplM.  tho  various 
qfaaBtitios  art  found  to  hava  vaiuaa  tdiich  pamit  a<|uatien  (S)  to 
bo  wall  apprexlnatad  by  tba  fam 


Datalls  on  tho  darivation  of  (4)  fnm  (S)  era  glvan  in  tho  Appandlx. 


lha  quantity  ia  a diraet  naaaura  of  tho  nunbar  of  aetlvo  aitaa 
for  lanoval  of  eyiaagan  dilorido  par  unit  Might  of . diarcoai . Unaquivocai 
axpariaantal  avidaneo  aa  to  tho  Mteiaa  ahanieal  natura  of  thooa  aitaa 
ia  difficult  to  Obtain,  ao  no  eloar*eut  naehanisn  for  thair  disappaaranea 
is  availabla.  Aging  data  indleata  that  thava  aro  a maibar  of  diffarant 
typaa  of  aitaa*  Thort  era  physical  adaorptiva  aitaa  uhioh  do  not  datariorata 
with  aging  (thaaa  arc  tha  only  aitaa  an  uniM*ognatad  charcoal)  and  a 
nunbar  of  typos  of  cheniaorptiva  aitaa,  oath  typo  datoriorating  with  its 
own  diaractariatie  paoudo-firat  order  rata  eenstant.  Thus,  Vg  can  ba 
written  in  tha  foxn 


W*  - V/«f  IS) 


whart  ^ ia  a naaaura  of  dta  (non-datariorating)  physi-aorptivo  aitaa, 
nL  is~lSwuura  of  tha  typo  of  ehani-soxptivo  aitaa  at  aaro  aging 
tina,  ^ia  tha  quaai-firat  ordar  rata  constant  for  datarioration,  tq 
ia  tha'Tina  of  aging  and  N is  tha  total  nunbar  of  typaa  of  chaniaor^va 
aitaa. 


laeausa  of  tha  nunarieal  vaiuaa  of  tha  quantitiaa  in  aquation  (4) , 
tho  first  ton  in  paranthaaia  ia  vary  snail  eonparad  to  tha  aacond. 

In  addition,  for  our  purpoaaa  tha  nild  legarithnie  funotionality  of 
ta  00  Wg  ia  nagligibla  eonparad  to  tha  strong  linaar  dapandanea.  ly 
firaaa  two  obsarvationa,  wa  can  rewrite  aquation  Cd)  after  insertion 
of  (S)  to  give 


CO 


where  N is  given  by  definition  as 


C7) 


- 421 


As  Mntionsd.  for  all  practical  purposes  M is  virtualljr  indopondont  of 
agint  tiM  and  is  treated  ss  such  in  the  rMinder  of  this  paper. 

Analysis  of  aging  data  with  equation  (6)  under  conditions  of 
several  noisture  loadings  and  tenperatures  yields  the  following  relation 
for  I^; 

li^  = -^Ko;?fe«p[-E*/RT]  CS) 

where  A is  en  apparent  Arrhenius  pre-exponential  constant,  [jlgOl]  is 
the  weight  percentage  of  water  en  the  chareeal,  E*  is  an  sj^arent 
i^rrhenius  activation  energy  for  the  degradation,^  is  the  gas  constant 
and  T is  the  absolute  tenperature  of  atorage.  In*~this,  the  word 
appnwt  is  used  because  lu  is  nost  likely  the  product  of  an  equilibriun 
and  rate  constant. 

CosAining  equations  (S) , (6)  and  (B)  and  rearranging  we  have  the 
fom 

a 

where  r is  the  ratio  t,  (at  tg)  / t*  (at  tg  ■ 0),  r©  is  the  ratio 
Mb*  /t7  (at  tg  - 0) , and  each  rjL  is  the  ratio  Mbgj/tg  (at  tg  ■ 0) . 

It  is  this  equation  we  use  to  predict  resi^al  service  lives  of  itsns 
stored  under  specified  conditions. 

DISCUSSIOM 

Figures  (1)  and  (2)  and  (S)  cosqiare  the  predictions  of  equation 
(9)  with  actual  data  on  an  expexinental  gas -aerosol  filter  naterial 
containing  isqpregnated  charcoals.  In  the  tine  range  of  the  storage 
experinent  the  following  values  were  found  for  the  quantities  in 
equations  (9): 

Mra,  irj'rO.lSSr  q =0.300  «X“0.515  ^ 

A - 2.9  ^ to®  E*-  l!>9.890  Cil 


Thus,  a predictive  equation  with  fairly  good  reliab.^lity  was  derived 
without  knowledge  of  the  species  involved  or  the  process  of  degradation. 

A nain  use  of  a predictive  equation  like  this  is  in  accelerated  storage 
studies  providing  that  the  note  severe  conditions  do  not  alter  the  process 
of  degradation.  Conparison  of  actual  storage  data  with  predictions  using 
psraiMters  fron  accelerated  testing  confims  that  in  this  case  the  pro- 
cesses do  not  change. 
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APPENDIX 


Equation  (3)  has  tha  fon 


CM) 


For  largo  W (largo  boda)  t,  is  found  to  bo  linoar  in  W.  Iho 
alopo  of  ^ M N eurvos  is  givon  by  ~ 


aw  “Tvy^ 


Ztt 

Bapirically  Yo  is  such  largor  than  unity  for  largo  W so  that 
aquation  (A2)  boeoaos 

(AS) 


iL  sty 

'iW  ~ ' 


lliorofoTO,  ftoa  (AS)  and  (Al)  using  Yt^  ♦ 1 Yo^  wo  havo 
which  is  a roarrangoaont  of  aquation  (4). 
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Prankford  Araanal,  Philadelphia,  Panaa. 


ABSTRACT.  Dlaeuaaad  la  a eonputar  prograa  that  nathanatlcally 
■Imulates  production  manufacturing  tolaraneaa  for  nultllayar  optical 
coatlnga.  Ihla  tachniqua  eparataa  on  an  Ideal  thaeratleal  nultl* 
layer  daalgn  by  aaalgnlng  randon  Gauaaiaa  flln  thlekneaa  errora  for 
each  layer  within  the  flln  ataefc.  Itaratlona  of  thla  proeaaa  era 
parfomad  to  obtain  a raallatle  affect  of  tha  flln  tblcknaaa  yarlntlena 
on  the  apactral  reflection  and  trananlaslon  charactarlatlca  of  tha 
coating.  Ihua  thla  prog;.,.m  enablea  tha  Identification  of  thoae  optical 
coating  daalgna  that  have  aenaltlve  thlekneaa  raqulrenahta  and  alao 
allowa  for  the  generation  of  practical  thieknaaa  tolaraneaa  for  the 
nany  optical  coatlnga  uaad  In  flra  control  InatttcMntatlon. 

1.  IMTItObU^OW.  Prankford  Araanal  la  engaged  in  the  roaaareh, 
developnant,  and  nanufaetura  of  flra  control  ayatana.  Itaiaa,  aueh  aa 
optical  al^ta,  rangaf indera , teleaeopea,  and  other  optical  Inatrunanta 
fom  the  fire  control  aupport  for  tanka,  helleoptara,  anrtara,  and 
nany  other  weapona.  Thla  pi^ar  will  daaerlba  a technique  for  predicting 
reallatle  toleraneea  for  the  nunaroua  typea  of  nniltllayar  optical  coatlnga 
uaed  In  flra  control  ayacaua. 

Through  uaa  of  large  aeala  conputara  both  analyala  and  ayntheala 
daalgn  taehnlquaa  can  be  uaed  to  generate  apeclflc  Ideal  coating  daalgna 
for  any  given  apectral  Input  requirements  that  la,  given  a apactral 
reflection  or  tranamiaalon  apaciflcatlon  - theoretical  daalgn  paraaatara, 
aueh  aa  tha  nuadiar  of  layera,  their  order,  flln  thleknaaaea,  and  aaaoe- 
lated  flln  refractive  Indlcea  can  be  conputed  for  tha  nultllayar  coating 
to  Ideally  fit  the  apectral  Input  apaciflcatlon.  Tha  problan  that 
arlaea  la  that  thla  ideal  conputed  daalgn  la  arrorleaa  - that  la.  It  doea 
not  include  the  effacta  of  the  fabrlcatlonal  toleraneea  that  are  required 
to  produce  the  daalgn.  Hence,  before  any  reallatle  apactral  perfomaace 
of  thla  daalgn  can  be  obtained  It  la  neceaaary  to  Include  the  effacta  of 
ehaae  fabrlcatlonal  arrora  In  order  to  predict  the  practical  apactral 
parfomance  of  the  coating. 


t 
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In  ordnr  to  fona  • bnsii  for  tho  undorotnndlng  of  tho  ipoelflei  of 
this  probloa  It  vould  bo  opproprloto  ot  thlo  tint  to  briefly  dooeribe 
%rhot  o Bultlloyor  optlcol  coating  la  and  how  It  la  fabricated.  A 
aultllayer  optical  coating  can  be  deacrlbed  aa  a eoud)lnatlon  of  thin 
fllna  that  are  dapoalted  In  a given  order  to  predetermined  thlckneaaes 
(t)()  and  refractive  Indlcea  (nj^)  - aee  figure  1.  The  thlckneaaea  of 
theae  fllna  are  thin  enough  to  cauae  Interference  ef facta,  and  thua 
change  the  apectral  propwniea  of  the  coated  component.  The  apectral 
perfonoanee  of  thla  coating  la  coopletely  apeclfled  once  the  order  of 
the  fllna  la  apeclfled  and  the  Individual  thlckneaaea  and  refractive 
indlcea  of  each  film  within  the  atack  ara  given.  Changing  any  of 
theae  dealgn  parametera  can  change  the  apectral  performance  of  the 
coating.  The  abaorptlon  of  the  fllm'a  %rlthin  the  nultllayer  atack  la 
aaauned  aero.  Thla  la  a valid  aaaumptlon  for  noat  of  tha  fllma  uaed 
within  a given  apectral  range.  Theae  multileyer  coatlnga  are  fabri- 
cated by  a nuaiber  of  technlquea  - noat  enploy  the  vacuum  vaporlaatlon 
technique.  That  la,  the  Itena  to  be  coated  will  be  placed  within  a 
chanbar  under  vacuum.  The  naterlala  to  be  depoalted  will  be  heated  to 
their  eorreapottdlng  vaporlaatlon  tenparaturea  and  tha  vapora  then  con- 
denaed  onto  the  aubatratea  under  vacuum.  Since  each  film  within  the 
multilayer  atack  muat  be  depoalted  to  a given  thlckneaa  (^lO'^ln)  - 
an  optical  thlckneaa  monitoring  tachnlque  ahotm  In  figure  2 la  the 
conventional  method  uaed  to  accompllah  thla  taak.  Baalcally.  the 
reflectance  or  tranamlttance  of  each  film  la  monitored  during  film 
dapoaltlon  and  thla  optical  parameter  la  related  to  the  optical  thlck- 
neaa of  each  film.  In  addition  to  thlckneaa  monitoring  errora.  othar 
major  factora  auch  aa  evaporant  dlatrlbutlon  and  aubatrate  temperature 
contribute  to  tho  total  error  of  the  ayatem. 

With  that  discuaalon  aa  a background  - lat  ua  now  return  to  the 
baalc  queatloni  How  do  we  almulate  theae  ayatem  thlckneaa  errora  in 
order  to  predict  tha  reallatle  apectral  performance  of  a multilayer 
coating?  Tho  anawer  to  thla  queatlon  la  the  uae  of  a computer  program 
that  atatlatlcally  almulatea  ayatem  thlckneaa  errora  and  computea 
their  complicated  effacta  on  tha  apectral  performance  of  the  multilayer 
optical  coating. 

2.  PROGRAM  LOGIC.  INPUT.  OUTPUT.  Tha  baala  for  tha  olmulotlon  of 
manufacturing  tolerancea  la  the  generation  of  expected  thlckneaa  errora 
and  the  analyala  of  their  effecta  on  the  apectral  propartlea  of  an  Ideal 
multilayer  dealgn.  In  order  to  determine  the  dlatrlbutlon  of  thlckneaa 
errors  which  would  be  valid  for  the  coating  process  a statistical 
analysis  was  perfurmed  on  a set  of  80  Individual  film  thicknesses  (40 
points  for  ZnS  films  and  40  for  MgF2  films.)  Analysis  of  the  data  showed 
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a slightly  skswsd  distribution  for  both  swtorlsls.  Howsvsr,  dus  to 
tha  rslstlvsly  small  asmpls  sis*  from  only  ont  costing  facility  and 
bacauaa  of  tha  naod  to  have  the  simulation  of  thickness  errors  as 
general  as  possible.  It  was  decided  to  employ  the  Gaussian  distribu- 
tion as  a first  effort. 


In  performing  the  spectral  computations  for  the  coatings  each 
film  of  the  multilayer  la  assigned  a matrix  (Mg)  based  on  Its  optical 
and  physical  properties. 


Mg  - 


cos  fig 
J ng  sin  fig 


J ng^  Bln  fig 


cos  fig 

where  fig  “ phase  retardation  of  the  k^^  layer. 

ng  ■ refractive  Index  of  the  k^^  layer. 

A resultant  product  matrix  (M)  defined 


M - Ml*  M2*. 


•*Ml-m*M« 


^ A jB 


(1) 


(2) 


Is  computed  at  each  wavelength  of  Interest.  This  final  smtrix  is 
then  used  to  define  the  reflection  or  transmission  of  the  Initial  design. 


R - (1-T)  - (X^  (3) 

(X  + U)2  + (Y  + V>2 

where 

X - NoA  U - N-D  (4) 

Y - NoNjB  V - C 


Figure  3 shows  tha  basic  coaq;>utatlonal  operation  performed  for  simulating 
the  effects  of  film  thickness  tolerance  on  the  spectral  performa'^  e of 
a coating.  The  first  operation  Is  performed  by  taking  the  Inpu  eslgn 
parameters  (order,  film  thicknesses  and  film  refractive  Indices)  of  the 
Ideal  design  and  computing  the  spectral  reflection  or  transmission  of  this 
coating  (M  ■>  1 operation).  When  M ■ 2 or  more  the  program  creates  new 
designs  with  Induced  errors  by  the  following  procedure:  A three-digit 
Integer  or  seed  Is  Inputed  Into  a CDC  library  function,  RAMF,  which  creates 


- 429  - 


randoa  v«lu«i  (X^)  ttm  a talfen  distrlbucioa  In  tha  latarval  (0,1). 
By  vlrtua  of  tha  Caatral  Itaiit  thaoraa.  auaMinf  ovar  avary  aavaa 
valuaa  raturnad  from  RAMF  raaultt  In  a dlatributioa  of  tuaw  (A) 
which  approaehaa  a aomal  distribution  aa  tha  nuabar  of  saaplaa 
Incraaaaa.  Thaaa  valuaa  ara  uaad  to  ganarata  a thlcknaas  error  which 
la  Gauaalan  aueh  that  95%  of  thaaa  ganaratad  errors  will  ba  within  tha 
maximum  tolaranca  or  ERROR  which  tha  daalgnar  Inputs.  Tha  new  film 
thlckaasa  la  craatad  from  tha  following  aquatloni 

tk  - t^  + (A  - 3.5)  (B-tfc)  (5) 

1.96 


whara 

A (ganaratfts  normal  dlatrlb  itlon) 


t|J  ■ naw  film  thlcknaas  (Inducad  error) 
t|(  " orlglnsl  film  thlcknaas 
E « Error  (Thlcknaas  Tolaranca) 

Each  layer  of  tha  Initial  design  la  suceaaalvaly  ax>dlflad  by  this 
Inducad  error  In  thlcknaas.  Tha  naw  multilayer  design  la  than  analysed 
by  tha  aMtrlx  technique  and  Ita  spactral  properties  ara  cenputad.  This 
error  Iteration  process  la  performed  as  auny  times  aa  nacassary  to 
datemlna  tha  maximum  changaa  In  R or  T aa  a function  of  a given  thick- 
ness  tolaranca  or  ERROR. 


Initial  design  Input  required  for  the  tolerance  program  la  shown  In 
figure  number  4.  It  Incltidaa  angle  of  lneldence»  Index  of  substrate  and 
medium,  spectral  range  of  Interest,  a seed  for  RAUF  function  and  tha  Index 
and  physical  thlcknaas  of  each  layer  of  the  Ideal  film  design.  Also 
required  as  an  Input  Is  the  maxlwm  allowed  thickness  change  or  ERROR. 


The  program  has  numerous  output  options  also  shown  In  Figure  (4) 
which  the  designer  can  call  upon  to  assist  In  tha  bast  presentation  of 
data.  Tha  program  permits  any  number  of  error  designs  to  ba  generated. 

Each  design's  film  Index,  thlcknaas,  percent  thlcknaas  error  may  be  out- 
put ad.  However,  when  performing  many  Iterations  on  an  Ideal  design  such 
Information  becomes  excessive.  The  program  allows  for  the  deletion  of  this 
data  unless  Imperative  for  determining  which  design  craatad  tha  largest 
change  In  R or  T.  For  critical  film  systems  the  exact  values  of  R & T 
vs  ^ for  each  design  can  ba  listed  but  for  smst  investigations  a plot 
of  R or  T varsua  wavelength  Is  sufficiently  Informative  to  determine 


tuudaua  allowabl*  tolaraneeS'.  lh«  plot  routln*  of  this  progrsa  Is 
llaltsd  to  plotting  slsvsn  Individual  R or  T curvss  • sines  It  would 
bs  laposslbls  to  rssolvs  anynors  due  to  printing  constraints!  Since 
iBOSt  film  system  require  more  then  tan  Iterations  to  determine  the 
greatest  changes  in  spectral  performance  the  program  can  present 
naxlnua  and  nlnimua  valued  R or  T envelopes  from  any  specified  nus^er 
of  Iterations.  In  addition,  the  output  always  includes  a table  giving 
the  thickness  error  distribution  within  the  specified  tolerance  range. 

In  order  to  estnbllsh  that  the  spectral  computation  part  of  this 
program  includes  those  critical  parameters  that  convletely  define  the 
spectral  perfotmanea  of  any  coating  In  the  real  world  It  was  necessary 
to  eaparlmentally  verify  this  point.  To  substantiate  this,  an  eight 
layer  design  using  quarter-wave  films'  of  tine  sulfide  and  magnesium 
fluoride  designed  for  45  degree  incidence  was  chosen  as  a test  design. 

The  vacuum  vaporisation  technique  was  used  to  deposit  this  multilayer 
stack.  In  addition  to  the  sniltllayer  coating  deposit  a set  of  the 
Individual  films  making  up  the  multilayer  coating  was  obtained  during 
the  same  coating  run.  The  thlcknessas  of  each  film  within  the  stack  wars 
maaaurad  and  this  along  with  the  eorraapondlng  refractive  indices  was 
Inputad  into  the  thin  film  coa^uter  analysis  program.  The  multilayer 
coating  waa  measured  with  a Cary  14  spectrophotometer.  A comparison 
of  both  the  computational  and  experimental  reaults  obtained  la  shown 
in  figure  5.  As  Indicated,  good  agreement  was  obtained.  The  slight 
difference  In  the  blue  spectral  region  Is  attributed  to  film  absorption. 

3.  ANALYSIS  OF  M-16  REFLEX  SIGHT  BEAMSPLITTER  COATING.  To  determine 
the  validity  and  usefulnass  of  the  tolsranca  program  an  eight-layer 
dlchrolc  type  baamspllttar  coating  that  Is  presently  being  used  In 
the  prototype  reflex  eight  for  the  H-16  rifle  was  analysed.  The  daalgn 
and  spectral  characteristics  of  this  multilayer  coating  are  ahown  In 
figure  6.  The  coating  Is  designed  to  reflect  the  red  spectral  region 
and  transmit  the  blue-green  spectrum  for  a 45^  cagree  incident  angle. 

To  establish  the  practical  validity  of  ths  tolerance  program  It 
Is  necessary  to  compars  the  spectral  data  from  several  controlled 
e-.cperlmental  evaporation  runs  with  the  spectral  tolerance  data  predicted 
by  the  tolerance  program  for  this  specific  coating  design.  With  this  end 
in  mind  ten  separata  evaporation  runs  ware  performed  to  obtain  ten 
multilayer  coatings  and  10  sets  of  individual  films  for  the  multilayer 
coatings.  Shown  In  figure  7 are  a few  spectral  transmission  curves 
obtained  and  also  the  maximum  and  minimum  valued  spectral  envelopes 
formed  from  these  ten  coatings.  The  thicknesses  of  all  the  individual 


fllat  for  thuo  10  nultllayor  eootlnga  vara  datamlnad  by  a apactral 
ttchnlqua.  lha  arrora  vara  than  datarvlnad  vlth  raapact  to  tha  idaal 
flln  thlcknaaa  valua.  It  vaa  dataralnad  that  95X  of  film  thlcfcnaaa 
arrora  fall  vlthln  ±10X.  Ihla  arror  of  lOX  and  tha  idaal  daalgn 
paraaatara  vara  Inputad  Into  tha  tolaranea  prograa.  Itaratlona  of 
lOOt  600,  and  1200  vara  parforaad  In  ordar  to  dataralna  tha  maximum 
change  in  trananlaalen  for  thia  thicknaaa  error.  After  600  Itarationa 
the  tranaaiaaion  anvalopa  did  not  expand  any  furthar  for  tha  lOX 
thieknaao  arror.  Ihia  indieatad  that  tha  maximum  axpaeted  apactral 
tranaaiaaion  tolarauea  anvalopa  haa  boon  aehlavad  for  thia  ^van 
tolaranea.  Shovn  in  figure  8 are  tha  apactral  tolaranea  anvalopaa 
ganaratad  for  100  arror  doaigna  and  600  arror  daaigna  for  tha  lOZ 
tolaranea.  Figure  9 ahova  that  tha  anvalopa  ganaratad  by  the  tolerance 
prograa  aneompaaaaa  all  of  tha  axparimantally  ganaratad  anvalopa 
valuaa  for  tha  lOZ  tolaranea. 

If  tha  film  thicknaaa  tolaraneaa  vara  made  tighter  one  vould 
axpaet  that  tha  apactral  tolaranea  band  vould  baeoma  tighter.  To 
danonatrata  thia  affaet,  tha  input  tolaranea  vaa  changed  to  SZ  and 
itaratad  until  tha  maximum  apaettal  tolaranea  band  vaa  obtainad.  Shovn 
in  figure  10  la  a eompariaon  of  a lOZ  and  SZ  band.  Not  only  ia  tha 
5Z  band  aignificantly  tighter • but  ita  ahapa  approachaa  that  of  tha 
apactral  tranamlaaion  eurva  of  tha  idaal  dMign.  Thia  damonatrataa 
that  for  thia  apaeifie  daaign  a SZ  tolaranea  vould  be  prafarrad 
baeauaa  color  and  brightnaaa  charaetarlatlea  of  thia  filter  vould  ba 
aaaurad. 

4.  CONCmSMNS.  Baaed  on  tha  theoretical  and  axparlmantal  raaulta 
praaantad,  the  folloirlng  eonelualona  can  ba  drawn t 

a.  If  a apactral  computational  program  ia  daflnad  aueh  that  it 
ganarataa  raaliatie  apactral  output  for  a given  aat  of  daaign  para- 
oatara  and  if  an  arror  diatribution  that  daacribaa  tha  ayatam  fabri- 
catlonal  errora  la  interacted  with  tha  apactral  program  for  tha 
aaaential  number  of  itaratlona  than  tha  ganaratad  tolaranea  anvalopa 
will  ba  a real  and  practical  rapraaantation  of  the  apactral  tolaranea 
for  tha  multilayer  coating. 

b.  Aa  Indicated  from  tha  axparlmantal  raaulta  tha  Cauaaian  arror 
diatribution  ia  a good  approximation  for  ayatam  fabrlcational  arrora. 

c.  One  would  expect  aa  tha  film  thicknaaa  tolaranea  la  made 
tighter I tha  apactral  tolaranea  anvalopa  would  baeoma  tighter  and  ita 
ahapa  would  approach  that  of  tha  ideal  daaign  - thia  ia  exactly  what 
tha  tolerance  prograa  indicated. 
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BOWIAW.  8om  of  cho  advancagti  and  uao  of  this  program 

laeludoi 


a.  Tha  pradlctlon  of  critical  multllayar  eoaponanta.  1!hac  is, 
for  small  film  Chlcknass  arrors,  larga  spaetral  changas  ara  obssrvad. 

ba  It  affords  tha  optical  dasignad  a practical  tool  for  assigning 
raalistle  spaetral  tolarancos  for  optical  eomponants. 

e.  Tha  govanuMnt  will  hava  Ita  own  maaaa  of  datarmialng  pro- 
duction tolaraneas  Indapandont  of  industry, 

da  Savaral  daslgn  attampts  can  ba  mada  for  a givan  spaetral 
raquiranant  and  a datormination  mada  on  %rtiieh  daalgn  la  least  sansi- 
tlva  to  error a Thla  would  ^finltoly  hava  coat  implications , 

In  summary,  wharaas  bafora  it  has  baan  impossibla  for  tha  thin 
film  coating  dasignor  to  predict  tha  eoaplieatad  arror  interaction 
affaeta  on  tha  spectral  parforaanea  of  an  optical  coating,  tha 
statistical  approach  prasantad  providas  the  designer  with  a method 
that  will  give  him  a high  degree  of  eonfldanea  in  predicting  production 
tolaranca  effects. 
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INPUT 

i - ANGLE  OF  INCIDENCE 
Ns  - SUBSTRATE  INDEX 
No  - MEDIUM  INDEX 

INITIAL.  FINAL.  INCREMENT 
WAVELENGTHS 

N - NUMBER  OF  ERROR  ITERATIONS 
SEED  - 3 DIGIT  INTEGER 
Nj  . T|  - INDEX.  PHYSICAL  THICKNESS 
FOR  EACH  LAYER 

ERROR  - MAXIMUM  THICKNESS  TOLERANCE 

OUTPUT  OPTIONS 

1.  LIST  ALL  DESIGNS  OR  ONLY  IDEAL 
H.  LIST  R & T VALUES  OR  PRESENT 
SPECTRAL  CURVES 
3.  PLOT  R OR  T CURVES 

PLOT  11  INDIVIDUAL  CURVES  DR  MAX/MIN 
ENVELOPES  FOR  N - ITERATIONS 

FIGURE  ND.  ^ 
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A TABLE  OP  CUMULATIVE  DISTRinUTION  FUNCTION 
VALUES  OP  EXPECTED  VALUES  OP  NOBI4AL  ORDER  STATISTICS 


Gary  L.  Aaahalm 
Product  Assurance  Directorate 
US  Amy  Amament  command 
Rock  Island,  Illinois 

ABSTRACT 

This  article  presents  a table  of  cumulative  distribution  function 
values  of  expected  values  of  normsl  order  statistics.  An  example  is 
given  in  which  the  table  is  used  to  test  a population  for  nomality 
and  a brief  discussion  is  made  of  the  metliod  used  to  construct  the 
table.  The  latter  part  of  the  paper  deals  with  origins  of  commonly 
used  expressions  for  approximating  values  given  in  the  table. 

1.0  INTRODUCTION 

In  this  paper  we  present  a table  (Table  2}  of  cumulative  distri- 
bution function  values  of  expected  values  of  nomal  order  statistics, 
an  extension  of  H.  L.  Harter's  table  of  expected  values  of  nomal 
order  statistics  (6.2).  The  project  was  undertaken  at  the  suggestion 
of  Mr.  Richard  Brugger  and  as  a result  of  the  US  Amy's  participation 
in  the  Quadripartite  Standardization  Program  and  the  Army  Ammunition 
Procurement  and  Supply  Agency's  role  at  that  time  as  Lho  Amy's 
representative  in  a project  which  deals  with  smpling  plans  for  inspec- 
tion by  variables.  As  Army  representatives  on  the  project,  wo  reviewed 
a proposed  British  Defence  Standard  that  deals  with  that  same  type  of 
sampling  plan.  The  British  publication  presents  an  abridged  version 
of  Harter's  table  as  an  aid  in  probability  plotting.  The  table  pre- 
sented here  complements  the  abridged  British  version  of  Harter's  work 
rather  than  Harter's  full  table  and  is  intended  as  a further  aid  to 
probability  plotting. 

2.0  AN  APPLICATION 

The  problem  of  detomininq  whether  it  is  reasonable  to  assume 
that  a particular  population  follov/s  a normal  distribution  can  be  dealt 
with  by  any  one  of  several  methods.  Probability  plotting  is  one  of  the 
most  easily  used  of  these  methods  and  can  bo  applied  in  either  one  of 
two  equivalent  forms. 

One  fom  requires  the  use  of  ordinary  graph  paper  on  which  are 
plotted  the  ranked  data  points,  x^,  versus  the  expected  value  of  the 
corresponding  normal  order  statistics,  E(>c£)  . Harter's  table  of 
expected  values  of  normal  order  statistics  can  be  used  in  this  fom 


Tablo  2 can  be  used  to  Implement  the  saoond  form  which  requires 
the  use  of  normal  probability  paper.  Tho  ranked  data  points « of 
a sample  of  size  n aro  plotted  against  »[E(xj)]«  where  ♦ is  tho 
standardized  normal  cumulative  distribution  function » or  against  some 
approximation  to  «[B(xj^))  such  as  (i  - 1/2) /n.  The  method  of  this 
second  form  is  now  detailed  followed  by  an  example  in  which  the  method 
is  illustrated  with  tho  use  of  Table  2, 

2.1  PROBABILITY  PLOTTING 

The  method  of  probability  plotting  using  probability  paper  Is  as 
follows  t 

1.  Rank  the  data  In  order  of  magnitude  from  smallest  to  largest. 

A set  of  size  n of  ordered  observations  is  thus  obtained t 

. . . <Xjj. 

2.  From  Table  2,  obtain  *[E(x^)]. 

3.  Plot  the  ranked  data,  x^,  vs.  StsCx^)]. 

4.  Draw  the  straight  line  which  seems  to  best  fit  the  data  points. 

5*  If  the  points  appear  to  cluster  around  the  straight  line, 
proceed  on  tho  assumption  that  the  population  is  normally  distributed. 

2.2  AN  EXAMPLE 

Consider  the  following  simulated  sample  of  size  n > 6 from  some 
population!  8.36,  12.81,  4.58,  6.66,  11,14,  8.19.  If  we  rank  this 
data  in  Table  1 and  immediately  below  it  place  values  of  4[E(x,)] 
obtained  from  Table  2 for  a sample  size  6,  we  gett  * 

TABLE  1 


The  probability  plot  of  this  data.  Figure  1,  shows  the  data  points 
clusterod  closely  enough  around  the  fitted  straight  line  that  the  user 
can  reasonably  conclude  that  he  is  dealing  with  a normally  distributed 
population. 


3.0  CONSTRUCTION  OF  THE  TABLE 

The  data  for  Table  2 was  taken  from  (6.3)  and  (6,4).  Interpola- 
tion was  required  to  obtain  Table  2 from  tables  in  (6.4).  The  inter- 
polation formula  (6.3)  is  baaed  upon  the  first  2 terms  of  the  Taylor 
series  expansion  of  the  normal  cumulative  distribution  function.  This 
Interpolation  gives  results  which  aro  accurate  to  at  least  7 decimal 
places,  more  than  adequate  for  the  5 decimal  place  accuracy  of  Table  2. 

The  Interpolation  formula i 

#(B(X^)1  - I2(E(X^)-Xj,q1Qq  + PqI  / 2 + .5  , 

i » 1,  2,  . . . n/2  (n  even) 

i ■ 1,  2.  . . . (n4>l)/2  (n  odd) 

•CB(x^)l  - 1 - 

1 ■ [n/2]*M,  [n/2]4-2,  . . . n (n  even) 

i - ((n+l)/21+l,  . . . n (n  odd) 

where  t 

E(x^)  is  the  expected  value  of  the  1th  normal  order  statistic, 
x^Q  is  the  tabulated  normal  deviate  nearest  to  $ 

Qq  ■ ®*P 

« » *io  dt 

Pq  - - / V • 

"*io 

Qq  and  Pq  are  tabulated  in  (6.3). 


4.0  BACKGROUND 

Blom  (6.1)  gives  the  development  of  (i  - 1/2) /n  and  i/(n  + 1) 
as  estimates  of  4[E(xi)].  We  will  make  a short  review  here  of  certain 
of  his  results.  Consider  n random  points  of  the  form  uin  where 
0 5.  win  1 U2n  1 • • • 1 Wnn  < i«  win  the  ith  order  statistic  of 
a sample  of  size  n from  a uniform  distribution.  Let  x ■ G(u)  be  a 
Borel-roeasurable  function  defined  over  the  range  of  u with 
G‘~l(x)  ■ F(x).  The  random  variable  uin  follows  a beta  distribution, 
and,  hence,  the  xin  ■ G(uin)  are  known  as  transformed  beta  variables. 
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The  problem  considered  In  Blom's  text  which  Is  of  concern  here 
Is  that  of  determining  the  expected  value  of  transformed  beta  (TRB) 
variables.  For  the  case  In  which  the  f RD-varlable , xi^f  follows  a 
symmetric  distribution,  such  as  the  normal,  the  expression  for  the 
expected  value  1st 

(1)  E(xin)  “ “ «i)/(n  - 2a^  + 1)]  + 

where  ^ correction  factor  td\lch  Improves  an  earlier  expression 

derived  for  E(xi)  and  which  has  a unique  value  for  each  pair  (l,n) . 

For  the  remainder  term,  R^,  we  have  Lim  nRj,  finitely  bounded.  A good 

n-»*» 

approximation  of  E(xi)  can  then  be  had  by  replacing  oi|^  with  a single 
properly  selected  a for  all  (l,n)  and  by  dropping  the  remainder  term. 

We  then  have 

(2)  E(x^)  A G((i  - «)/{n  - 2«  + 1)] 

Consider  the  case  of  special  interest  In  which  G ■ Assigning 
values  to  a gives  the  following  expressions  for  G'’l[E(x,)]  ■■  «[E(Xi)] 
from  (2)i  ^ ^ 

a slECxi)! 

0 i/(n  + 1) 

1/2  (1  - 1/2 )/n 

3/8  (1  - 3/8) /(n  + 1/4) 

The  first  two  expressions  give  good  approximations  to  ♦[B(xi)  and  are 
the  ones  most  commonly  used  in  probability  plotting.  Blom  suggests 
that  using  the  third  expression  above  with  o • 3/8  gives  a still  better 
approximation  to  «[E(xi)]  and  la  a good  compromise  of  all  a values  for 
approximating  4[B(xi)].  However,  this  third  expression  Is  relatively 
untidy  and  only  slightly  better  approximates  «[E(xj,)]  than  do  the 
first  two  expressions.  Probably  for  these  reasons  It  is  little  used 
In  probability  plotting. 

Figure  2 illustrates  the  deviations  of  i/(n  + 1)  and  (1  - 1/2 )/n 
from  {i[E(xi)]  for  a sample  of  size  6.  The  comparison  is  made  by  first 
constructing  a set  of  data  that  will  fall  on  a straight  line  when 
plotted  against  9(E(xi)].  The  same  data  set  Is  then  plotted  against 
(1  - l/2)/n  and  then  i/(n  +1).  in  the  figure,  the  points  circled 
to  the  lower  left  and  upper  right  are  for  (1  - 1/2 )/n;  those  enclosed 
by  squares  to  the  upper  loft  and  lower  right  are  for  l/(n  + 1).  The 
deviation  of  the  two  approximation  lines  from  the  « line  Is  greatest 
at  the  end  points  cmd  decreases  toward  the  middle  of  the  plot  where 
the  approximation  curves  cross  the  4>  curve.  Whore  the  abscissa 
values  are  so  close  toword  the  middle,  the  approximation  pointti  have 
not  been  indicated  separately. 
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Numericallyf  the  devlatlona  grow  smaller  with  increased  sample 
size.  Due  to  the  nature  of  the  changing  scale  of  the  abscissa  on  the 
probability  paper,  however,  the  decreasing  deviations  are  not  apparent 
on  a plot.  For  a given  n,  points  on  the  i/(n  + 1)  curve  deviate  more 
from  the  corresponding  points  on  the  ♦ curve  than  do  points  on  the 
(i  - 1/2) /n  lino.  A straight  edge  lying  on  the  and  points  will  show 
that  the  points  for  each  of  the  two  approximations  lie  nearly  on  a 
straight  line,  but  are  actually  bent  very  slightly  into  an  "S"  shape, 
the  bend  being  more  pronounced  for  the  i/(n  -f  1)  points  than  for 
(1  - 1/2 )/n  points.  Since  a test  for  normality  using  a probability 
plot  is  generally  a strictly  visual  test,  it  appears  dbubtful  that 
the  relatively  small  errors  introduced  using  either  of  the  approxima- 
tions given  here  would  influence  a'  test  conclusion. 

5.0  CONCLUSION 

We  undertook  the  project  in  order  to  provide  a convenient  method 
for  plotting  on  normal  probability  paper  which  would  be  equivalent 
to  methods  for  plotting  on.  standard  graph  paper  using  Harter's  table 
of  expected  values  of  normal  order  statistics.  The  table  does  not, 
as  wo  originally  thought  it  might,  provide  for  significantly  improved 
probability  plotting  with  respect  to  Improved  absc  ^a  values  for  the 
plot. 
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TABLE  2 

CuRulatlve  Distribution  Function  Values  of  Expected  Values 
of  Hormal  Order  Statistics 

2 3 4 5 6 7 

8 

1 

1-  : 

’9 

r 1 

.28631 

.19870 

.15165 

.12242 

.10254 

.08816 

.07728 

9 

2 

.71369 

.50000 

.38323 

.31029 

.26051 

.22441 

.19705 

1.  ’ 3 

.80130 

.61677 

.50000 

.42013 

.36215 

.31817 

’^1 

§ 4 

.84835 

.68971 

.57987 

.50000 

.43939 

1 5 

.87758 

.73949 

.63785 

.56061 

1 

I- 

£ 6. 

.89746 

.77559 

.68183 

M 

1 7 

.91184 

.80295 

9 

8 

r ! 

.92272 

1 

r i 

S'  n 

9 

10 

11 

12 

13 

14 

15 

t i 

k_ 

1 ^ 

V 

y 1 

.06877 

.06193 

.05632 

.05163 

.04766 

.04425 

.04129 

i ^ 

1 ; 

:■  2 

.17559 

.15833 

.14414 

.13227 

.12220 

.11354 

.10603 

i 

i 

!'  3 

.28367 

.25589 

.23305 

.21394 

.19771 

.18376 

.1/164 

\ 

f 4 

.39568 

.35355 

.32205 

.29569 

.27330 

.25406 

. 23V 34 

i 5 

.50000 

.45118 

.41103 

.37743 

.34889 

.32435 

.30303 

? 6 

.60432 

.54882 

.50000 

.45914 

.42445 

.39462 

.36870 

7 

.71633 

.64645 

.58897 

.54086 

.50000 

.46487 

.43435 

8 

.82441 

.74411 

.67795 

.62257 

.57555 

.53513 

.50000 

9 

.93123 

.84167 

.76695 

.70431 

.65111 

.60538 

.56565 

10 

.93807 

.85586 

.78606 

.72670 

.67565 

.63130 

11 

.94368 

.86773 

.80229 

.74594 

.69697 

12 

,94837 

.87780 

.81624 

.76266 

13 

.95234 

.88646 

.82836 

14 

.95575 

.89397 

‘ ^ 

15 

.95871 
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MBLB  2 Continued 


n 

k_ 

16 

17 

18 

19 

20 

21 

22 

1 

.03878 

.03641 

.03438 

.03256 

.03092 

.02943 

.02809 

2 

.09962 

.09362 

.08844 

.08380 

.07962 

.07584 

.07240 

3 

.16102 

.15163 

.14327 

.13579 

.12904 

.12293 

.11737 

4 

.22268 

.20972 

.19819 

.18785 

.17853 

.17009 

.16241 

5 

.28434 

.26781 

.25309 

.23990 

.22802 

.21725 

.20746 

6 

.34597 

.32588 

.30798 

.29195 

.27749 

.26441 

.25249 

7 

.40759 

.38392 

.36285 

.34397 

.32696 

.31154 

.29751 

8 

.46920 

.44196 

.41772 

.39599 

.37641 

.35866 

.34252 

9 

.53080 

.50000 

.47257 

.44800 

.42585 

.40578 

.38752 

10 

.59241 

.55804 

.52743 

.50000 

.47528 

.45289 

.43252 

11 

.65403 

.61608 

.58228 

.55200 

.52472 

.50000 

.47750 

12 

.71566 

.67412 

.63715 

.60401 

.57415 

.54711 

.52250 

13 

.77732 

.73219 

.69202 

.65603 

.62359 

.59422 

.56748 

14 

.83898 

.79028 

.74691 

.70805 

.67304 

.64134 

.61248 

15 

.90038 

.84837 

.80181 

.76010 

.72251 

.68846 

.65748 

16 

.96122 

.90638 

.85673 

.81215 

.77198 

.73559 

.70249 

17 

.96359 

.91156 

.86421 

.82147 

.78275 

.74751 

18 

.96562 

.91620 

.87096 

.82991 

.79254 

19 

.96744 

.92038 

.87707 

.83759 

20 

.96908 

.92416 

.88263 

21 

.97057 

.92760 

22 

.97191 
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TABLE  2 Continuad 


n 

k_ 

1 

24 

25 

26 

27 

28 

29 

1 

.02686 

.02573 

.02469 

.02373 

.02284 

.02202 

.02125 

2 

.06925 

.06624 

.06372 

.06127 

.05900 

.05689 

.05492 

3 

.11229 

.10763 

.10334 

.09938 

.09571 

.09230 

.08912 

4 

.15540 

.14896 

.14303 

.13756 

.13249 

.12778 

.12339 

5 

.19851 

.19029 

.18273 

.17574 

.16927 

.16326 

.15766 

6 

.24160 

.23161 

.22242 

.21392 

.20605 

.19873 

.19192 

7 

.28469 

.27279 

.26210 

.25209 

.24282 

.23420 

.22618 

8 

.32777 

.31422 

.30176 

.29024 

.27957 

.26966 

.26042 

9 

.37083 

.35553 

.34142 

.32839 

.31632 

.30511 

.29466 

10 

.41389 

.39680 

.38107 

.36653 

.35306 

.34055 

.32889 

11 

.45695 

.43808 

.42072 

.40467 

.38980 

.37599 

.36312 

12 

.50600 

.47936 

.46036 

.44280 

.42654 

.41142 

.39734 

13 

.54305 

.52064 

.50000 

.48093 

• .46327 

.44686 

.43156 

14 

.58611 

.56192 

.53964 

.51907 

.50000 

.48228 

.46578 

15 

.62917 

.60320 

.57928 

.55720 

.53673 

.51772 

.50000 

16 

.67223 

.64448 

.61893 

.59533 

.57346 

.55314 

.53422 

17 

.71531 

.68578 

.65858 

.63347 

.61020 

.58858 

.56844 

16 

.75840 

.72721 

.69824 

.67161 

.64694 

.62401 

.60266 

19 

.8014^ 

.76839 

,73791 

.70976 

.68368 

.65945 

.63688 

20 

.8446L 

.80971 

.77758 

.74791 

.72043 

.69489 

.67111 

21 

.88771 

.85104 

.81727 

.78608 

.75718 

.73034 

.70534 

22 

.93075 

.89237 

.85697 

.82426 

.79395 

.76580 

.73958 

23 

.97314 

.93376 

.89666 

.86244 

.83073 

.80127 

.77382 

24 

.97427 

.93628 

.90062 

.86751 

.83674 

.80808 

25 

.97531 

.93873 

.90429 

.87222 

.84234 

26 

.97627 

.94100 

.90770 

.87661 

27 

.97716 

.94311 

.91088 

28 

.97798 

.94508 

29 

.97875 

\ 

( 
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TABLB  2 Cpntinutd 


a 

3l- 

30 

31 

32 

33 

34 

35 

36 

1 

.02054 

.01987 

.01924 

.01865 

.01810 

.01758 

.01708 

2 

.05309 

.05138 

.04977 

.04826 

.04683 

.04549 

.04423 

3 

.08616 

.08338 

.08078 

.07833 

.07603 

.07386 

.07181 

4 

.11929 

.11545 

.11186 

.10847 

.10529 

.10229 

.09946 

5 

.15242 

.14753 

.14294 

.13862 

.13456 

.13073 

.12711 

6 

.18556 

.17960 

.17402 

.16877 

.16382 

.15916 

.15476' 

7 

.21868 

.21166 

.20509 

.19890 

.19308 

.18759 

.18240 

8 

.25180 

.24372 

.23615 

.22903 

.22233 

.21601 

.21004 

9 

.28490 

.27577 

.26720 

.25915 

.25158 

.24442 

.23767 

10 

.31800 

.30781 

.29825 

.28927 

.28081 

.27283 

.26530 

11 

.35110 

.33985 

.32930 

.31938 

.31005 

.30124 

.29292 

12 

.38419 

.37189 

.36034 

.34949 

.33928 

.32964 

.32054 

13 

' .41728 

‘ .40392 

.39138 

.37960 

.36850 

.35804 

.34815 

14 

.45037 

.43594 

.42241 

.40970 

.39773 

.38643 

.37576 

IS 

.48346 

.46797 

.45345 

.43980 

.42695 

.41483 

.40337 

16 

.51654 

.50000 

.48449 

.46990 

.45617 

.44323 

.43098 

17 

.54963 

.53203 

.51551 

.50000 

.48539 

.47161 

.45879 

18 

.58272 

.56406 

.54655 

.53010 

.51461 

.50000 

.48620 

19 

.61581 

.59608 

.57759 

.56020 

.54383 

.52839 

.51380 

20 

.64890 

.62811 

.60862 

.59030 

.57305 

.55678 

.54121 

21 

.68200 

.66015 

.63966 

.62040 

.60227 

.58517 

.56902 

22 

.71510 

.69219 

.67070 

.65051 

.63150 

.61357 

.59663 

23 

.74820 

.72423 

.70175 

.68062 

.66072 

.64196 

.62424 

24 

.78132 

.75628 

.73280 

.71073 

.68995 

.67036 

.65185 

25 

.81444 

.78834 

.76385 

.74085 

.71919 

.69876 

.67946 

26 

.84758 

.82040 

.79491 

.77097 

.74842 

.72717 

.70708 

27 

.88071 

.85247 

.82598 

.80110 

.77767 

.75558 

.73470 

28 

.91384 

.88455 

.85706 

.83123 

.80692 

.78399 

.76233 

29 

.94691 

.91662 

.88814 

.86138 

.83618 

.81241 

.78996 

30 

.97946 

.94862 

.91922 

.89153 

.86544 

.84084 

.81760 

31 

.98013 

.95023 

.92167 

.89471 

.86927 

.84524 

32 

. J8076 

.95174 

.92397 

.89771 

.87289 

33 

.98135 

.95317 

.92614 

.90054 

34 

.98190 

.95451 

.92819 

35 

.98242 

.95577 

.98292 
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TABU 


0 

L. 

37 

38 

39 

1 

.01662 

.01617 

.01575 

2 

.04303 

.04189 

.04081 

3 

.06987 

.06803 

.06629 

4 

.09677 

.09423 

.09182 

5 

.12368 

.12044 

.11736 

6 

.15059 

.14664 

.14289 

7 

.17749 

.17251 

.16842 

8 

.20439 

.19903 

.19395 

9 

.23128 

.22522 

.21947 

10 

.25816 

.25140 

.24499 

11 

.28504 

.27758 

.27050 

12 

.31192 

.30376 

.29601 

13 

.33879 

.32993 

.32151 

14 

.36566 

.35609 

.34701 

15 

.39253 

.38226 

.37251 

16 

.41940 

.40843 

.39801 

17 

.44627 

.43459 

.42351 

18 

.47314 

.46076 

.44901 

19 

.50000 

.48692 

.47451 

20 

.52686 

.51308 

.50000 

21 

.55373 

.53924 

.52549 

22 

.58060 

.56541 

.55099 

23 

.60747 

.59157 

.57649 

24 

.63434 

.61774 

.60199 

25 

.66121 

.64391 

.62749 

26 

.68808 

.67007 

.65299 

27 

.71496 

.69624 

.67849 

28 

.74184 

.72242 

.70399 

29 

.76872 

.74860 

.72950 

30 

.79561 

.77478 

.75501 

31 

.82251 

.80097 

.78053 

32 

.84941 

.82749 

.80605 

33 

.87632 

.85336 

.83158 

34 

.90323 

.87956 

.85711 

35 

.93013 

.90577 

.88264 

36 

.95697 

.93197 

.90818 

37 

.98338 

.95811 

.93371 

36 

.98383 

.95919 

39 

.98425 

40 

41 

42 

43 


2 Cmtinutd 


40 

41 

42 

43 

.01536 

.01498 

.01462 

.01427 

.03979 

.03882 

.03789 

.03717 

.06463 

.06305 

.06155 

.06012 

.08953 

.08735 

.08527 

.08329 

.11443 

.11165 

.10899 

.10646 

.13933 

.13595 

.13272 

.12964 

.16423 

.16024 

.15643 

.15281 

.18912 

.18453 

.18015 

.17597 

.21401 

.20881 

.20386 

.19844 

.23889 

.23309 

.22756 

.22229 

.26377 

.25737 

.25126 

.24545 

.28864 

.28164 

.27496 

.26859 

.31352 

.30591 

.29866 

.29174 

.33838 

.33017 

.32235 

.31489 

.36325 

.35444 

.34604 

.33803 

.38812 

.37870 

.36973 

.36117 

.41298 

.40296 

.39341 

.38431 

.43784 

.42722 

.41710 

.40745 

.46271 

.45148 

.44079 

.43059 

.48757 

.47574 

.46447 

.45373 

.51243 

.50000 

.48816 

.47686 

.53729 

.52426 

.51184 

.50000 

.56216 

.54852 

.53553 

.52314 

.58702 

.57278 

.55921 

.54627 

.61188 

.59704 

.58290 

.56941 

.63675 

.62130 

.60659 

.59255 

.66162 

.64556 

.63027 

.61569 

.68648 

.66983 

.65396 

.63883 

.71136 

.69409 

.67765 

.66197 

.73623 

.71836 

.70134 

.68511 

.76111 

.74263 

.72504 

.70826 

.78599 

.76691 

.74874 

.73141 

.81088 

.79119 

.77244 

.75455 

.83577 

.81547 

.79614 

.77771 

.86067 

.83976 

.81965 

.80156 

.88557 

.86405 

.84357 

.82403 

.91047 

.88835 

.86728 

.84719 

.93537 

.91265 

.89101 

.87036 

.96021 

.93695 

.91473 

.89354 

.98464 

.96118 

.93845 

.91671 

.98502 

.96211 

.93988 

.98538 

.96283 

.98573 

TAILI  2 Continu0d 


n 

44 

45 

46 

47 

48 

49 

50 

1 

.01395 

.01363 

.01333 

.01305 

.01277 

.01251 

.01225 

2 

.03616 

.03536 

.03458 

.03385 

.03314 

.03246 

.03181 

3 

.05875 

.05745 

.05620 

.05500 

.05385 

.05275 

.05170 

4 

.08140 

.07959 

.07736 

.07620 

.07462 

.07310 

.07163 

S 

.10405 

.10174 

.09953 

.09742 

.09539 

.09345 

.09158 

6 

.12670 

.12389 

.12120 

.11863 

.11616 

.11380 

.11152 

7 

.14935 

.14604 

.14287 

.13984 

.13693 

.13414 

.13147 

8 

.17199 

.16818 

.16453 

.16104 

.15770 

.15449 

.15141 

9 

.19463 

.19032 

.18619 

.18225 

.17846 

.17483 

.17134 

10 

.21726 

.21245 

.20785 

.20344 

.19922 

.19516 

.19127 

11 

.23989 

.23458 

.22950 

.22464 

.21997 

.21550 

.21120 

12 

.26252 

.25671 

.25115 

.24583 

.24073 

.23583 

.23113 

13 

.28514 

.27883 

.27280 

.26702 

.26147 

.25616 

.25106 

14 

.30776 

.30095 

.29444 

.28820 

.28222 

.27649 

.27098 

IS 

.33039 

.32307 

.31608 

.30939 

.30297 

.29598 

.29090 

16 

.35300 

.34519 

.33773 

.33057 

.32371 

.31713 

.31082 

17 

.37562 

.36731 

.35936 

.35175 

.34445 

.33745 

.33073 

18 

.39823 

.38943 

.38100 

.37293 

.36520 

.35778 

.35065 

19 

.42085 

.41154 

.40264 

.39411 

.38594 

.37809 

.37056 

20 

.44346 

.43366 

.42427 

.41529 

.40668 

.39641 

.39048 

21 

.46608 

.45577 

.44591 

.43647 

.42741 

.41873 

.41039 

22 

.48869 

.47789 

.46755 

.45764 

.44815 

.43905 

.43031 

23 

.51131 

.50000 

.48918 

.47882 

.46889 

.45937 

.45022 

24 

.53392 

.52211 

.51082 

.50000 

.48963 

.47969 

.47013 

23 

.55654 

.54423 

.53245 

.52118 

.51037 

.50000 

.49004 

26 

.57915 

.56634 

.55409 

.54236 

.53111 

.52032 

.50996 

27 

.60177 

.58846 

,57573 

.56353 

.55185 

.54063 

.52967 

28 

.62o38 

.61057 

.59736 

.58471 

.57259 

.56095 

.54978 

29 

.64700 

.63269 

.61900 

.60589 

.59332 

.58127 

.56969 

30 

.66961 

.65481 

.64064 

.62707 

.61406 

.60159 

.58961 

31 

.69224 

.67693 

.66228 

.64825 

.63480 

.62191 

.60952 

32 

.71486 

.69905 

.68392 

.66943 

.65555 

.64222 

.62944 

33 

.73748 

.72117 

.70556 

.69061 

.67629 

.66255 

.64935 

34 

.76011 

.74329 

.72720 

.71130 

.69703 

.68287 

.66927 

35 

,73274 

.76542 

.74885 

.73298 

.71778 

.70402 

.68918 

36 

.80537 

.78755 

.77050 

.75417 

.73853 

.72351 

.70910 

37 

.82801 

.80968 

.79215 

.77536 

.75927 

.74384 

.72902 

38 

.85065 

.83182 

.81381 

.79656 

.78003 

.76417 

.74894 

39 

.87330 

.85396 

.83547 

.81775 

.80078 

.78450 

.76887 

40 

.89595 

.87611 

.85713 

.83896 

.62154 

.60484 

.78680 

TABLB  2 CmHnu0d 


n 

44 

45 

46 

47 

48 

49 

50 

41 

.91860 

.89826 

.87880 

.86016 

.84230 

.82517 

.80873 

42 

.94125 

.92041 

.90047 

.88137 

.86307 

.84551 

.82866 

43 

.96384 

.94255 

.92214 

.90258 

.88384 

.86586 

.84859 

44 

.98605 

.96464 

.94380 

.92380 

.90461 

.88620 

.86853 

45 

.98637 

.96542 

.94500 

.92538 

.90655 

.88848 

46 

.98667 

.96615 

.94615 

.92690 

.90842 

47 

.98695 

.96686 

.94725 

.92837 

48 

.98723 

.96754 

.94830 

49 

.98749 

.96819 

50 

.98775 
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51 


52 


55 


56 


57 


TABLE  2 ConHtm*d 
S3  54 


I 


P 


4 

5 


D1201 
D3118 
DS068 
.07023 
.08979 


.01178 

.03058 

.04970 

.06888 

.08806 


.01155 

.03000 

.04876 

.06758 

.08640 


.01134 

.02944 

.04786 

.06633 

.08480 


.01113 

.02890 

.04699 

.06512 

.08326 


.01093 

.02839 

.04615 

.06396 

.08178 


.01073 

.02789 

.04534 

.06284 

.08034 


6 

7 

8 

9 

10 


10934 

.10724 

.10522 

.10328 

.10140 

12890 

.12642 

.12404 

.12175 

.11954 

14845 

.14560 

.14286 

.14022 

.13767 

16799 

.16477 

.16167 

.15868 

.15580 

18754 

.18394 

.18048 

.17715 

.17393 

.09959  .09783 
.11741  .11535 
.13522  .13285 
.15303  .15035 
.17084  .16785 


11 

12 

13 

14 

15 


.20708  .20311 
.22662  .22227 
.24615  .24143 
.26568  .26059 
.28521  .27975 


19929 

.19561 

.19206 

21809 

.21406 

.21018 

23689 

.23252 

.22831 

25569 

.25097 

.24643 

27449 

.26943 

.26454 

.18864 

.20644 

.22424 

.24204 

.29600 


.18534 

.20283 

.22032 

.23781 

.25529 


16 

.30475 

.29891 

.29330 

17 

. .32427 

.31806 

.31208 

18 

.34380 

.33722 

.33088 

19 

.36333 

.35637 

.34967 

20 

.38286 

.37552 

.36847 

21 

.40238 

.39467 

.38726 

22 

.42191 

.41382 

.40605 

23 

.44127 

.43298 

.42484 

24 

.46095 

.45213 

.44363 

25 

.48048 

.47128 

.46242 

26 

.50000 

.49043 

.48121 

27 

.51952 

.50957 

.50000 

28 

.53905 

.52872 

.51879 

29 

.55873 

.54787 

.53758 

30 

.57809 

.56702 

.55637 

28788 

.28266 

.27763 

.27278 

30633 

.30078 

.29542 

.29026 

32477 

.31889 

.31322 

.30774 

34322 

.33701 

.33101 

.32522 

36167 

.35512 

.34880 

.34270 

38011 

.37323 

.36659 

.36018 

39856 

.39134 

.38438 

.37766 

41700 

.40945 

.40217 

.39514 

43545 

.42756 

.41995 

.41262 

45389 

.44567 

.43774 

.43008 

47234 

.46378 

.45553 

.44757 

49078 

.48189 

.47332 

.46503 

50922 

.50000 

.49111 

.48252 

52766 

.51811 

.50889 

.50000 

54611 

.53622 

.52668 

.51748 

I 


31 

32 

33 

34 

35 


59762 

.58618 

.57516 

61714 

.60533 

.59395 

63667 

.62448 

.61274 

65620 

.64363 

.63153 

67573 

.66278 

.65033 

.56455  .55433 
.58300  .57244 
.60144  .59055 
.61989  .60866 
.63833  .62677 


.54447  .53495 
.56226  .55243 
.58005  .56991 
.59783  .58739 
.61562  .60484 


36 

37 

38 

39 

40 


69525 

.68194 

.66912 

71479 

.70109 

.68792 

73432 

.72025 

.70671 

75385 

.73941 

.72551 

77338 

.75857 

.74431 

.65678  .64488 
.67523  .66299 
.69367  .68111 
.71212  .69922 
.73057  .71734 


.63341  .62234 
.65120  .63982 
.66899  .65730 
.68678  .67478 
.70458  .69226 
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TABU  2 CmtinuMi 


n 

51 

52 

53 

54 

55 

56 

57 

41 

.79292 

.77773 

.76311 

.74903 

.73546 

.72237 

.70974 

42 

.81246 

.79689 

.78191 

.76740 

.75357 

.70400 

.72722 

43 

.83201 

.81606 

.80071 

.78594 

.77169 

.75796 

.74471 

44 

.85155 

.83523 

.81952 

.80439 

.78982 

.77576 

.76219 

45 

.87110 

.85440 

.83833 

.82285 

.80794 

.79356 

.77968 

46 

.89066 

.87358 

.85714 

.84132 

.82607 

.81136 

.79717 

47 

.91021 

.89276 

.87596 

.85978 

.84420 

.82916 

.81466 

48 

.92977 

.91194 

.89478 

.87825 

.86233 

.84697 

.83215 

4» 

.94932 

.93112 

.91360 

.89672 

.88046 

.86478 

.84965 

50 

.96882 

.95030 

.93242 

.91520 

.89860 

.88259 

.86715 

51 

.98799 

.96942 

.95124 

.93367 

.91674 

.90041 

.88465 

52 

.98822 

.97000 

.95214 

.93488 

.91822 

.90215 

53 

.98845 

.97056 

.95301 

.93604 

.91966 

54 

.98866 

.97110 

.95385 

.93716 

55 

.98887 

.97161 

.95466 

56 

.98907 

.97211 

57 

.98927 
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.06175 

.06070 

.07896 

.07762 

.09658 

.09453 

.11337 

.11145 

.13057 

.12836 

.14776 

.14527 

.16496 

.16217 

.18215 

.17907 

.19934 

.19597 

.21653 

.21287 

.23372 

.22977 

.25091 

.24667 

.26809 

.26356 

.28527 

.28045 

.30245 

.29735 

.31963 

.31424 

.33682 

.33112 

.35399 

.34802 

.37117 

.36490 

.38835 

.38179 

.40553 

.39868 

42270 

.41557 

.43988 

.45706 

.47423 

.49141 

.50859 

.52577 

.54294 

.56012 

.57730 

.59447 

.61165 

.62683 

.64601 

.66318 

.68037 


101 
264 
430 
.05969 
.07633 

.09296 

.10959 

.12622 

.14285 

.15947 

.17610 

.19272 

.20934 

.22595 

.24257 

.25918 

.27579 

.29241 

.30902 

.32563 

.34224 

.35884 

.37545 

.39206 

.40867 


.05510 

.07046 

.08582 

.10117 

.11653 

.13188 

.14723 

.16258 

.17793 

.19327 

.20862 

.22396 

.23930 

.25464 

.26998 

.28532 

.30065 

.31599 

.33133 

.34666 

.36200 

.37733 


087 
226 
.0369 
.05116 
.06542 

.07969 

.09395 

.10821 

.12248 

.13673 

.15099 

.16524 

.17950 

.19375 

.20800 

.22225 

.23650 

.25075 

.26499 

.27924 

.29399 

.30773 

.32197 

.33622 

.35046 


.03444 

.04774 

.06106 

.07438 

.08769 

.10101 

.11432 

.12763 

.14094 

.15425 

.16756 

.18086 

.19416 

.20747 

.22077 

.23407 

.24737 

.26067 

.27397 

.28727 

.30057 

.31386 

.32716 


076 
198 
.03228 
.04476 
.05724 

.06973 
.08222 
.094  70 
.10718 
.11967 

.13214 

.14462 

.15710 

.16958 

.18205 

.19453 

.20700 

.21947 

.23194 

.24442 

.25689 

.26936 

.23183 

.29430 

.30677 


.43245 

.44934 

.46623 

.48311 

.50000 

.42527 

.44188 

.45849 

.47509 

.49170 

.39267 

.40800 

.42333 

.43867 

.45400 

.36471 

.37895 

.39319 

.40743 

.42167 

.34046 

.35375 

,36705 

.38035 

.39364 

.31923 

.33170 

.34417 

.35663 

.36910 

.51689 

.53377 

.55066 

.56755 

.58443 

.50830 

.52491 

.54151 

.55812 

.57473 

.46934 

.48467 

.50000 

.51533 

.53066 

.43591 

.45015 

.46440 

.47864 

.49288 

.40694 

.42023 

.43353 

.44682 

.46012 

.38157 

.39404 

.40650 

.41897 

.43144 

.60132 

.61821 

.63510 

.65198 

.66868 

.59133 

.60794 

.62453 

.64116 

.65776 

.54600 

.56133 

.57667 

.59200 

.60733 

.50712 

.52136 

.53560 

.54985 

.56409 

.47341 

.48671 

.50000 

.51329 

.52659 

.44390 
.45637 
.46383 
.48130 
.49377  j 

f 
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i 

i 

\ 

i 

.t 

TAiLI  2 Centiniad 


n 

58 

59 

60 

41 

.69755 

.68576 

.67437 

42 

.71473 

.70265 

.69098 

43 

.73191 

.71955 

.70759 

44 

.74909 

.73644 

.72421 

45 

.76628 

.75333 

.74082 

46 

.78347 

.77023 

.75743 

47 

.80066 

.78713 

.77405 

48 

.81785 

.80403 

.79066 

49 

.83504 

.82093 

.80728 

50 

.85224 

.83783 

.82390 

51 

.86943 

.85473 

.84053 

52 

.88663 

.87164 

.85715 

53 

.90342 

.88855 

.87378 

54 

.92104 

.90547 

.89041 

55 

.93825 

.92238 

.90704 

.56 

.95545 

.93930 

.92367 

57 

.97260 

.95620 

.94031 

58 

59 

60 

.98945 

.97306 

.98964 

.95693 

.97351 

.98981 

61 

62 

63 

64 

liS 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 


65 

70 

75 

80. 

62267 

.57833 

.53988 

.50623 

63800 

.59257 

.55318 

.51870 

65334 

.60681 

.56647 

.53117 

66867 

.62105 

.57977 

.54363 

68401 

.63529 

.59306 

.35610 

69935 

.64954 

.60636 

.56856 

71468 

.66378 

.61965 

.58103 

73002 

.67803 

.63295 

.59350 

74536 

.69227 

.64625 

.60596 

76070 

.70601 

.65954 

.61843 

77604 

.72076 

.67284 

.63090 

79138 

.73501 

.68614 

.64337 

80673 

.74925 

.69943 

.65583 

82207 

.76350 

.71273 

.66830 

83742 

.77775 

.72603 

.68077 

85277 

.79200 

.73933 

.69323 

86812 

.80625 

.75263 

.70570 

88347 

.82050 

.76593 

.71817 

89883 

.83476 

.77923 

.73064 

91418 

.84901 

.79253 

.74311 

92954 

.86327 

.80584 

.75558 

,94490 

.87752 

.81914 

.76806 

96025 

.89179 

.83244 

.78053 

,97556 

.90605 

.84575 

.79300 

.99060 

.92031 

.85906 

.80547 

.93458 

.87237 

.81793 

.94884 

.88568 

.83042 

.96310 

.89899 

.84290 

.97731 

.91231 

.85538 

.99128 

.92562 

.86786 

.93894 

.88033 

.95226 

.89282 

.96556 

.90530 

.97883 

.91778 

.99187 

.93027 

.94276 

.95524 

.96772 

.98016 

.99238 
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TABLE  2 Continutd 


n 

IL. 

85 

90 

93 

100 

125 

150 

1 

.00716 

.00676 

.00640 

.00608 

.00485 

.00403 

2 

.01866 

.01762 

.01669 

.01585 

.01267 

.01054 

3 

.03037 

.02868 

.02717 

.02581 

.02063 

.01718 

4 

.04212 

.03978 

.03768 

.03579 

.02862 

.02384 

5 

.05387 

.05088 

.04820 

.04578 

.03662 

.03051 

6 

.06563 

.06198 

.05872 

.05578 

.04462 

.03717 

7 

.07738 

.07308 

.06924 

.06577 

.05261 

.04384 

8 

.08913 

.08418 

.07975 

.07577 

.06061 

.05051 

9 

.10088 

.09528 

.09027 

.08576 

.06861 

.05717 

10 

.11263 

.10638 

.10079 

.09575 

.07661 

.06384 

11 

.12438 

.11748 

.11130 

.10574 

.08460 

.07050 

12 

.13613 

.12857 

.12182 

.11573 

.09260 

.07717 

13 

.14787 

.13967 

.13233 

.12572 

.10059 

.08383 

14 

.15962 

.15076 

.14284 

.13571 

.10858 

.09050 

15 

.17136 

.16186 

.15335 

.14569 

.11658 

.09716 

16 

• .18310- 

.17295 

-.16386 

.15568 

.12457 

.10382 

17 

.19485 

.18404 

.17437 

.16566 

.13256 

.11048 

18 

.20659 

.19513 

.18488 

.17565 

.14055 

.11715 

19 

.21833 

.20622 

.19539 

.18563 

.14855 

.12381 

20 

.23007 

.21731 

.20589 

19561 

.15654 

.13047 

21 

.24181 

.22840 

.21640 

.20560 

.16453 

.13713 

22 

.25355 

.23949 

.22691 

.21558 

.17252 

.14379 

23 

.26528 

.25058 

.23742 

.22557 

.18051 

.15045 

24 

.27702 

.26167 

.24792 

.23555 

.18850 

.15711 

25 

.28876 

.27275 

.25842 

.24553 

.19649 

.16377 

26 

.30050 

.28384 

.26893 

.25551 

.20448 

.17043 

27 

.31224 

.29493 

.27944 

.26549 

.21247 

.17709 

28 

.32397 

.30601 

.28994 

.27547 

.22046 

.18375 

29 

.33571 

.31710 

.30045 

.28545 

.22844 

.19041 

30 

.34744 

.32819 

.31095 

.29543 

.23643 

.19707 

31 

.35918 

.3j927 

.32145 

.30541 

.24442 

.20373 

32 

.37092 

.35036 

.33196 

.31539 

.25241 

.21039 

33 

.38265 

.36144 

.34246 

.32537 

.26040 

.21705 

34 

.39439 

.37233 

.35296 

.33535 

.26839 

.22371 

35 

.40613 

.38361 

.36347 

.34533 

.27637 

.23037 

36 

.41786 

.394  70 

.37397 

.35531 

.28436 

.23703 

37 

.42959 

.40578 

.38447 

.36529 

.29235 

.24368 

38 

.44133 

.41687 

.39498 

.37527 

.30034 

.25034 

39 

.45306 

.42795 

.40548 

.38525 

.30832 

.25700 

40 

.46476 

.43904 

.41598 

.39523 

.31631 

.26366 
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175 


.00345 

.00903 

.01472 

.02043 

.02614 

.03186 

.03757 

.04329 

.04910 

.05472 

.06043 

.06614 

.07186 

.07757 

.06328 

.08899 

.09471 

.10042 

.10613 

.11184 

.11755 

.12326 

.12897 

.13468 

.14039 

.14610 

.15182 

.15752 

.16323 

.16894 

.17465 

.18036 

.18607 

.19178 

.19749 

.20320 

.20891 

.21462 

.22032 

.22603 


f 


TABLE  2 Continusd 


n 

85 

90 

95 

100 

125 

130 

175 

41 

.47653 

.45012 

.42649 

.40520 

.32430 

.27032 

.23174 

42 

.48826 

.46120 

.43699 

.41518 

.33229 

.27698 

.23745 

43 

.50000 

.47229 

.44749 

.42516 

.34027 

.28363 

.24316 

44 

.51174 

.48337 

.45799 

.43514 

.34826 

.29029 

.24887 

45 

.52347 

.49446 

.46849 

.44512 

.35625 

.29695 

.25458 

46 

.53524 

.50554 

.47900 

.45510 

.36423 

.30361 

.26028  ' 

47 

.54694 

.51663 

.48950 

.46508 

.37222 

.31027 

.26599 

48 

.55667 

.52771 

.50000 

.47505 

.38021 

.31692 

.27170 

49 

.57041 

.53880 

.51050 

.48503 

.38819 

.32358 

.27741  ! 

50 

.58214 

.54988 

.52100 

.49501 

.39618 

.33024 

.28312 

51 

.59387 

.56096 

.53151 

.50499 

.40417 

.33690 

.28883 

52 

.60561 

.57205 

.54201 

.51497 

.41215 

.34356 

.29453 

53 

.61735 

.58313 

.55251 

.52495 

.42014 

.35021 

.30024 

54 

.62908 

.59422 

.56301 

.53492 

.42812 

.35687 

.30595 

55 

.64082 

.60530 

.57351 

.54490 

.43611 

.36353 

.31166 

56 

.65256 

.61639 

.58402 

.55488 

.44410 

.37019 

.31737 

57 

.66429 

.62747 

.59452 

.56486 

.45208 

.37684 

.32307 

58 

.67603 

.63856 

.60502 

.57484 

.46007 

.38350 

.32878 

59 

.68776 

.64964 

.61553 

.58482 

.46806 

.39016 

.33449 

60 

.69950 

.66073 

.62603 

.59480 

.47604 

.39681 

.34020 

61 

.71124 

.67181 

.63653 

.60477 

.48403 

.40347 

.34590 

62 

.72298 

.68290 

.64704 

.61475 

.49201 

.41013 

.35161 

63 

.73472 

.69399 

.65754 

.62473 

.50000 

.41679 

.35732 

64 

.74645 

.70507 

.66804 

.63471 

.50799 

.42344 

.36302 

65 

.75819 

.71616 

.67855 

.64469 

.51597 

.43010 

.36873 

66 

.76993 

.72725 

.68905 

.65467 

.52396 

.43676 

.37444 

67 

.78167 

.73833 

.69955 

.66465 

.53195 

.44341 

.38015 

68 

.79341 

.74942 

.71006 

.67463 

.53993 

.45007 

.38585 

69 

.80515 

.76051 

.72056 

.68461 

.54792 

.45673 

.39156 

70 

.81690 

.77160 

,73107 

.69459 

.55590 

.46338 

.39727 

71 

.82864 

.78269 

.74158 

.70457 

.56389 

.47004 

.40298 

72 

.84038 

.79378 

.75208 

.71455 

.57188 

.47670 

.40868 

73 

.85213 

.80487 

.76258 

.72453 

.57986 

.48336 

.41439 

74 

.86387 

.81596 

.77309 

.73451 

.58785 

.49002 

.42010 

75 

.87562 

.82705 

.78360 

.74449 

.59583 

.49667 

.42581 

76 

.88737 

.83814 

.79411 

.75447 

.60382 

.50333 

.43151 

77 

.89912 

.84924 

.80461 

.76445 

.61181 

.50998 

.43722 

78 

.91087 

.86033 

.81512 

.77443 

.61979 

.51664 

.44293 

79 

.92262 

.87143 

.82563 

.78442 

.62778 

.52330 

.44864 

80 

.93437 

.88252 

.83614 

.79440 

.63577 

.52996 

.45434 
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TABLE  2 ConHnuei 


i 


tt 

85 

90 

95 

100 

125 

150 

175 

81 

.94613 

.89362 

.84665 

.80439 

.64375 

.53662 

.46005 

82 

.95788 

.90472 

.85716 

.81437 

.65174 

54327 

.46576 

83 

.96963 

.91582 

.86767 

.82435 

.65973 

.34993 

.47146 

84 

.98134 

.92692 

.87818 

.83434 

.66771 

.59659 

.47717 

83 

.99284 

.93802 

.88870 

.84432 

.67570 

.56324 

.48288 

88 

.94912 

.89921 

.85431 

.68369 

.56990 

.48858 

87 

.96022 

.90973 

.86429 

.69168 

.57656 

.49429 

88 

.97132 

.92025 

.87428 

.69966 

.58321 

.50000 

89 

.98238 

.93076 

.88427 

.70765 

.58987 

.50571 

90 

.99324 

.94128 

.89426 

.71564 

.59653 

.51142 

91 

.95180 

.90425 

.72363 

.60319 

.51712 

92 

.96232 

.91424 

.73161 

.60984 

.52283 

93 

.97283 

.92423 

.73960 

.61650 

.52854 

94 

.98331 

.93423 

.74759 

.62316 

.53424 

95 

.99360 

.94422 

.75558 

.62981 

.53995 

96 

.95422 

.76357 

.63647 

.54566 

97 

.96421 

.77156 

.64313 

.55136 

98 

.97419 

.77954 

.64979 

.55707 

99 

.98415 

.78753 

.65644 

.56278 

100 

.99392 

.79552 

.66310 

.56849 

101 

.80351 

.66976 

.57419 

102 

.81150 

.67642 

.57990 

103 

.81949 

.68308 

.38561 

104 

.82748 

.68973 

.59132 

105 

.83547 

.69639 

.39702 

106 

.84346 

.70305 

.60273 

107 

.85145 

.70971 

.60844 

108 

.85945 

.71637 

.61413 

109 

.86744 

.72302 

.61986 

110 

.87543 

.72968 

.62356 

111 

.88342 

.73634 

.63127 

112 

.89142 

.74300 

.63698 

113 

.89941 

.74966 

.64268 

114 

.90740 

.75632 

.64839 

115 

.91540 

.76297 

.63410 

116 

.92339 

.76963 

.65980 

117 

.93139 

.77629 

.66551 

118 

.93939 

.78293 

.67122 

119 

.94739 

.78961 

.67693 

120 

.95538 

.79627 

.68264 
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TABLE  2 Continued 


n 

H 

125  150  175  n 

125  150  175 

121 

.96338  .80293  .68834  161 

.91672 

122 

.97138  .80959  .69405  162 

.92243 

123 

.97937  .81625  .69976  163 

.92814 

124 

.98733  .82291  .70547  164 

.93386 

125 

.99515  .82957  .71117  165 

.93957 

126 

.83623  .71688  166 

.94528 

127 

.84289  .72259  167 

.95090 

128 

.84955  .72830  166 

.95671 

129 

.85621  .73401  169 

.96243 

130 

.86287  .73972  170 

.96814 

131 

.86953  .74542  171 

.97386 

132 

.87619  .75113  172 

.97957 

133 

.88285  .75684  173 

.98528 

134 

.88952  .76255  174 

.99097 

135 

.89618  .76826  175 

.99655 

136 

.90284  .77397 

137 

.90950  .77968 

138 

.91617  .78539 

139 

.92283  .79109 

140 

.92950  .79680 

141 

.93616  .80251 

142 

.94283  .81822 

143 

.94949  .81393 

144 

.95616  .81964 

145 

.96283  .82535 

146 

.96949  .83106 

14  7 

.97616  .83677 

148 

.98282  .84248 

149 

.98946  .84819 

150 

.99597  .85390 

151 

.85961 

152 

.86532 

153 

.87103 

154 

.87674 

155 

. 88245 

156 

88816 

157 

.89387 

158 

.89958 

159 

.90529 

160 

.91101 
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TABLE  2 Centinutd 


n 

IL- 

200 

223 

250 

1 

.00302 

.00268 

.00241 

2 

.00790 

.00702 

.00631 

3 

.01287 

.01144 

.01029 

A 

.01787 

.01588 

.01429 

5 

.02287 

.02v32 

.01829 

6 

.02787 

.02477 

.02229 

7 

.03287 

.02921 

.02629 

8 

.03787 

.03366 

.03029 

9 

>04287 

.03811 

.03429 

10 

.04787 

.04255 

.03829 

11 

.05287 

.04700 

.04229 

12 

.05787 

.05144 

.04630 

13 

.06287 

.05589 

.05030 

14 

.06787 

.06033 

.05430 

IS 

.07287 

.06477 

.05830 

16 

“.07787 

‘.06922 

.d6230 

17 

.08287 

.07366 

.06630 

18 

.08787 

.07811 

.07030 

19 

.09287 

.08255 

.07430 

20 

.09787 

.08699 

.07830 

21 

.10286 

.09144 

.08230 

22 

.10786 

.09588 

.08629 

23 

.11286 

.10032 

.09029 

24 

.11786 

.10477 

.09429 

25 

.12285 

.10921 

.09829 

26 

.12785 

.11365 

.10229 

27 

.13285 

.11809 

.10629 

28 

.13785 

.12254 

.11029 

29 

.14284 

.12698 

.11429 

30 

.14784 

.13142 

.11828 

31 

.15284 

.13586 

.12228 

32 

.15783 

.14031 

.12628 

33 

.16283 

.14475 

.13028 

34 

.16783 

.14919 

.13428 

35 

.17282 

.15363 

.13828 

36 

.17782 

.15807 

.14227 

37 

.18281 

.16251 

.14627 

38 

.18781 

.16696 

.15027 

39 

.19281 

.17140 

.15427 

40 

.19780 

.17584 

.15827 

A 

200 

225 

250 

41 

.20280 

.18028 

.16226 

42 

.20779 

.18472 

.16626 

43 

.21279 

.18916 

.17026 

44 

.21779 

.19360 

.17426 

45 

.22278 

.19805 

.17825 

46 

.22778 

.20249 

.18225 

47 

.23277 

.20693 

.18625 

48 

.23777 

.23137 

.19025 

49 

.24276 

.21581 

.19424 

50 

.24776 

.22025 

.19824 

51 

.25275 

.22469 

.20224 

52 

.25775 

.22923 

.20624 

53 

.26275 

.23358 

.21023 

54 

.26774 

.23802 

.21423 

55 

.27274 

.24246 

.21823 

56 

.27773 

.24690 

.22223 

57 

.28273 

.25134 

.22622 

58 

.28772 

.25578 

.23022 

59 

.29272 

.26022 

.23422 

60 

.29771 

.26466 

.23821 

61 

.30271 

.27240 

.24221 

62 

.30770 

.27354 

.24621 

63 

.31270 

.27798 

.25021 

64 

.31769 

.28242 

.25420 

65 

.32269 

.28686 

• .25820 

66 

.32768 

.29130 

.26220 

67 

.33268 

.29574 

.26619 

68 

.33767 

.30019 

.27019 

69 

.34267 

.30463 

.27419 

70 

.34766 

.30907 

.27819 

71 

.35266 

.31351 

.28218 

72 

.35765 

.31795 

.28618 

73 

.36265 

.32239 

.29018 

74 

.36764 

.32683 

.29417 

75 

.37264 

.33127 

.29817 

76 

.37763 

.33571 

.30217 

77 

.38263 

.34015 

.30616 

78 

.38762 

.34459 

.31016 

79 

.39262 

.34903 

.31416 

80 

.39761 

.35347 

.31815 

i 


TABU  2 Continutd 


n 

k 

200 

225 

250 

n 

k 

200 

225 

250 

81 

.40261 

.35791 

.32215 

121 

.60239 

.53552 

•« 

.48201 

82 

.40760 

.36235 

.32615 

122 

.60739 

.53996 

.48601 

83 

.41259 

.36679 

.33014 

123 

.61238 

.54440 

.49001 

84 

.41759 

.37123 

.33414 

124 

.61737 

.54884 

.49400 

85 

.42258 

.37567 

.33814 

125 

.62237 

.55328 

.49800 

86 

.42758 

.38011 

.34213 

126 

.62736 

.55772 

.50200 

87 

.53257 

.38455 

.34613 

127 

.63236 

.56216 

.50600 

88 

.43757 

.38899 

.35013 

128 

.63735 

.56660 

.50999 

89 

.44256 

.39343 

.35412 

129 

.64235 

.57104 

.51399 

90 

.44756 

.39788 

.35812 

130 

.64734 

.57548 

.51799 

91 

.45255 

.40231 

.36212 

131 

.65234 

.57992 

.52198 

92 

.45755 

.40676 

.36612 

132 

.65733 

.58436 

.52598 

93 

.46254 

.41120 

.37011 

133 

.66233 

.58880 

.52997 

94 

.46753 

.41564 

.37411 

134 

.66732 

.59324 

.53397 

95 

.47249 

.42008 

.37811 

135 

.67232 

.59769 

.53797 

96 

.47752 

.42452 

.38210 

136 

.67731 

.60212 

.54196 

97‘ 

.48252 

.42896 

.38610 

137 

.68231 

.60657 

.54596 

98 

.48752 

.43340 

.39010 

138 

.68730 

.61101 

.54996 

99 

.49251 

.43784 

.39409 

139 

.69230 

.61545 

.55396 

100 

.49750 

.44228 

.39809 

140 

.69729 

.61989 

.55795 

101 

.50250 

.44672 

.40208 

141 

.70229 

.62433 

.56195 

102 

.50749 

.45116 

.40608 

142 

.70728 

.62877 

.56595 

103 

.51248 

.45560 

.41008 

143 

.71228 

.63321 

.56994 

104 

.51748 

.46004 

.41407 

144 

.71727 

.63765 

.57394 

105 

.52248 

.46448 

.41807 

145 

.72227 

.64209 

.57793 

106 

.52751 

.46892 

.42207 

146 

.72726 

.64653 

.58193 

107 

.53247 

.47336 

.42606 

147 

.73226 

.65097 

.58593 

108 

.53746 

.47780 

.43006 

148 

.73725 

.65541 

.58992 

109 

.54245 

.48224 

.43405 

149 

.74225 

.65985 

.59392 

110 

.54745 

.48668 

.43805 

150 

.74725 

.66429 

.59792 

111 

.55244 

.49112 

.44205 

151 

.75224 

.66873 

.60191 

112 

.55744 

.49556 

.44605 

152 

.75724 

.67317 

.60591 

113 

.56243 

.50000 

.45004 

153 

.76223 

.67761 

.60990 

114 

.56743 

.50444 

.45404 

154 

.76723 

.68205 

.61390 

115 

.57242 

.50888 

.45804 

155 

.77222 

.68649 

.61790 

116 

.57742 

.51332 

.46203 

156 

.77722 

.69093 

.62189 

117 

.58241 

.51776 

.46603 

157 

.78221 

.69537 

.62589 

118 

.58741 

.52220 

.47003 

158 

.78721 

.69981 

.62989 

119 

.59240 

.52664 

.47402 

159 

.79221 

.70426 

.63388 

120 

.59740 

.53108 

.47802 

160 

.79720 

.70870 

.63788 
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TABLE  2 Continu0d 


n 

K 

200 

225 

250 

a 

k 

200 

225 

161 

.80220 

.71314 

.64188 

201 

.89079 

162 

.80719 

.71758 

.64588 

202 

.89523 

163 

.81219 

.72202 

.64987 

203 

.89968 

164 

.81719 

.72646 

.65387 

204 

.90412 

165 

.82218 

.72760 

.65787 

205 

.90856 

166 

.82718 

.73534 

.66186 

206 

.91301 

167 

.83217 

.73978 

.66586 

207 

.91745 

168 

.83717 

.74422 

.66986' 

208 

.92189 

169 

.84217 

.74866 

.67385 

209 

.92634 

170 

.84716 

.73310 

.67785 

210 

.93078 

171 

.83216 

.75754 

.68185 

211 

.93523 

172 

.85716 

.76198 

.68584 

212 

.93967 

173 

.86215 

.76642 

.68984 

213 

.94411 

174 

.86715 

.77077 

.69384 

214 

.94856 

175 

.87215 

.77531 

.69783 

215 

.95300 

176 

.87715- 

.77975 

.70183 

216 

.95745 

177 

.88214 

.78419 

.70583 

217 

.96189 

178 

.88714 

.78863 

.70982 

216 

.96634 

179 

.89214 

.79307 

.71382 

219 

.97079 

180 

.89714 

.79751 

.71782 

220 

.97523 

181 

.90213 

.80195 

.72181 

221 

.97968 

182 

.90713 

.80640 

.72381 

222 

.98412 

183 

.91213 

.81084 

.72981 

223 

.98856 

184 

.91713 

.81528 

.73381 

224 

.99298 

185 

.92213 

.81972 

.73780 

225 

.99732 

186 

.92713 

.82416 

.74180 

226 

187 

.93213 

.82860 

.74580 

227 

188 

.93713 

.83304 

.74979 

228 

189 

.94213 

.83749 

.75379 

229 

190 

.94713 

.84193 

.75779 

230 

191 

.95213 

.84637 

.76179 

231 

192 

.95713 

.85081 

.76578 

232 

193 

.96213 

.85525 

.76978 

233 

194 

.96713 

.85970 

.77378 

234 

195 

.97213 

.86414 

.77777 

235 

196 

.97713 

.86858 

.78177 

236 

197 

.98213 

.87302 

.78577 

237 

198 

.98713 

.87746 

.78977 

238 

199 

.99210 

.88191 

.79376 

239 

200 

.99698 

.88635 

.79776 

240 
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2S0 


.80176 

.80576 

.80975 

.81375 

.81775 

.82175 

.82574 

.82974 

.83374 

.83774 

.84173 

.84573 

.84973 

.85373 

.85773 

.86172 

.86572 

.86972 

.87372 

.87772 

.88172 

.88571 

.88971 

.89371 

.89771 

.90171 

.90571 

.90971 

.91371 

.91771 

.92170 

.92570 

.92970 

.93370 

.93770 

.94170 

.94570 

.94970 

.95370 

.95771 


MMMMM  MMMMM 


A 8SB0W  JUBTI7ZCAin>}|  fOR  THE  U8Z  OF  BARK  TESTB  TR  IHZ  CASK 

or  HOR-RORMAUTY 

J.  SethuraoiAn  and  D.  H.  Jone« 

Th«  Plorid*.  State  University  end  Rutgers  University 


This  paper  is  to  give  a new  and  strong  Justification  for  rank 
tests  in  the  ease  of  non-normality. 

To  keep  the  talk  simple  ve  will  consider  only  two  problems.  It 
is  expected  that  the  same  situation  will  hold  in  other  problens. 

Problem  I.  To  test  that  the  median  of  a syxmetric  distribution 
is  a speelfifld  nu^er,  0,  say,  versus  that  the  median  is  xkot  0. 

Problem  II.  To  test  that  two  distributions  are  identical  versus 
that  they  are  not  the  same. 

1.  Problem  I.  Descrit>ti<»  cf  the  problem  and  the  basic  tests. 

Let  us  consider  ProblA  I in  detail.  A random  variable  X hrs 
a distribution  function  F.  Independent  observations  X^,  X^,...,  X^ 
are  Available  on  X.  Ve  v^;sh  to  test  the  hypothesis 

H ; P(x)  • (l{x)  y^r.rt  G is  an  unknown  symmetric 

contiroous  distribution  function  versus  the  alter- 
natire 

A X r(.x)  ■ G(x  - O)  where  the  unknown  9 a 0 and 
ft  is  an  unknown  symsetric  continuous  distribu- 
tion function 

In  the  pTvssence  of  nonsallty,  ve  can  restrict  the  null-hypothesis 
as  foUcws: 

t F(x)  > S(^)  where  a la  unknown  and  «(^>  atands 

for  a normal  distribution  f\Bx:tion  with  mean  0 
2 

and  variance  o . 
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Ibe  preferred  paraaetric  test  for  this  hypothesis  is  the  one- 
staple  t-tesib  idilch  Is  to  reject  for  160*00  values  of  |t^|  vbere 


A.  large  saapla  approrlaatlon  states  the.t,  vlth  a > 0, 
P(|t^|  > a)  -►  2(1  - ♦(a)) 

idiere  f(x)  Is  the  standard  aomal  distribution  function. 


The  rank  tests  one  usually  uses  to  test  H are  called  one-aaaple 

signed  rank  testa.  They  nay  be  briefly  described  as  foUcws.  Arrange 

fX2lt«*«  in  increasing  order  of  magnitude  and  let  the  rank  of 

|X^(  be  R^.  Define  1 if  X^  k 0,  • 0 if  < 0,  Let 

E , E be  soBie  ntaibers  to  be  called  scores*  Define 
nl  • nn 


n 


I ® 

r 


i.i 


to  be  the  oae^staple  slgntd  rank  statistic  based  no  the  seores  » 

E _•  One  rejects  R if 

DO 


Tvo  such  rank  tests  eure  eomoonly  used.  When  ■ 1,  the  scores 

az*e  called  the  Wllcoxon  scores,  and  in  this  ease  T , to  be  celled 

n 

T^(W),  is  known  as  the  one-sample  Wilcoxon  statistic.  When  ■ E(W^j) 

where  are  the  order  statistics  of  a sample  of  size  n 

from  a hedf-normal  distribution  (clLso  called  the  squeure  root  3^  dls- 

tribxitlon),  T , to  be  called  T (a),  is  known  eus  the  on6-saiiq>lc  half- 
n n 

normal  scores  statistic  or  the  Eraser  statistic.  These  two  rank  tests 
have  special  loceJ.  optimal  properties  and  we  will  not  detail  then  here. 
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and 


The  fblloving  large  eaatple  approxlniations  are  known*  Let 
T^*(W)  . (T„(W)  - 

!■„*(♦)  - (T„(*) 


Dien,  under  H and  with  a > 0, 


and 


P(|T  (W)|  > a)  •«-  2(1  - *(a)) 
n 


P(|Tq  (♦)!  > a)  ♦ 2(1  - •(a)). 


2.  -t.  (.aatratlve  example. 

Here  is  an  exait5>le  taken  from  the  recent  hook  ’Ntm-parametrlc 
Statistical  Methods'  by  HoUander  and  Wolfe  (John  Wiley  and  Sons,  1973, 
p.  53  Probletn  20.)  It  is  expected  that  the  percentage  of  chromium 
in  the  samples  of  steel  used  in  a certain  process  will  be  18^.  In  12 
samples,  the  percentage  of  chromium  differed  from  10^  by  the  following 
figures 

-0.6,  -0.1,  -O.h,  0.1,  -O.U,  0.9,  -1.1,  -0.5,  -0.2,  -0.6, 

6.6,  and  8.0. 

By  direct  calculation  we  find 

t « 1.1229 
n 

T "(w)  - -0.1»315 
n 

T (♦)  « -0.0628 

D 

By  using  the  large  sample  approximations  we  should  accept  the 
null  hypothesis  at  the  5J^  level. 
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3.  A heuriatic  reasonltiff  and  a diacusslon  of  efficiencies. 

Here  is  the  heuristic  argument  that  rank  teats  should  he  more 
efficient  than  the  t-test  for  testing  the  hypothesis  H.  Ihe  t-test 
is  designed  for  the  problem  of  testing  the  more  limited  hypothesis 

and  so  should  fall  flat  on  ita  face  when  trying  to  test  H. 

The  pioneering  work  of  Hodges  ai.d  Lehmann,  and  Chernoff  and  Savage 
show  that  if  the  alternatives  are  normal  and  locEd  then  the  t-test  can 
hold  its  fort  against  rank  statistics.  However,  if  the  alternatives 
are  non-normal  and  local,  the  t-test  can  become  less  efficient.  It  is 
interesting  that  these  conclusions  art  the  same  whether  the  hypothesis 
H or  H^  is  being  tested. 

When  the  alternatives  are  not  local,  say  the  alternative  states 
that  F(x)  * *(x  - 0)  where  8*0  is  known,  i.e.  even  if  the  alter- 
native la  normal,  the  t-test  is  inferior  to  the  rank  tests  when  testing 
the  hypothesis  H.  (Of  course,  when  testing  for  H^,  the  t-test  is 
superior.)  We  present  a graph  below  to  show  this.  The  criterion  of 
efficiency  we  use  is  B^adur  efficiency,  which  measures  the  rate  of 

Ik 

convergence  to  zero  of  the  type  I error  when  the  type  II  error  is  fixed. 

To  suntnarlze,  if  the  null -hypothesis  to  be  tested  includes  son- 
normal  distributions,  then  the  rank  tests  fore  better  than  the  t-tetb 
even  when  the  alternative  hypothesis  is  normal  (of  course,  also  when 
the  alternative  hypothesis  is  non-normal).  The  older  work  which  studied 
local  alternatives  said  that  the  rank  tests  tare  no  worse  than  the  t- 
test.  We  have  shown  that  they  actually  fare  better. 

U,  Problem  II.  Description  of  the  problem  and  basic  tests. 

Let  Xg,. . . X^,  Y^,...y^  be  two  independent  samples  from 

two  continuous  distribution  functions  F,  0,  respectively.  We  write 
N ■ m + n.  We  ~ ’'h  to  teat  the  hypothesis 

H : F a 0 

versus  the  alternative 
A ; F * 0. 
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la  th«  QMt  of  nawMili^,  tto  null  IqrpotltMia  la  ractrletad  to 
I P(*)  ■ 0(«)  ■ «(£^) 

•* 

for.  Bern  uataMWB  • obA  o. 

1b  thlo  OBBO,  OBB  1M«0  thO  tVO-BMq4*  t-OtBtlOtlO*  igt  tefiBBd  IQT 

I %Jm  - I Vb 


hX  4 JL)  • I A - 
rm  n'  ■ ♦ b - 


I ^ • id  V*  ♦ I *1  - *i>') 


bbA  rojootB  for  lorgo  roluoa  of  |t||| . Obb  obb  ubb  thB  largo  aaaglB 
agyroKiBBtloa  that  holda  UBdar  tha  null  hgrpothaalB  vbtn  a > Ot 

P(|t,|  > a) 2(1  - «(a)). 

To  daflna  tha  rank  atatiatlea  la  thla  prbhliM  arraaga  tha  eciAlBad 
aaavlBt  aay,  in  laeraaalBg  erdor  aad  put  ■ 1 if  tha 

largaat  oeafhlatd  ohaanratloa  la  aa  X aad  >0  If  It  ia  a X* 

Lot  to  b#  eallad  aooraa,  bo  aoBO  aiaibBra.  A alaiaB 

llaaar  raak  atatlatle,  Tg»  la  dofiaad  aa  follorat 

*»  ■ X Si  '»• 

One  rajaeta  tha  null  hypethaala  If  |Tj|  « a !■  largo. 

Whoa  E||^  « 1,  the  aoeraa  ara  eallad  Wlleoatoa  aeoraa  aad  ffg» 
to  ba  eallad  T||(V) , la  knowa  aa  tha  tvo-aaapla  WlleoBoa  rank 
atatiatie.  Miaa  l||^  ■ E(L^^^)»  uhaa  l*(g)  vra  tha  order 

atatiatlea  froa  a aaaple  of  alaa  R freai  tha  ataadtfd  aonMl. 
to  ba  eallad  Tj|(d)t  1>  kaowa  aa  tha  Boraal  aoeraa  raak  atatlatlo* 

Xo  large  aagplea  «a  eaa  uaa  tha  fellewlag  approBlBatlOBOi  vhleh 
held  uadar  tha  Bull  hypethaala.  Lot 
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t/(w)  . |t,(w)  - 
•nd 

Undtr  tlM  ouU  tasrpoihMlSt  vlth  a >*0, 

P(|t/<W)|  > a)  ♦ 2(1  - 4(a)) 
aaA 

F(|T,*(4)|  > a)  ♦ 2(1  - 4(a)). 

?,t , 

Vha  foUoiriat  Maarieal  auapla  la  takas  tram  'leiwparaMtrie 
Statiatleal  Hatheda*  by  Rollaadar  and  Welfa  (Jdhn  Vllay  and  Bona, 

1973.  Fata  T^t,  Prbblaa  1.) 

**Hia  data  la  Tabla  2 art  a aubaat  of  tha  data  obtalaad  by  nu»aa 
and  tlaaona  (1969) . vho  lavaatlfatad  tha  ralatloa  of  aputvai  hlataalaa 
laaala  to  lahalad  Irrttaati  or  allargaoa.  Tha  hlataalaa  eoataat  waa 
report  ad  la  alerofraaa  par  graa  dry  walght  of  aputua.  The  aubjaota 
for  tbla  pertloa  of  the  atudy  eoaalatad  of  22  aaokerai  alae  of  tbaa 
vara  allarflea  and  tha  ramalnlnt  13  wara  aBjnttcaNitIo  (aoaallartle) 
ladlTlduala.  Oara  vaa  takaa  to  avoid  paople  vho  earrled  out  part  of 
thalr  dally  work  la  aa  ataoaphara  of  noxloua  taaaa  or  otbar  raaplratory 
toaleanta.  Tabla  2 gl^aa  tha  ordarad  apotua  hlataalaa  lavalB  for  tha 
22  ladlwlduala  la  tha  atudy." 
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T«bl«  a. 

BpoAm  hlstaaiM  (|ii/a  ary  v«l«bt  iimtuB) 


Soitfo*.  I.  V.  ThoM  Md  B.  aiMont  (19^). 


frm  thf  data  «•  cm  AMlly  eflafuk*  that 
tn  ■ B.0819 

t/(W)  ■ 3.1719 
T,*(9)  - 3.0807 

Utiac  tha  larft  Mapla  apprexlmtlou  va  eoDoluda  that  all  thraa 
taati  rajaet  tha  mill  hype^aala  at  tha  laral. 


' •> ! I'l'.'  VJ ■ »-} m ) t.tl-J 1 1 I T ] 


Barliar  atudlaa,  liha  thoia  la  tha  oaa-aaapla  oaaai  hava  ahowa 
that  avaa  though  tha  t*atatiatle  la  daaigaad  to  taat  tha  hypothaaia 
B^t  it  la  aa  afflelaat  aa  tha  aonal  aeeraa  taat  for  aoraal  local 
altaraatiToa.  Wa  hafra  ahoua  that,  araa  for  a fiaad  altaraatlva  of  tha 
funa  F(a)  ■ a(s),  0(x)  ■ f(x  « 9),  9 • 0.  tha  t«taat  la  laaa 
affialaat  than  tha  Wllcexon  and  aoraal  aeeraa  taat.  Tha  aaaa  tahla 
aa  ia  tha  one  aaapla  eaaa  appliaa.  Aa  hafora,  eiar  aaaaura  of  affialaaey 
ia  Bahadur  ofriaiaaey. 
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tv 

Ixtmiiotis  to  OM-tldod  oltonottvoi  oad  aultl-tMv^o  prdblwo 
•leag  ttao  liMi  M aDovt  oro  olnrlouo. 

Ottolls  rtfirdilim  tho  BahoAur  affielaBoy  of  tho  t-taat  ora 
ovollablo  In  o taohnlool  raport  ourrantly  undar  praparotlon.  Thla 
now  work'  raotifiaa  an  arror  la  aorllar  work  bgr  Woodworth  (Aaaolo  of 
NathoMtiool  Statlatloo,  1970)  and  othara  who  raportad  that  tha  t-ta«t 
had  Bahadur  affioloney  sera  than  unity  ralatlva  to  rank  tdata. 

Oao  naoda  tha  apaolal  aeeroa  aantlonad  la  aaotioaa  1 and  ii  to 
oonpata  T.  (d)  and  Tg  (d).  Vhaao  aoorM  nay  ha  found  la 
Oevladarajuitt  and  Uaanatat  (Rap.  Rtat.  Appl.  Roa.  JUBSi  1969*  UL* 
lli9-l<li)  and  Bartar«  Ordar  Btatlatloa  and  tbolr  uaa  in  taatlag  and 
aatlaatloQ,  Vol.  B.  1969»  U*l.  Oowt.  Priatlag  Offioa. 


0 0.9  1.0  1.9  8.0  8.9  $.0 

6 

fig.  1.  Xtrioimolts  for  oentil 

•Ittmtintf  eot-Moipli  com 

i , -t-iiit 

> I 

^ i \/Uii0invfs 

n.«.  ; 
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STATISTICAL  ANALYSIS  AND  MODELINO  OF  PATH  LOSS  DISTANCE  DEPENDENCY  INFORMATION 

R.  D'Aecardl  and  D.  Dene*.  U.  S.  Army  Electronics  Coomnd,  Fort  Moosnuth, 

New  Jersey.  C.  TsoXos,  University  of  South  Florldn,  Tampa,  Florida. 

ABSTRACT 

In  recent  years  extensive  investigations  have  been  made  in  Southeast  Asia 
and  the  United  States  to  improve  caamunlcat ions -electronics  performance  In 
heavily  forested  environmente . The  investigation  involved  making  extensive 
propagation  measurements  at  various  locaticns  in  Thailand.  Experimental 
design  included  collection  of  path  loss  measurements  for  a frequency  range 
of  100  KHz  to  10  ORz  encompassing  a wide  range  of  antenna  heights,  distances, 
polarizations,  and  seasonal  variations. 

The  initial  analysis  of  the  path  loss  information  vaus  basically  a descriptive 
presentation  with  little  statistical  analysis  auid  interpretation  of  the  physical 
characteristics  of  the  experiment.  One  of  the  most  basic  and  important  aspects 
of  the  analysis  is  the  manner  by  which  propagation  data  should  be  nomalizdd 
to  a cenmon  distance.  Further,  a careful  inspection  of  the  information,  the 
physical  aspects  of  the  design  of  the  experiment,  and  the  topologies^,  eharac- 
teristicB  of  the  environment  reveals  that  one  should  not  view  the  path  loss 
data  from  a deterministic  point  of  view,  but  rather  as  a stochnastie  realization. 

This  presentation  deals  with  one  aspect  of  these  measurements,  namely  the 
statistical  analysis  and  modeling  of  selected  propagation  information  in  the 
2-400  MHz  range.  Several  statistical  models  are  proposed  for  normalizing 
path  loss  information  which  treat  the  data  as  stochastic  variables.  A 
complete  analysis  is  presented  which  includes  the  beat  estimates  of  the  true 
path  loss  distance  dependency,  a , the  formulation  of  the  staxxlard  errors 
involved,  and  the  confidence  intervals  for  the  true  states  of  nature. 


1.  INTRODUCTION; 
Historical 


In  recent  years  extensive  investigations  and  measurements  have  been  made 
in  Southeast  Asia  to  determine  the  communication  conditions  that  exist  in 
heavily  forested  environments.  Such  studies  were  initiated  in  1962,  sponsored 
by  the  Advanced  Research  Projects  Agency  and  performed  under  the  direction 
of  the  U.S.  Army  Electronics  Command  as  part  of  the  Southeast  Asia  Conounlca- 
tlons  Research  (SEACORE)  Program.  The  overall  aim  was  to  help  overcome  severe 
radio  communications  problems  occurring  in  Southeast  Asia.  Similar  Investi- 
gations were  conducted  in  the  United  States  over  veurlous  terrain  which 
included  mountains,  hills,  and  forests. 

The  path  loss  data  in  Thailand  was  obtained  by  Jans.ky  and  Baily,  a 
Division  of  Atlantic  Research  Corporation,  one  of  the  prime  contractors 
engaged  in  the  SEACORE  project.  Experiments  were  designed  to  collect  path 
loss  measurements  at  various  locations  in  Thailand. for  a frequency  range  of 
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100  XRs  to  10  GHz.  They  encaBpaaeed  e vide  range  of  antenna  heights 
(traaealttlng  and  reeelvlng),  locations,  polarisations,  and  seasoual 
rainfall  variations.  For  the  coisplete  chronological  progress  see  references 
h),  (*♦),  (5)  and  (1). 

Initial  Analysis  cf  Path  Loss  Measurements 

A descriptive  presentation  of  the  path  loss  data  was  presented  In 
references  (3}  and  (4)  with  minimal  statistical  analysis  and  interpretation 
of  the  physical  characteristics  of  the  experiments.  One  of  the  moat  basic 
and  Important  aspects  of  the  path  loss  data  during  the  initial  stage  of  the 
analysis,  is  the  manner  by  which  the  propagation  loss  measurements  should  be 
normalised  with  reference  to  a eemson  distance. 

Jansky  and  Bally,  (3)  and  (4),  utilised  a deterministic  isodel  given  by 
the  analytical  expression: 

- 40  log  d i [1] 

where: 

dj^  Is  the  path  length  In  miles,  i ■ 1,2,  ...,n. 

Is  the  measured  path  loss  over  distance  d^,  and 

represents  the  nonsallzed  path  loss  data. 

This  expression  gives  a deterministic  description  of  the  path  loss  data 
as  a function  of  distance,  nut  Is,  when  one  theoretically  views  the  Jungle 
as  a deterministic  environment. 

Theoretical  studies,  (2)  and  (3)«  have  shown  that  the  main  mechanism  ^ich 
guides  the  energy  from  the  transmitter  to  the  receiver  In  a Jtugle  environment 
Is  a lateral  wave,  idilch  exhibits  a distance  power  loss  of  40  log  d In  the 
frequency  range  of  2 MBs  to  100  MBs.  In  obtaining  this  analytical  relationship 
OM  characterizes  the  electrical  characteristics  of  the  Jungle  environment 
as  a deterministic  phenomenon.  However,  after  a careful  Inspection  of  the 
path  loss  data,  the  physical  aspects  of  the  design  of  the  experiment,  and 
the  topological  characteristics  of  the  environment,  one  should  not  view  the 
path  loss  Information  from  a detexululstic  point  of  view.  Preliminary 
findings  show  strong  evidence  that  one  should  nonaalize  the  path  loss  data 
stochastically. 

In  the  subsequent  section  we  shall  mention  some  relevant  findings.  A 
more  detailed  discussion  of  the  problem  frcm  a statistical  setting  along 
with  other  preliminary  findings  Is  given  in  "Statistical  Modeling  Of 
Propagation  Loss  Data’’,  by  M.  Acker,  B.  D'Accardl,  D.  Dence  and  C.  Tsokos,  (l). 

Statistical  Characterization  of  the  Path  Lose  Data 

It  was  previously  mentioned  thot  one  of  the  initial  and  most  important 
factors  which  must  be  considered  prior  to  performing  a rigorous  atatlstlcal 
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■aAlytis  of  the  SBACORB  date  is  the  BMoner  by  which  one  should  norasllie  the 
data  to  a ccmon  distance.  Preliminary  findings  indicate  that  the  theontieal 
distance  behavior  of  40  log  d»  which  generally  applies  when  one  considers  the 
eleetraaagnetlc  environment  to  be  detennlnlstlc  in  nature^  Is  not  a readlstle 
relationship,  especially  above  100  MBs. 

A statistical  model  was  proposed,  (l),  for  normalizing  the  path  loss 
data  to  a comnon  distance  and  is  given  by 


Z|  ■ X,  - o^  log  d,  + t 

where 

c is  the  random  error  involved  in  the  experiment  ^ich  is  assumed  to 
be  standard  normal, 

dj[  la  the  path  length  in  miles, 

CL^  is  the  parameter  to  be  estimated  which  describes  the  path  length 
and  propagation  loss  dependence, 

is  the  path  loss  over  distance  d^, 

and 

represents  the  normalized  path  loss. 

The  best  statistical  estimate  in  terms  of  possessing  minimum  variance 
of  the  parameter  0|  In  the  above  model,  was  found  to  be 

W 

EX,  lcg(d,) 



£ log»(d, ) 


Selected  data  were  used  (4),  to  obtain  estimates  of  a,  for  the  following 
frequencies : 

2,  6,  12,  25.5,  50,  100,  250,  400,  MHz, 

and  for  specific  combinations  of  transmitter  and  receiver  antenna  heights 
at  distances  from  0,2  to  2.0  miles.  It  was  observed  that  the  estimate  of 
tti  fluctuated  from  13.3  to  52.5  dB  for  the  configurations  analyzed,  (l). 
This  fluctuation  in  the  estimate  of  (t,  gives  a clear  Indication  that  the 
parameter  a should  not  be  treated  as  a constant,  but  rather  as  a stochastic 


- 483  - 


v«ri«bl«  for  * more  re»llttlc  de«orlptlon  of  the  propoflfttion  looi  dittanoe 
relationship. 

In  the  preliiBlnary  investigation  of  the  SKACORB  data  (1)  an  atteapt 
was  made  to  detemine  ^ther  or  not  the  propagation  loss  varied  froa  a i«et 
season  to  a dry  season.  Ohe  Information  vas  classified  as  wet  or  dry  by 
two  criteria: 

(l)  rainfall  greater  or  less  than  3 inches  per  month, 

(ll)  rainfall  greater  or  less  than  6 inches  per  month. 

For  the  dry  climate  a mean  estimate  of  was  found  to  be  35  >7  with  a 
standard  error  of  6 dB;  and  for  the  wet  claaslf Icatlon  a saaqple  mean  of 
34.8  dB  vas  obtained  for  with  a standard  error  of  9.0  dB.  Finally,  para- 
metric and  non-parametrlc  confidence  intervals  for  the  mean  propagation 
loss  were  obtained  for  the  specific  configurations  investigated.  The  analysis 
was  perfoned  for  the  wet  and  dxy  classifications  as  well  as  for  some  cumula- 
tive seasonal  SEACORB  uata.  For  additional  details  of  the  analysis  refer  to  (l). 


Aims  of  the  present  study. 

The  initial  information  obtained  in  the  experiment  is  given  In  dfi  form. 
That  is,  the  propagation  loss  measurements  were  lo^ithmioally  transformed 
prior  to  being  nonaaiized  to  a common  distance,  (3),  (4).  In  the  prelimiaaiy 
modeling  the  peth  loss  data  was  in  dB  form  and  the  effects  of  the  logarlthsilo 
transformation  on  the  statistics  of  the  information  were  not  investigated. 
Therefore,  it  is.  the  paartisl  aim  of  this  study  to  investigate  the  fundamental 
question: 

To  ^t  extent  did  the  logarithmic  transformation  alter  the  statistibs 
of  the  data? 


An  approach  to  answering  this  question  is  to  determine  whether  or  not 
the  parameter  0|  varied  significantly  with  a corresponding  antllogarlthmlc 
model.  Such  a model  is  given  by  the  following  analytical  expression: 


where 

d^  is  path  length  refer  need  at  0.2  miles,  i ■ .,2, ...,n 
is  the  measured  path  loss  over  distance  d^,  and 
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0^  !•  tbii<  panuMUr  vhieh  z»lat«i  tha  propaflation  loaa  and  dlatanoa 
dapandanea. 

Ttaua,  tba  ala  la  to  obtain  tha  boat  aatlaata  of  tha  trua  atata  of  aaturof 
An  axaet  aatlaata  of  0^  poaalbla,  baeauaa  In  attaapting  to 

obtain  a laaat  aqiiara  aatiaata  for  tha  paraaatar,  a tranaeandantal  aquation 
raaulte^  vbleh  ia  not  analytically  traetieable  and  tharafore,  ona  auat  raly 
on  «pproxlaatlon  tachniguaa  for  a aolution.  Ibii  axpreaaion  will  ba  diaeuaaad 
in  a aubteguant  aaction. 

In  addition  to  invaatigating  tha  fuadaaMntal  qoaatloo  eoneaming  tha 
analyaia  of  tha  path  loaa  data  uaing  logaritfaaio  va.  aati-logarithale  infor- 
■ation,  tha  following  will  ba  purau^: 

A otiaqpariaoo  of  tvo  atatlatieal  aodala  will  ba  givan  to  datatvlna  vhieh 
ona  of  thaa  will  baat  axhlbtt  tha  path  loaa  diatanea  dapandaney  for 
notnaliaing  purpoaaa } 

A cfloiplata  analyaia  of  tha  data  to  ineluda  all  oonflguratioos  of  tha 
8BAC0RE  axpariaanta; 

Datandnation  of  tha  aathaantical  ralationahip  that  axiata  batwaan  tha 
propagation  loaa  and  diatanea) 

Standard  arrora  Involvad  for  tha  logarithaio  nodal  will  ba  fonnilatad) 

t^ppar  and  lowar  oonfldanea  bounda  for  tha  trvnt  ..atata  of  natura  will  bo 
ealcitlatad  for  oonfldanea. 

a.  PORMUIATIOH  OF  MB  PROPOSED  MOPBLB 

As  wa  nantionad  abova^  ona  of  tha  priaary  eonoams  of  tha  poraaant  study 
is  to  Invastigata  tha  bahavlor  of  tha  logarithnlc  and  antl-loi^thalo  path 
lots  with  raapaet  to  aodaling,  analysis,  and  intarpratatlon  of  tha  propagation 
loBs  data.  To  clarify  thia  objaotiva  wa  shall  bagln  tha  praaantation  by 
raviaw^  tha  basic  linaar  modal  that  was  poraviously  davaloped  (l)  and 
attanpt  to  ralata  tba  analytic  rasults  to  thoaa  of  tha  navly  proiioaad  nodal. 

A Statistical  Modal  for  ! 

In  the  previous  analysla  of  SEACORB  infomatioo,  (l),  conaldaration 
was  givan  to  a linear  modal  of  vhe  fora 

Z,  - X,  . <«,  log  (^)  ♦ c [2] 


vhera 

> obaervad  path  loaa  data  in  dB; 
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0^  ~ path  leaf  distance  dependency  pereaeter 

d;!^  • distance  over  which  path  loss  was  aeasuxed, 

c ■ nomally  distributed  randoe  error  due  to  nsasuresNnt 


A maxioun  likelihood  estlnate  for  <i^  is  given  by; 


^ • Ti 

e 

with  the  data  being  referenced  to  a distance  of  0.2  Biles.  Ihis  eathsate 
of  ck  unbiased  with  variance  and  standard  error  given  by: 

Var(^)  C^^l 


Standard  error  ) » Vvar  ) 


respectively,  where 


*1  ■ 


and  the  other  variables  are  as  previously  defined. 

Furthemore,  the  correlation  coefficient  between  the  distance,  d.,  and 
the  estimate  of  the  propagation  path  loss  behavior,  5^,  will  be  estiMtad  by: 


n £ X, 


log  i -.  / £ t \ f 


£ 108 


f. 


tlM  diBtanet  and  prosaiatloa  loai.  la  addltloBt  lattaml  eatlmtas  nara 
cMalaad  for  to  aaswer  th«  qaoitloa;  "Rov  oeearato  !•  ttao  MLB  ovtiaato 
of  tiM  trttt  otato  of  aataro^  Cbt"  Xf  on«  taaa  95f  eoafldyco  latonr^i 
tlMD  this  quistioB  !■  adaquateljr  aaovored.  Ibe  ao^  lowtr  ooaflmneo 

latarvals  for  are  given  by 


UBj 


0^ 


J E (log  ^ 
!•» 


[7] 


j 


• V2;  (a.2) 

y.?. 


reepeetlTely,  wtwre 


[8] 


C9] 


d 


1 

R 


[10] 


and  t^2;  (n>2)  t atatlatlc  for  either  a • 

'or  a B .01,  vith  a - 2 degreea  of  freedom,  and  the  other 
variables  are  aa  prevlouely  deflaed. 

It  Is'tio  be  noted  that  If  these  eoafldenee  Intervals  are  snail,  oar 
estimate  of  Ot  t vhieh  gives  a measare  of  the  distance  and  propagation 
loss  depeadenee,  vlU  he  fairly  close  to  the  trae  state  of  natare.  Of 
eoarse,  if  Var  (o^ ) Is  small,  one  should  expect  the  confidence  Intervals 
to  he  snail. 


I 


! 


The  naln  reason  for  Ineladlng  this  laodel,  which  was  prevloasly 
studied  for  a small  nurt>er  of  configurations,  Is  to  Obtain  a auch  more 
complete  analysis  of  the  hehavlor  of  g,  by  considering  a naeh  lyeer  data 
base.  Secondly,  exaot  estimates  of  th>  standard  errors  Involved  E" 
estlnatlng  & are  possible;  and,  thirdly,  the  question  of  the  prlnary 
differences  between  this  stochastic  model  sad  the  detemlnlstlc  version 
(1.  e.,  eonslderlag  an  estimate  of  0|  being  Identically  equal  to  4o) 
should  be  answered. 
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Hm  prvricnw  findings  utillnlag  8BAC0RZ  dat*  (l)  hsvn  Indicated  that  for 
fMfuenoiee  up  to  100  Mb  the  datexvlnietic  and  etatietlcal  nuinsr  of  noznal- 
iBl^  the  data  do  not  seen  to  bear  signlf leant  differences.  Bowever,  beyond 
100  IBs  there  aeons  to  be  a significant  difference  between  the  two  approaches. 
Thus,  by  considering  a larger  class  of  configurations  one  should  be  able  to 
reach  a specific  decision  with  regard  to  this  stochastic  nodel  versus  the 
detemlnistlc  nodel.  It  should  be  mentioned  that  "not  significantly  different" 
vith  respect  to  the  two  models  simply  means  that  the  dB  difference  between 
and  40  seems  to  be  within  ±5-6  dB. 

A Statistical  Model  For  Ce 

The  most  Important  model  in  terns  of  providing  the  most  realistic  approach 
to  the  guestlon^ posed,  namely,  "is  there  a ai0Slflcant  difference  between 
propagation  loss  infoxnatlon  using  logarithmic  or  anti>logarithnic 
data"?.  Is  given  by  the  expression 


The  again  rsspresent  propagation  path  loss  data  and  the  dj^  are  the 
corresponding  distances  Involved  which  are  norualised  to  0.2  mile.  Our  aim 
is  to  obtain  an  estimate  of  the  parameter  which  represents  a nonlinear 
dependence  of  and  d^.  In  attempting  ot  obtain  an  estimate  of  this  true 
state  of  nature,  the  least  squares  approach  was  utilised  ybieh  guarantees  a 
minimum  variance  of  the  paraiseter  estimated.  The  InplSBtentatlon  of  this 
method  yields  a transcendental  equation  which  is  of  the  form 


C123 


Clearly,  there  is  no  exact  solution  to  this  equation.  Thus  one  must  rely 
primarily  on  eosqputer  teclniques  to  obtain  a workable  estimate  of  flL  . 

This  equation  was  prograsamd  and  preliminary  results  (see  section  3)  have 
yielded  sosm  significant  findings  with  respect  to  the  nodel  which  was 
discussed  in  section  2(a),  namely,  the  model  for  Oi  which  utilises 
logarithmic  data. 

Since  an  exact  expression  for  cannot  be  obtained,  it  is  impossible 
to  obtain  exact  estimates  of  the  variance  and  standard  error  of 
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Thus,  one  mutt  rely  on  approxlnete  eetlmatee  of  theee  etatlttiOB,  although 
they  nay  he  extrenely  difficult  to  obtain.  However,  in  the  final  auialyeie, 
(which  will  be  published  at  aljiter  date)  acceptable  fomulations  for 
approximating  variance  and  standard  error  of  will  be  derived.  In 
addition,  it  is  anticipated  that  estimates  fox^he  confidence  bounds  on  the 
true  state  of  nature,  ,viU  be  obtained. 

3.  SUmARY  OF  RESULTS; 

In  Section  1,  we  gave  a brief  historical  discussion  of  the  SEACORE  path 
loss  experiments;  and  the  fact  that  previous  analysis  considered  the  path-loss 
distance  dependency,  a«bO,  from  a purely  deteministio  point  of  view, (3), (4). 
Utilising  the  models  of  Section  2,  which  treat  path  loss  as  a stochastic 
realisation,  it  was  found  that  for  most  of  the  configurations  of  the  experi- 
ment, the  deterministic  approach  previously  used  to  noxtAlise  the  data  to  a 
eottnon  distance  (see  equation  l)  is  not  suitable  in  relating  the  path  loss  to 
a oostton  distance.  Tables  Za  and  Ib  show,  for  three  representative  frequencies, 
the  miniaun  variance  estimates  using  the  logarithmic  data  (see  equation  3) 
and  the  anti-logarithmic  data  (see  equation  12).  From  these  estimates,  one 
can  obtain  the  following  ixiformation: 

a.  At  lower  fjrequencies  (6.0  Mhs)  for  a transmitter  antenna  height  of 
40  feet  and.  vertical  polarisation  S^was  approximately  2dB  less  than  the 
deteministic  factor  (40  db),  while  the  non-linear  descriptor, 5^,  was 
generally  about  11  dB  greater.  For  the  sane  transmitter  antenna  height, 
ho%fever,  the  horlsontal  polarisation  exhibited  a fairly  close  agreement  for 
^ with  respect  to  its  deterministic  counterpart.  The  estimates  of 

were  generally  5 dB  greater  than  the  40  dB  factor. 

b.  An  Increase  in  the  transmitter ^^tenna  height  to  80  feet  at  6.0  MHz 
shows  a fairly  close  agreement  between  and  ^ for  smaller . receiver  antanna 
heights,  however,  as  the  receiver  antenna  heiglits  increase  above  ^3  feet,  both 
& and  ^ vary  significantly  from  40  dB.  ^ deviates  quite  rapidly  to 

11  dB  above  the  detezninlstic  value  for  a riceivor  antenna  height  of  79  feet. 
The  behavior  of  both  ^ and  & is  approximately  the  same  as  the  frequency 
is  increased  to  100  MHz,  with  aeviations  for  horizontal  poleurization  being 
more  pronounced. 

c.  At  100  MHz  for  a transmitter  antenna  height  of  40  feet,  the 
estimates  were  approximately  3 to^^  dB  less  than  the  deterministic  case  for 
verticsd  polarization,  while  the  o^Saveraged  approximately  6 dB  above  the 
"40"  factor.  For  the  horizontal  polarization,  the  were  fairly  consis- 
tent with  the  verticed  behavior,  however,  the  ^'s  debated  more  rapidly  at 
lover  receiver  antenna  heights  (up  to  22  dB  for  a receive  height  of  31  feet). 

d.  For  a transmit  antenna  height  of  80  feet  at  100  MHz,  the  cC|  estimates 
were  fairly  close  (within  3 db)  to  the  deterministic  case  for  verticed  polar- 
ization. However,  the  at  receiver  antenna  heights  up  to  53  feet,  were 
greater  than  the  deterministic  case  by  as  much  at  14  dfi.  For  receive  heights 
above  53  feet,  the  estimates  were  less  by  3 to  8 dB.  The  deviated  from 
nonlnal  "4o"  by  as  much  as  4 dB  for  horizontal  polarization,  ^rtille  for  higher 
receiver  anteniA  heights,  the  estimates  were  as  much  as  16  dB  less  than 
the  40  dB  factor. 
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c'.  A3  the  tronsmittinc  frequency  io  increased  to  400  MHz,  for  all 
triuieiriittcr  niitenna  helt^its  und  vortical  polar i ^at  i.on,  Sj  anu  deviated 
ciiiairicaiitiy  from  the  deterministic  factor.  Tnis  deviPtjon  was  ao  large 
us  26  dB  for  Oi  and  H'j  dB  for  cij  . 

f.  The  tehavior  of  the  CC|  and  0,  estii;iates  for  horizontal  polari- 
zation at  400  KHz  wore  generally  the  same,  however,  the  o^'s  deviated  from 
3 dJ3  to  3O  (iU  froin  tlie  "40"  factor.  Not  enough  data  was  available  at 
lower  receiver  heichls  to  be  conclusive  at  this  frequency. 

g.  Table  11  shows  the  overall  means  and  standard  errorr  of  the  path 
loss  parameter  estimates.  In  all  cases,  snail  standard  erro.  s were  exldbited 
ud.  In  general,  as  the  frequency  Increased,  the  means  of  tin  0|  and  ql 
estimates  decreased  signlflceuitly.  It  was  observed  that  at  a lower  trans- 
mitting frequency  (6.0  MHz)  and  transmitting  antenna  heights  of  4o  feet 

and  80  feet  (and  also  for  a mid -frequency  of  100  MHz  and  transmitting 
height  of  60  feet)  the  mean  values  of  ^ , for  both  horizontal  and  vertical 
polarization, were  close  to  the  deterministic  case.  However,  the  mean 
values  of  ^ were  generally  3 to  10  dB  above  the  deterministic  factor. 

When  the  frequency  is  Increased  to  100  MHz,  more  significant  variations 
were  observed  for  horizontal  polarization.  For  higher  frequencies  (400  MHz)' 
there  were  very  significant  deviations  for  the  parameter  estimates. 

Therefore,  for  higher  frequencies,  normalizing  propagation  data  with  the 
deterministic  factor,  40  dB,  can  result  in  a misleading  description  of  the 
path  loss  behavior. 

h.  Tabic  III  gives  a direct  comparison  between  the  means  of  ^ and 
the  means  of  ^ by  polarization.  In  both  cases,  the  deviation  from  40  dB 
is  significant; 

1.  Tables.  IVa,  IVb,  IVc  IVd  and  IVe  show  the  selected  parameter 
estimates,  correlation,  and  confidence  bouids  for  the  Ox  estimates.  The 
confidence  bounds  are  generally  small  indicating  that  the  tu  model 
yields  good  estimates.  No  confidence  bounds  were  obtained  for  ^ because 
of  the  limited  mathematical  tracticablllty  of  the  model.  However,  approxi- 
mate estimates  can  be  obtained. 

4.  CONCLUSIONS! 

In  Section  3iS  representative  data  analysis  was  presented  covering  a 
typical  low,  medium,  and  high  transmit  frequency.  The  conclusions  reached 
for  this  selected  presentation  were  consistent  with  those  obtained  for  other 
frequencies  as  stated  in  Section  1.  (Other  frequencies  were  not  presented 
because  of  the  magnitude  of  the  results.) 

From  the  techniques  proposed  in  Section  2 and  from  the  results  of 
Section  3;  utilizing  otochastic  models,  the  following  questions  were 
answered: 

(a)  Is  there  a significant  difference  between  the  results  ( ^ and 
^ ) obtained  in  analysing  the  path  loss  when  one  used  either  the  w data 

or  the  anti -log  data? 

(b)  If  a significant  variation  exists,  is  it  uniform  at  edl  frequencies 
or  uniform  for  different  ranges  of  frequencies? 
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SELBCTH)  PARAMBTHl  SSTDttTES  AHD  CCHPUBKa  IHIBHirALS  FOR  AlfHA  1 
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22.2  38.7  S5.2 
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Tablet  ZA,  IB,  II  and  III  ehow  that  ^ «aa  generally  vlthln  13  SB 
of  the  corresponding  • Table  II  shows  the  decisions  resulting  fron  the 
hypothesis  that  p<|Lf  vltb regard  to  the  overall  mean*.  In  one>half 
the  configurations  tes^,  this  hypothesis  was  rejected.  These  decisions 
were  consistent  using  both  paraaetrlc  and  non«paraaetric  (distribution  free) 
approaches . The  differences  between  ^ , and  ^ are  not  uniform  for  the 
different  frequencies  involvedj  and  vaz*y  considerably  for  each  receiver 
antenna  height  measured. 

The  results  show  conclusively,  that  the  detexnlnlstie  view  of  the 
Jungle  environnent  is  not  reasonable,  eapecially  at  higher  frequencies. 

The  wide  variation  of  IST.  and  ^ over  all  configurations  tested  shows 
that  one  should  view  path  loss  as  a stochastic  reallzatlbn. 

Both  models  depicted  yield  reasonable  results,  but  there  are  indica- 
tions that  for  larger  distances  and  higher  frequencies,  the  model 
(anti-log)  is  a better  approach.  A logical  conclusion,  however,  is  that 
the  model  for  , is  reasonable  for  lower  frequencies  and  shorter  dis- 
tances considering  the  small  confidence  Intervals  over  all  receiver  antenna 
heights  at  the  lomr  frequencies.  Intuitively,  , since  it  does  not 
rely  on  logarithmic  transfoxnation,  should  be  more  effective  especially 
at  higher  frequencies  and  longer  distances.  A decision  as  to  which  model. 

Oh  « or  , is  best  will  rely  on  future  work  in  the  subject  area. 
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AN  APPROACH  TO  OCCUPANT  EVALUATION 
OF  ARMY  FAMILY  HOUSING  INTERIORS 


Rogtr  Brau«r  and  Robert  Neathaimer 
U.  S.  Anqy  Construction  Engineering  Research  Laboratory 
Champaign,  Illinois  61820 


INTRODUCTION.  In  architectural  research  It  Is  very  difficult  to  achieve  : 

an  experimental  arrangement  where  the  behavioral  responses  of  building  | 

users  can  be  related  to  architectural  variables.  The  difficulty  lies  I 

with  both  the  control  of  architectural  variables  and  the  measurement  | 

of  behavioral  responses  by  means  of  observation  methods  or  attitude  1 

assessment.  | 

Architectural  variables  are  difficult  to  control  for,  simply  because  | 

people  find  It  difficult  to  justify  the  expense  of  constructing  buildings  I 

for  experimental  reasons.  As  a result,  differences  In  building  features  1 

must  be  Identified  In  buildings  which  already  exist.  The  limitation  1 

here  Is  that  differences  may  not  extend  over  the  range  desired.  New  1 

features  may  simply  not  yet  exist  In  available  buildings.  Furthermore,  | 

features  of  interest  may  be  confounded  by  the  presence  or  absence  of  i 

other  features  or  by  varying  ru1es*-1n  management  of  the  spaces.  | 

\ I 

Behavioral  responses  to  architectural  variables  could  be  obtained  i 

through  simulation  or  models.  This  would  work  reasonably  well  for  I 

appearance  and  visual  characteristics.  However,  responses  to  functional  I 

considerations  gain  validity  through  “live-in"  experience.  j 

In  general  architectual  psychology  research  is  Interested  In  relating  \ 

attitudes  and  behaviors  to  building  design  characteristics.  The  attitudes  I 

and  behaviors  are  not  simply  functions  of  design  features,  but  are  also 
Influenced  by  other  factors.  A schematic  representation  of  this  concept  \ 

Is  presented  In  Figure  1.  The  degree  of  satisfaction  an  Individual 
expresses  about  the  characteristics  of  his  dwelling  or  a part  of  the 
dwelling,  such  as  a bedroom,  are  directly  Influenced  by  many  factors 
as  well  as  mediated  by  Intervening  factors. 

Therefore,  experiments  relating  responses  of  people  to  built  ! 

. environments  must  be  designed  to  control  for  some  of  the  extraneous 
variables  as  well  as  those  of  specific  Interest. 
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Figure  1.  Factors  Influencing  quality  and  occupant  satisfaction. 
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The  Exptrlwtnfl  Problwi 

It  Is  a well  known  fact  that  the  quality  of  military  family  housing 
Is  an  Irritant  to  the  soldier.  Recently,  Senator  Stennis,  who  Is 
Chairman  of  the  Senate  Armed  Services  Comnlttee.  reported  In  a newt 
release  that  his  Interviews  with  military  personnel  revealed  housing  to 
be  the  greatest  deterrent  to  reenllstment.  The  task  which  CERL  was 
given  was  to  evaluate  Amor  housing  from  the  occupant's  point  of  view, 
with  major  emphasis  on  Interiors.  The  main  goal  was  to  relate  the 
attitudes  and  preferences  of  occupants  to  architectural  variables.  The 
study  was  to  focus  on  housing  that  had  been  occupied  for  the  first  time 
In  the  last  three  years,  but  older  housing  was  to  be  considered  as  well. 

How  the  Experiment  was  Designed 

As  noted  earlier.  It  was  known  that  the  attitudes  and  opinions 
would  ba  Influenced  by  many  things.  Since  the  new  homes  were  to  be 
found  at  twelve  different  Installations.  It  was  apparent  that 
Installations  could  be  a source  of  variation  Urom  differences  In 
geooraphlcal  location  and  from  other  factors). . Furthermore,  the 
quality  of  construction  workmanship  was  known  to  be  a source  o.f 
variation,  even>when  homes  were  identical  or  very  similar  In  plans 
and  specifications.  Another  obvious  source  of  variation  was  differences 
In  floor  plans  and  finish  materials.  In  addition,  variation  could  also 
result  from  differences  In  family  composition,  rank,  age,  possessions, 
motivation  for  providing  the  Information  requested,  and  countless  other 
things.  Because  of  time  and  funding  constraints,  responses  of  occupants 
had  to  be  obtained  through  the  use  of  survey  methods.  However,  a rather 
precise  questionnaire  was  developed  for  documenting  four  groups  of 
Information:  demographic  Information,  number  of  major  possessions, 
preferences  about  design  features,  and  attitudes  toward  present  quarters. 

In  order  to  Isolate  some  of  the  variation  In  the  architectural 
characteristics,  a nested  design  was  selected  for  the  experiment  and 
for  establishing  a sampling  procedure.  As  seen  In  Figure  2,  the 
first  level  1n  the  design  was  Installation.  Installation  was  selected 
as  the  first  level  to  Isolate  much  of  the  variation  due  to  geographic 
and  level  differences. 


The  second  level  selected  was  construction  project.  Identified  by 
a year  of  appropriation.  Thirty* five  construction  projects  were 
Included  at  this  level.  The  number  of  homes  In  each  housing  project, 
appropriated  from  1955  through  1971,  ranged  widely  from  40  units  to 
1,000  units.  At  this  level.  It  was  anticipated  that  much  of  the 
variation  due  to  the  age  of  the  quarters  as  well  as  the  quality  of 
construction  could  be  Isolated. 
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Figure  2.  Schematic  of  nested  design  for  house  study. 
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The  third  and  last  level  In  the  nested  design  was  the  floor  plan. 

About  170  different  floor  plans  were  Included  In  the  study  In  an  attempt 
to  Isolate  much  of  the  variation  resulting  from  bedroom  count,  total 
living  space,  spatial  characteristics  and  other  features. 

Being  limited  by  the  amount  of  funds  available  for  the  project,  sample 
sizes  were  established  at  the  second  level,  that  of  construction  project. 
Sample  sizes  were  determined  so  that  9St  confidence  bands  on  a sample 
percentage  of  SOX  would  be  f 10X  In  width.  The  sample  was  distributed 
at  the  floor  plan  level  according  to  the  percent  of  housing  units  of 
each  floor  plan  type  within  the  construction  project.  As  a result,  a 
total  of  about  2,300  homes  were  Included  In  the  study,  representing  a 
population  of  about  9,000  homes. 

From  previous  studies.  It  was  known  that  many  housing  occupants  would 
not  be  motivated  to  participate  In  the  study.  The  Introduction  of  a 
high  degree  of  personal  contact  was  used  to  ensure  cooperation. 
Questionnaires  were  delivered  In  person  and  picked  up  In  person.  When 
questionnaires  were  picked  up,  time  was  spent  with  respondents  who 
wished  to  discuss  good  and  bad  features  of  their  housing.  With 
voluntary  cooperation  of  respondents,  field  workers  made  precise 
photographic  records  of  general  conditions,  as  well  as  records  of  good 
and  bad  design  features.  Through  the  use  of  personal  contact,  a 9SX 
participation  rate  was  achieved  and  over  3,000  photographs  In  support 
of  statistical  evidence  were  collected. 

In  addition  to  occupant  response,  a detailed  record  was  made  of 
the  size,  materials  of  construction,  and  other  characteristics  of  each 
floor  plan,  so  that  relationships  between  occupant  responses  and 
archl tectural  variables  could  be  made  effectively. 

Additional  analyses  can  be  achieved  from  the  nested  design  for  the 
study.  Since  demographics  are  not  Independent  of  housing  size,  bedroom 
count  and  possibly  other  characteristics  of  floor  plans,  the  data  can 
be  rearranged  according  to  rank,  family  composition,  housing  dansity  and 
similar  factors  to  achieve  other  results  about  responses.  Furthermore, 
the  nested  design  will  permit  us  to  relate  housing  characteristics  to 
other  dependent  variables  of  a sociological  nature  In  future  analysis, 
such  as  theft  rate,  mental  Illness,  divorce,  and  reenllstment. 

Major  project  Issues  which  this  project  was  designed  to  address 
and  the  analyses  planned  to  assist  In  resolving  these  Issues  are 
presented  In  Table  1. 

• I 

There  have  been  several  previous  surveys  conducted  to  obtain  attitudes, 
opinions,  and  preferences  of  occupants  of  Am\y  family  housing.  This  study 


■fi 

I 


1 
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was  designed  not  only  to  collect  such  responses  but.  more  Importantly, 
to  relate  them  to  housing  characteristics,  family  characteristics  and 
possessions,  the  things  to  which  people  are  responding.  This  step 
forward  In  the  planning  of  such  studies  should  provide  more  useful 
information  for  housing  designers  and  planners. 


i 


Table  1 

Major  Project  Issues  and  Corresponding  Analyses 


I 


PROJECT  ISSUE 


What  are  the  main  opinions, 
preferences,  demographics  and 
possessions  of  housing  occupants? 


ANALYSES  PLANNED 


1 way  tabulations,  2 and  3 
way  cross  tabulations 


How  do  family  and  housing 
characteristics  contribute  to 
preferences? 


How  can  housing  requirements 
(bedroom  count)  be  predicted 
from  demographics? 


How  are  space  requirements 
In  family  housing  related  to 
family  characteristics  and 
attitudes? 


Can  overall  satisfaction  with 
housing  be  predicted  from 
satisfaction  with  housing  elements 
and  housing  characteristics? 


Cross  tabulations,  correlations, 
and  multivariate  methods. 


Cross  tabulations,  regression 


Cross  tabulations,  regression 


Multiple  regression  and  AID 
(Automatic  Interaction  Detection) 
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GZNXltALXZEO  JACKKNIFE  TBCMMlpOES 


H.  L.  Gray 

Southern  Methodist  University 
Dallas,  Texas 


ABSTRACT.  In  this  paper  the  jackknife  method  is  reviewed  and  some 
of  its  applications  are  considered.  In  particular  its  use  as  a point 
and  Interval  estimator  for  data  from  a random  saniple  or  a stochastic  pro- 
cess with  continuous  index  set  is  discussed.  Finally  some  results.  Implied 
by  the  generalized  jackknife  statistic,  concerning  unique  minimum  unbiased 
estimators  are  demonstrated. 

I.  INTRODUCTION.  The  .‘,ackknife  statistic,  J(0),  was  first  intro- 
duced by  Quenouille  (1956)  in  [61.  It  is  obtained  as  follows.  Let 

X.  ,X.,...,X  be  a random  sample  of  size  n and  let  ^be  an  estimator  for  Q. 

Now  partition  the  sample  into  N subsets  of  size  M and  define  6 as  the 

A 

estimator  6 restricted  to  a siibsample  obtained  by  deleting  the  i-th  subset 

from  the  data  (wa  of  course  assume  6^  is  definable  on  such  a subsan^le) . 
Then  letting 

J^(0)  - N 0 - (N-1)  6^,  i » 1,  ...,  N,  (1) 

the  jackknife  estimator  is  defined  by 

J(0)  “ i 

" i-1 

« N 0 - (N-1)  0^  . (2) 

Although  it  is  not  necessary  to  let  M ■ 1,  when  possible  it  is  usually 
desirable  to  do  so.  Thus  we  will  henceforth  make  that  assumption,  i.e. 

J^(0)  ■ n 0-  (n-1)  0^,  i ■ l,...,n  (3) 

and  .A  ST 

J(0)  -=  n 0 - (n-1)  0^.  (4) 

A 

The  statistic  J(0)  was  introduced  by  Quenouille  because  of  its  bias 
reduction  property.  Namely,  if 


C (0)  C (0) 

E(01  - 0 + — + --  -y-  + ...  . 

" n 

(5) 

then 

. d,(0) 

E [J  (0)  ] - 0 + — + . . . . 

n n'^ 

(6) 
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However*  in  1958  1,  Tukey  [9]  suggested  the  statistics  in  (3),  which 
were  later  called  pseudo  values*  could  be  treated  as  a random  saag>le  and 
hence  furnish  a general  method  for  obtaining  an  approximate  confidence 
interval  for  9.  This  suggestion  has  evoked  much  research  and  the  method 
has  been  found  to  be  a useful  tool  in  such  problems. 

In  1971  Schucany,  Gray  and  Owen  [8]  significantly  expanded  the  jack- 
knife method  by  introducing  the  generalized  jackknife  and  higher  order 
generalised  jackknife.  Their  definition  was  as  follows. 


Definition  1. 

Let  ’'®k+l  ^ ^ ^ estimators  for  6 defined  on  the  random 

sample  X,*X.*...*X  . Further  let  a..*  i > 1*  ...*k,j  ■ 1*  ...*k  + 1 be 
1 ^ n ij 

real  numbers  and 


D(Qi,aij) 


*kl  *k2** •*k*k+l 
Then  the  generalized  jackknife*  G(d^*62*. 


®1  ®2***  ®k+l 
*11  *12"‘*l*k+l 


(7) 


. is  defined  by 


^ D(0.;a. .) 

°‘^l*®2**..'®k+l^  - * 


(8) 


tdiere  it  is  assumed  D(l;a^j)  0. 

A A 

In  general  there  is  no  restriction  on  the  manner  in  which  e^.O^*...* 

9 , in  (7)  can  be  selected*  however  they  are  usually  chosen  in  the  same 

manner  as  indicated  in  (2} . That  is  for  a given  estimator  6 and  a random 
sample  of  size  n 


3,  - 0(X,,...*X^) 
1 1 n 


^2  ■ n ? ®^<*i'--"Vl'^i+l V “ 

i.«l 

^3  “(g,  [ ^ ’'i-l'*i+l'”-'*j-l'’'j+l'" 


U9) 


etc. 

The  following  theorem  holds  regardless  of  the  method  of  selecting  the  9 . . 
This  result  was  first  shown  in  [8] . 

Theorem  1.  If 

» k 

EI9.1  -0+1  f..(n)  b (9)*  j - 1*2* k + 1 

J i-1 
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(10) 


and  if  a^^  - (n) , then 

A A a 


k+1 


)1  - 0. 


If  tha  generalized  jackknife  is  to  be  utilized  as  an  estimator, 
the  random  variable  G(d^,02' ■ ‘ must  not  depend  on  0.  When 

E[0,]  - 0 + I f.  (n)  b,  (0)  (11) 

^ i-1  ^ ^ 

A A 

and  0^,  selected  by  the  procedure  described  in  (9),  letting 

a^^  ■ f^(n-j-fl)  satisfies  that  requirsmant  as  wall  as  Theorem  1 when  the 
neries  in  (11)  is  finite.  For  this  reason  the  and  the  0^  in 

Definition  1 are  usually  chosen  accordingly.  When  this  is  the  ease  we 


write  G^*^^(0)  in  place  of  (8),  i.e. 


(0) 


®^®l'®2"”'®k+l* ' 


(12) 


where  the  0^  are  defined  in  (9)  and  a^^  ■ f^(n-j+l).  One  should  note  that 


(1)  * ' 
g‘-^'(0)  2 G{0)  - 


0 0^ 
*11*12 


1 1 
*11*12 


0 - R(n)  0* 
1-R(n> 


-1 


(13) 


,-l 


where  R(n)  ■ *n/*i2  *”^  hence  J(0)  ■ G(0)  when  - n , a^^^  ■ (n-1) 
The  form  (13)  suggests  an  appropriate  definition  for  the  pseudo  values, 

A A 

G^(6)#  associated  with  G(0)e  That  is^ 


'‘i 


. 0 - R(n)0* 

Qi^ej  . j--._---.v~j  . 


(14) 


The  following  theorem  which  was  first  shown  in  [3]  (1972)  is  the  basis 
for  the  jackknife  method  as  a technique  for  approximate  confidence 
intervals. 


Theorem  2.  Let  X. ,X_,...,X  be  a random  seunple  from  a distribution  with 
■ 12  n 

2 

mean  u and  finite  variance  o . Let 


0 - 

X - 

n 


f(u) 

i ? 

n iki 


(15) 


0 - f(35„)  , 

where  f is  a real-valued  function,  defined  on  the  real  line,  which 
poBsesoes  a bounded  second  derivative  in  a neighborhood  of  p.  Further 
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suppoa* 


- (l-R(n) ) (n-1) 

n • 


Then  the  random  variable 


*11(0.1) 

;;  f 

W " GO))* 


l<  ± «,  0- 


(16) 


(17) 


aa  n . That  la.  the  random  variable  In  (17)  la  aaynq^totlcally  dlatrl- 

butad  aa  a normal  random  variable  with  zero  mean  and  unit  variance.  M 
waa  pointed  out  In  [3]  thla  theorem  can  be  exteiided  to  the  oaae  where 

A 

6 la  a function  of  a O-atatlatlc. 


A final  modification  of  the  jac)c)cnlfe  ahould  be  mentioned  before 
proceeding  to  the  application,  namely  Ita  extenalon  to  atochaatlc  pro- 
ceaaea.  By  conalderlng  an  appropriate  limiting  caae  of  (12) . Gray. 

Watklna  and  Adame  in  [5]  (1972)  extended  the  notlona  above  for  )t  - 1.2 
to  atochaatlc  proceaaea.  We  mention  briefly  the  nature  of  thoae  reaulta. 
The  following  definition  la  the  counterpart  of  (4)  In  that  development. 

Definition  2.  * 

Let  ()c(t) |t  e S)  be  a atochaatlc  proceaa  defined  over  an  Index  set 
S containing  the  Interval  (a.b].  Let  {Xj^(t) | t ela.bl)  be  a plecewlae 

continuous  atochaatlc  proceaa  which  Is  completely  determined  by  the  proceaa 
<X(t) |t  c(a.b]}.  let  be  the  random  variable  defined  by  the  number  of 

dlaeontlnultlea  of  1^^  of  alze  y,  obaeirved  on  the  interval  [a.b].  and  let 

. . I„(b)  - I (a) 

0 ■ 0(a.b)  ■ ^ . T “ b - a. 


Then  for  any  r< al  valued  function  f.  differentiable  over  the  range  of  0. 
we  define  the  eatlmator  by  the  following  equation ■ 


J,[f(0)]  - f(0) 


I N (f(0-J)  - t(0)  + J f(0)). 

Ycr  ' 


where  r la  the  set  of  all  possible  values  of  y . 


f'(0)  - 


df(0) 

d0 


- 0 


and  by  the  notation  we  mean  that  for  any  realization  x.  the  sum  la  to 
ycT 

be  ta)cen  over  all  y for  which  N has  an  observed  value  different  from  zero 


on  [a.b] . 

By  making  use  of  Definition  2 It  is  possible  to  get  an  extension 
corresponding  to  (13) . Moreover  theorems  corresponding  to  Theorums  1 and 


510  - 


i 

j 

j 


3 can  alto  be  obtained  so  that  a normal  r.v.llke  (17)  can  be  used  to  obtain 
approximate  confidence  intervals  for  f(G).  The  details  of  this  procedure 
and  further  results  can  be  found  in  [3]  (1972).  We  state  the  following 
theorem  for  later  use.  It  isithe  result  for  stochastic  processes  which 
corresponds  to  Theorem  2. 

Theorem  3.  Let  {I  (t)  | t e[a,»)}  be  a stochastic  processes  with  station- 

ary  independent  increments  such  that  B(6(a,t))  « G for  each  t eta,**)  and 
suppose  that  f has  bounded  second  derivative  in  a neighborhood  of  9.  Then 
under  mild  regularity  conditions 
J If  (6)1  - f(0) 

£72  M(0,1)  (18) 

{ I N ff(^^)  - f(0)l^} 

Ycr  ^ ^ 

an  T ■ , l.e.,  the  rand«i  variable  in  (18)  is  asymptotically  normal  with 
sero  mean  and  unit  variance. 


I I . APPLICATIONS . In  this  section  we  consider  some  of  the  standard 
applications  of  the  jaclcknlfe  which  are  suggested  by  the  above  theorems. 
The  first  of  these  was  initially  considered  by  Hosteller  and  Tulcey  in 
[7]  (1968)  and  in  more  detail  by  Gray  and  Schucany  in  [3]  (1972). 

Example  1.  Suppose  the  following  is  a random  sample  of  sise  eleven  from 


an  unlcnown  distribution,  x. 


0.1,  X2  “ 1.0,  x^ 


1.3,  X.  " 1.9,  x. 


0.1,  x_ 


4.7,  X-  • 0.5,  X-  - 1.9,  1.1,  X, 


0.1,  and  we  desire 


a confidence  interval  for  0.  Moreover  let  us  assume  that  the  statistic 
we  decide  to  use  is  


since  is  an  unbiased  U-statisties  we  can  use  the  extension  of  Theorem  2 
to  U-statistics  which  was  mentioned  earlier.  Since  we  assume  no  specific 
)cnowledge  of  the  bias  we  make  the  mild  assumption  that  the  bias  in  S is 


an  analytic  function  of  n 
. « 2 

A-1 ^ m t ^ 


This  leads  us  to  define  R(n)  “ (n-l)n  s( 
J(S)  and  a - 1.  We  then  obtain  from  (17) 


that  G(0)  - J(9)  ■ J[f(S  )]  « J(S)  and  a - 1.  We  then  obtain 
(essentially)  the  approximate  confidence  Interval  (a,b),  where 

S, 

a - J(S)  - t (n-1)  — , 

® /“ 
rn 


b - J(S)  + t (n-1) 

I ^ 


~ I (J.  (S)  - J(.<5)  )^. 
n-1  1 
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and  t^(n-l)  is  {;ha  100(1-^  paroantlls  point  fro*  ths  studsnt  t*^stri- 
butio^  with  n-1  dsgrsos  of  frssdoa.  Thus  for  thsss  dsts 


J^(8) 


and 


J(S), 


_1 

11 


(8)  - 

Jll(8) 

■ 

1.1400 

at 

i632S 

JjiS) 

. 

.6219 

(S)  - 

JgIS) 

- 

.0355 

J5(8) 

m 

.8894 

J^(8) 

SB 

7.7040 

Ja(8) 

■ 

.8243 

■ 

.6204 

11 

I 

J.  (8) 

m 

1.4894 

1=1 

1 

ay  / 11 

m 

0.6244 

(21) 

(22) 


ThBLK  1 


Confidence  level  l-« 

Interval 

2/3 

(0.85*  2.13) 

0.95 

(0.10.  2.88) 

nia  axtxapolation  from  Thaoraa  2 to  tha  aodlfioation  augaaatad  by  (20)  is 
snployad  for  tha  following  raaaon.  Bxparianca  has  indioatad  that  in  »oat 
casas  tha  lac)i  of  normality  of  (17)  for  finlta  aaaplaa  usually  laada  to 
confidanca  intarvals  which  undaroovar.  Sines  tha  Studant-t  is  also  asym- 
ptotically noratal*  thaoram  2 is  also  a justification  for  asauming  tha  random 
variabla  in  (17)  is  approximataly  t for  larga  n.  Whan  this  aaaumption  is 
mada  tha  nat  offset  ia  sii^tly  to  slightly  anlarga  tha  eenfidanea  intarval 
which  in  most  instaneas  will  improva  tha  approximation. 


Tha  question  naturally  arisas  as  to  how  good  ara  such  approximata  oonfi- 
danca  intarvals  as  those  of  Table  1 and  %dtat  additional  modifications 
might  improva  them,  niis  question  was  considarad  in  soma  detail  for  this 
and  other  examples  in  (3).  Several  modifications  ara  suggastad  there.  Na 
will  consider  two  of  them.  Tha  first  is  to  jackknife  log  S rather  than 
S and  obtain  a confidence  intarval  for  log  a which  is  than  converted  to 
a confidence  intarval  for  o. 


Tha  basis  for  this  approach  is  tha  assui^tion  that  log  S posaassas 
a moru  symmetrical  distribution  than  S and  hence  the  convergence  to 
normality  of  J(log  S)  should  be  more  rapid  than  that  of  J(S).  A aacond 
B»dificatlon  is  to  use  G(e)  with 
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Th«  rsMoning  b«hlnd  auoh  an  altaration  as  this  would  of  ooursa  ba  tha 

baliaf  that  tha  bias  was  olosar  to  ordar  than  n‘^.  Tabla  2 balow 

shows  tha  rasults  of  a Monte  Carlo  study  whan  the  n known  sasple  Is  exponen- 
tial with  o " 1<  The  purpose  Is  to  coeqpare  these  three  Methods  uid  the 
noraal  aethod«  l.e.,  the  Method  of  obtaining  a confidence  Interval  by  assum* 
2 2 2 

Ing  (n-1)  » /a  is  x (n-1) . The  rasults  are  aeeurata  to  within  3%  of  tha 
trua  oonfidenca  level  assoolatad  with  aaeh  of  tha  statistios. 


TAILS  2 

proximate  90%  Confidence  Int 


Source  of  Interval 


(n-l)sVo^ 


sstiaated  True 
Confidanoa  Laval 


J(8)  72.0 

G(S)  73.6 

JUog  8)  80.6 

In  this  ease  it  Is  clear  that  tha  lack  of  noraallty  of  any  of  our  statistics 
was  certainly  a major  source  of  error  In  our  approximation  and  that  jack- 
knifing log  8 saamad  to  Improve  that  situation.  This  of  ooursa  will  not 
always  ba  tha  case  but  another  example  of  where  it  was  banaflclal  Is  tha 
following  %fhlch  was  first  given  by  Arvansan  and  Sohmits  in  t2]  (1970) . 

ixample  2.  consider  now  the  following  elementary  variance  ooaqponanta 
leodalt 

• M + a^  + *lj*  ^ " 1».».  1»J  ■ 1»  •••  M( 
where  u Is  constant)  (a^)  are  Independent  saro  mean , random  variables; 
and  the  sf*  indapandant,  mean  sero,  variance  random  variables. 

The  test  of  hypothesis  to  be  considered  Is 
«o‘  h - oj  / oj  < Oo 


**l‘  ^ ^ 

The  usual  procedure  here  is  to  assume  normality  and  utilise  the  P-statlstlc 
to  construct  the  required  test-  However  It  Is  well  known  that  tha  F-test 
Is  quite  sensitive  to  departures  from  normality  and  therefore  other  tests 
have  been  proposed.  To  employ  the  jackknife  here  we  need  a bit  more 
theory  than  we  have  thus  far  suggested.  That  Ic,  theorems,  similar  to 
those  we  have  stated,  for  the  jackknife  of  a function  of  several  U-statistlcs 
are  needed.  Such  results  have  been  obtained  and  can  be  found  In  [1]  (1969). 
Thus  we  My  assuBw  both  J(§)  and  J(log  §)  are  approxlMtely  normal,  where 

e - ^ (25) 

MSB 

and  MSA  and  MSB  denote  the  between  and  within  group  mean  squares  respect- 
ively. The  jackknife  is  then  obtelned  by  grouping  the  n*  IN  observations 
(Y^j)  into  natural  groups  of  sixe  M,  l.e.  by  successively  deleting  the  I 
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groups  of  oboorvatlono  ^ " lf2«...«X)  in  th«  ooovuta 

tion  of  J^(9)  and  J^dog  d).  Tlio  approxiaato  t-statiatic  (undar  H^)  , 


J(9)  -•  n. 


J(log  0)  • log  n 


j(log  0) 


dapanding  on  whathar  or  not  wa  hava  daeidad  to  uaa  0 or  log  0 aa  our 
atatlatle  to  ba  jaekknifad,  ia  than  uaad  to  taat  tha  appr^iata  hypothaala 
Ttala  taat  waa  eoaiparad  to  tha  P-taat  by  krvansan  in  [2]  (1070).  In  that 
study  p ■ 0,  n.  ■ Z *■  19  and  M ■ 3.  fha  raaulta  ara  shewn  in  Tabla  3 
balow  for  signifioanea  laval  a ■ .10. 

It  ia  intarasting  to  nota  in  this  tabla  how  wall  tha  aathod  auploy- 
ing  J(log  d)  agraas  with  tha  P-taat  on  notaal  data  whara  tha  P is  of  ooursa 
axact.  Also  tha  nonrobust  natura  of  tha  P with  raapaet  to  tha  aignifi- 
eanea  laval  ia  wall  daannstratad  in  tha  eaaa  of  tha  doubla  axpanantlal. 

TABLE  3 


Distribution 

P test 

(thaorstical) 
F teat 

0.10 

0.29 

0.65 

0.90 

0.98 

(enpirical) 

0.098 

0.269 

0.655 

0.900 

0.979^ 

ItonMl 

Jackknife 

J(log  d) 
JgdOcnlfe 

0.090 

0.257 

0.609 

0.881 

0.972 

J(d) 

0.022 

0.080 

0.263 

0.469 

0.700 

Doubla 

P test 

0.183 

0.334 

0.567 

0.764 

0.887 

Exponential  Jackknife 

Jdog  d) 

0.096 

0.218 

0.420 

0.616 

0.767 

P test 

0.085 

0.253 

0.690 

0.951 

0.994 

Uni fora 

Jackknife 

Jdog  d) 

0.093 

0.308 

0.733 

0.947 

0.993 

Bxawpla  3.  Uaa  Thaorao  3 to  construct  an  approxiawto  confldanca  intarval, 
based  on  a fixed  tine  test,  for  the  reliability  function 

r(0,x)  - a“®*  (27) 

associated  with  the  Poisson  process  (N(t) |t  c{o,*)  }.  In  this  ease  1st 

e - I (28) 

and 

f(0)  - a'®*  - r(0,x). 
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where  M le  the  nuo^ur  of  feiluree  occurrlny  in  time  T.  In  thie  event 
r “ {1}  and  we  hav> 

J^(£(0))  - £(0)  - 0 £ (0)  - NI£(0-|)-  £(0)1 
* £ 

- e"®*  I 1-M(e^  -1+  i ) I . (29) 

A 

It  can  easily  be  shown  (aee  [3])  that  in  this  case  J (£(6))  has  a lower 

order  biae«  as  a function  of  T,  than  £(6).  Moreover  Theorem  3 can  be 
applied  here  with 

I N (£(0  - - £(S)r  -Me  4 S_.  (30) 

ver  ’ ^ 

Thus  from  the  same  reasoning  as  our  previous  examples  an  approximate 
confidence  interval  for  r(0,x)  is 

[j,(r(0,x))  - t^/2'  + 8^  V2] 

where  t^^^  100(l-a/2)%  ]e>oint  from  normal  distribution. 

In  order  to  exemplify  this  result  the  following  Monte  Carlo  etudiea 
were  made.  Random  Poisson  numbers  with  known  parameters  were  generated 
and  the  corresponding  statistics  substituted  into  (31).  In  Table  4,  the 
columns  labeled  ^^>^2  ^3  samples  generated 

for  which  r(0,x)  was  contained  In  the  confidence  interval  obtained  from 
(31)  for  each  of  the  three  a-levels  shown. 


TABLE  4 


0 

X 

T 

*•1 

1 . a • 0.50 

1-0  - 0.70 

mm 

2 

0.05 

0.5 

35.9 

54.5 

61.0 

2 

0.05 

2.5 

44.6 

59.1 

86. 3 

2 

0.05 

5.0 

49.0 

65.0 

92.0 

5 

0.02 

0.2 

36.1 

55.6 

63.4 

5 

0.02 

1.0 

44.2 

63.8 

86.8 

5 

0.02 

2.0 

47.8 

63.8 

91.4 

10 

0.01 

0.1 

37.9 

54.4 

62.1 

10 

0.01 

0.5 

50.8 

62.7 

86.5 

10 

0.01 

1.0 

46.3 

64.7 

91.5 

Inspection  of  the  above  table  suggests  that  use  of  the  percentile 
points  from  the  Student-t  distribution  as  in  our  previous  example  - ould 
improve  the  approximation  even  though,  when  T is  sufficiently  large  for 
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th«  cxp^ct^d  nuiibsr  of  failuroi,  dT,  to  b«  mar  10,  tht  approxiaation  la 
qulta  good. 

A A 

In  tha  abova  axaaq>laa  wa  hava  found  no  graat  valua  in  G(6)  ovar  J(9). 
tfa  tharafora  giva  ona  final  axas^le  which  claarly  danonatrataa  tha  widar 
utility  of  G(@).  Sinca  thla  axaaple  la  rathar  langthy  and  haa  only  appaarad 
thia  month  in  tha  literatura  wa  aat  it  apart  aa  a aeparata  aactlon. 

111.  OMVU  BBTIMhTORB  FOR  f (u.o^)  IH  THB  MOgMM.  CMB.  Bafora  wa  pro- 
oaad  to  tha  primary  raault  of  thla  final  aactlon  lat  ua  conaidar  tha  follow- 
ing axanplaa. 


■xampla  4.  Conaidar  tha  diffarantial  aquation 
y"  + k^y  ■ 0. 

Than 

y • Sin  kt  Cot  kt  (32) 

Now  in  many  phyaical  problama  k ia_not  praciaaly  known  and  in  fact  it 
might  ba  battar  to  rafar  to  it  aa  K,  whara  K la  a random  variabla.  ^In  thla 
aanaa  k ia  an  approximation  to  p ■ B [K]  and  y ■ Sin  kt  * Co«  kt  in 

an  approximation  to  y^  ■ sin  y t -f  C2  Coa  y t.  If  thia  lattar  aolution 

la  tha  aolution  of  intaraat  and  a aampla  k, ,k.,...,k  of  valuta  of  K afa 

12  n 

obtainad  which  can  raaaonably  ba  aaaumad  to  ba  from  a normal  population 
with  unknown  naan  and  varlanca,  than  the  problem  la  ona  of  aatimating  a 
function  of  y(i.a.  y^)  from  normal  aaraplaa. 

2 

Example  5.  Lat  x N(y,0  ).  Eatlmata 


P[X  < 


r 

^ y- 


ISZl* 

0 


•(“?) 


(33) 


from  a random  aampla  of  aiaa  n.  Tha  problam  ia  again  ona  of  aatimating 
a function  of  y and  o^  from  normal  data. 

2 

Bxampla  6.  Suppoaa  x ia  a random  variable  auch  that  In  x ^ N(y,o  ) , 
i.a.  x lognormal.  2 

Than  p+  2— 

B[x]  - a ^ 

Var  x-a2‘'^®^a''^l). 


(34) 


Than  aatimating  tha  naan  and  variance  of  a lognormal  dlatribution  can  be 
formulated  aa  a problam  of  aatimating  a function  of  y and  0^  from  a normal 
population. 


Example  7.  Suppoaa  x B(n,p)  (Binomial).  Than  for  large  n tha  varlanca 

of  arc  aln  /x/n  ia  aaaantially  indapandant  of  p.  A tranaformatlon,  T , 
defined  on  a random  variabla  x auch  that  tha  varlanca  of  Ttx)  ia  indepen- 
dent of  tha  paramatara  in  tha  x distribution  ia  called  a variance  atabili- 
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■ing  trantfexMtlon.  in  Many  casas  avan  whan  x la  not  blnoailal  auoh 
txanafonaad  data  axa  approxiaataly  noxMal,  and  It  la  of tan  aaauHod  that 

T(x>  In  tha  final  analyala  ona  la  howavar  intaraatad  In 

aatlMatlng  l[xl  and  Var  x aa  In  Ixanpla  6 but  in  thla  oaaa  tha  diatrlbu* 

tlon  of  X la  unknown,  suppoaa  Y N(u,o^)  and  Y ■ arc  sin  Than 


*(x]  - i tl-CoB  2y]  a“^® 


(35) 


and 


Var  X - ~ ^a"®®  Coa  4y  - coa®  2y. 


Hanea  again  tha  problan  la  ona  of  aatlaatlng  a funotion  of  p and  a with 
normal  data. 


Kaoh  of  tha  abova  axaaplaa  load  to  a problam  of  aatlmatlng  a funotion 
of  tha  paramatara  of  a noraal  dlatrlbution.  Baoh  of  thaaa  problaaw  hava 
baan  aolvad  In  varloua  plaoaa  in  tha  lltaratura.  Howavar  in  a raoant 
artlola  (1973)  [4]  Or*y,  Natklna,  and  Sohuoany  hava  nada  uaa  of  tha  ganaral- 
iiad  jao)(knlfa  to  obtain  a ganaral  solution  to  this  olaaa  of  problaaw. 

Wa  will  now  atata  thalr  main  raault  and  show  how  It  can  ba  utllisad  In  tha 
abova  axaaplaa.  To  aaa  how  tha  jackknlfa  plays  a fundaawntal  rola^ In 
obtaining  this  raault  aaa  tha  abova  nantionad  artlola. 


Thaoraa  4.  Undar  auitabla  ragularity  conditions  tha  unlqua  miniaMXB  varl- 
anea  unblaaad  aatimator  fort  . 


(1) 


f(V)f  f analytic  ovar  tha  raala«  la  f(u)r  whara 

.n^l»^(2M) 


f(p)* 


f (X)+  I 

■-1 


(-1)“  r( 


r(:i5i^)f'“"' (X)  /-avm 

(U 


(3d) 


2 2 
Whara  o la  aaaumad  unknown  (o  known, raplaca 


by 


aaa  (4]  ). 


(ii) 


2 * 2 
f(U,o  ),  f analytic  on  (-*«>,•)  X [0,»),  ia  f p,o  ),  whara 


f(W,o  ) - I I 


? - (-1)^  (S^)^"^^  n^  r(Ji|i’) 


i-0  j-0  i!  j!  2^^"^^  r(2il2iis:i) 


j(21,j)  Jjj  QJ 


(37) 


whara 


(x.o) 


3 3(0^)^ 


X,0. 


In  (i)  and  (11)  abova,  8 « n 


-1 


I (X,-X)2 
i-l  *■ 


Wa  can  of  couraa  now  write  down  tha  aolutiona  to  axamplaa  4,5,6  and 
7 at  once.  That  ia,  1ft 

(a)  f(u)  ■ Sin  p t Cj  Coa  p t,  than 
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i 


f(M)  “ Sin  K t + Cj  Cob  K t 

“ r IC,  Sin  ict+c.  Co»  Ktl 
+ J _2  12 


r + m ) m! 

n-3 


M 


- «(K)  r(S~)(^)  ^ In-3^^®’' 

*T“ 

wher*  I , Is  the  modified  Bessel  function  of  Index  (n-3)/2. 
n*j 

2 


(b)  f(w) 


✓57 

f(w)  - f(X)  - 

- f 


r -3*’ 

- / e ^ dt. 

It 


then 


- jCk-X)  ’"* 


/37  lii 


(-1)  M2^_j(k-X) 

1! <2n)^ 


(^)  ■ 


Which  Is  the  well  known  UMVU, 

2 “ ^ 

(c)  f<|j,0)  - e .,'.2  _ 

Therefore 


* 3 


E [lognormal  random  variable]. 


Hn-Ds^l 

L 4 

-J 

1 ml 
m 

M 


(38) 


(39) 


Also  as  stated  In  Example  6,  the  variance  of  a lognormal  Is  given  by 


Var  V 

Simple  differentiation  yields 

m 


. 00 

/N  2x 
var  V ■ a 

maiO 


(d)  f(u,o^)  - j [1-Cos  2y]  e"^*' 


In  this  case 
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ABSTRACT 

This  la  an  axpositoiy  papar  praparad  for  pvaaantatioa  at  tha  RlDttaaath 
Coofaranec  cm  tha  Desisn  of  &qparlaants  in  Axagr  Raaaarob*  Savalopaant  and 
Taatlng*  Rook  Island*  niiaoia*  Oetobar  2k>26t  19T3< 

In  this  papar*  va  disouss*  intarprat*  and  lUustrata  tha  BimhaMs  aaa- 

aara  of  tha  iavortaaea  of  aach  eosj^nant  in  a eoharant  ayatan*  (Saa  2.  W. 

1^* 

Btrahaua*  On  tha  lavortaaea  of  diffarant  eonpenanta  in  a SMltiaeaponaat  ays* 
tan*  in  Mttltiaari«^fe«f  - n.  ad.  hy  P.  R.  K^ishnaiah*  Aeadanie  Prasa* 

X9dp.)  Va  shev  hov  this  awaanra  of  eonqpenant  iaqportanea  ean  ba  naad  to 
dataradna  aystan  raliahility  crowth  from  eoavonant  raliability  growth.  Pi* 
nally*  wa  prasant  and  iUustrata  an  algeritha  to  ealeulata  tha  optiaun  a- 
nount  of  affort  to  axpand  on  iiqprevlng  Individual  oonponant  raliabilitlaa 
so  as  to  aehlava  a daslrad  syatan  raliability  growth  at  ainlBun  total  cost 
for  raliability  growth. 


1 Research  sponsored  by  the  Air  Force  Office  of  Scientific  Research, 
AFSC,USAF,  under  Grant  No.  AFOSR  74>2581 . The  United  States  Govern- 
ment Is  authorlred  to  reproduce  and  distribute  reprints  for  govern- 
ment purposes  not  withstanding  any  copyright  notation  hereon. 


I 


- 521 


I 


I 


Reliability  Orowth 


1.  Introauetien.  In  the  developnent  of  • eoo^lex  ayetem,  it  is  rery 
useful  to  (s)  Aeteraine  the  imnortenee  of  eeeh  eoaveneDt  in  eontributlng  to 
systea  relisbillty,  end  (b)  deternine  the  o^iaun  effort  to  sUoeste  to  esoh 
ooupeneBt  to  sohieve  s desired  system  reliability  growth,  taking  into  ao- 
eount  esoh  eoavonent  iaportaaee  and  eaeh  eonponent  cost. 

In  this  paper,  we  discuss,  interpret,  and  illustrate  the  Bimhaun  (19^) 
measure  of  eoetponent  isgiortance.  We  show  how  this  measure  of  oomponeat  im- 
portanee  can  be  used  to  determine  systan  reliability  growth  from  eoaponant 
reliability  growth.  Finally,  we  present  an  algorithm  to  calculate  the  op- 
timum amount  of  effort  to  expend  on  ijsprowing  Indiwidual  ceaqponent  re- 
liabilities so  as  to  achieve  a desired  system  reliability  growth. 

2.  Rfeliminaries . We  shall  consider  the  large,  natural  elass  of  sys- 
tems known  as  coherent  systems.  TO  define  a coherent  system,  first  we  in- 
dicate the  state  of  the  system  by  where 


if  the  system  is  functioning, 
if  the  system  is  failed. 


Next  we  indicate  the 


X 


i 


state  of 


the  i^^  component  in  the  system  by 
if  the  i^^  component  is  functioning, 

if  the  i^^  ccoq^nent  la  failed. 


x^,  where 
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1 ■ 1*  ••••  a.  V*  ui 


that  ufutm  stftta  # • tetanialttit  ftaotlon 


F 

\ 

i 


! 

i 

t 


1 


of  tha  c'jf  paint  ptatM« 

♦ > t(jp> 

vhera  2 ■ (Sj^*  ••••  tia  eall  4 tha  ntnietura  ftmetioa  of  tha  mtmi 

tor  trafaitjri  «a  rotor  to  "atnietura 

a.i.  a atnietura  Amotioa  # in  ooharant  if 

(a)  #(2)  ■ 0, 

(b)  ♦(4)  a ♦(£)  for  *1  < *tt  * 

(e)  t(D  ■ 1.  aad 

(4)  t fixaA  i ■ 1»  •••*  a» 

whara  £^'(0»...»0)  and  (1.  ...»  l). 

(a)  atataa  that  tha  ayataa  la  in  tha  fallad  atata  if  aaeb  eoa(pcaawt 
is  in  tha  fallad  atata.  (b)  atataa  that  rapairing  failad  eoaveoanta  oan 
only  laprova  ayataa  parfoxaaaea.  (e)  atataa  that  tha  ayataa  la  in  tha 
fnaetioning  atata  if  aaeb  ecaponant  ia  funationint.  (d)  atataa  that  aaeh 
eoai^nant  la  ralavmnt  In  daflnlng  ayataa  atata  aa  a fhaetlon  of  oonponant 
atataa. 

. Blrnbaust  laaqr»  and  Saundara  (196l)»  Barlow  aad  PToaohaa  (19^5)»  aad 
aarlov  aad  ftaaohaa  (19T^)  dlaeusa*  the  propartlaa  qf  ooharant  atruoturaa 

and  thalr  applleatioaa  in'  mllabllity  thaory.' 

tha  nanar  aa  conaldar  only  ooharant  atruetvraa.  alaea  thaaa 
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w tht  ■truBtuTM  fMMMlDr  Meoiiat«r«d  io  •ppll«*tioM. 


Za  May  praetieal  appliestloBa,  th«  stat*  of  ooapoawt  t it  a 
BaraoulUi  rnidoo  variaU.* ; 1 . e . , 

f l vlth  probability 
^ \o  vith  probability 

roprataett  ttaa  raliability  of  ccapoaaat  1»  Wa  tball  aatuM  ttarogiJMit 
tba  papar  that  camonant  atatat  X^,  • • • » ^ ara 

Cerratpoadlac  to  thaaa  random  eonpooaut  atatai  ...»  1^,  tha  aya- 
tan  random  ttata  d(l)  i*  •Xac'  a BarnoulUl  random  variabla  vith  PCd(£)  ■ 
1]  ^^h(A)»  vhafa  £■  ( p^).  h(s,)  yialda  ayatam  raliability  at 

a function  of  tha  individual  eomponant  raliobilitlaa. 

Za  tha  modal  traatlng  optimum  allocation  of  affort  for  ocmponant  ra* 
liability  growth  (Saetiona  k and  5)*  va  thall  aaad  tha  folloviag  eeneaptai 


r ■ > log  p. 


tyttam.  Imt 


A eomponant  with  raliability  p ia  tald  to  have 


Lot  h(£)  ba  tba  raliability  fuaotioa  of  a cobarant 


n(r)  ■ -log  h(a  a “) 


(2.1) 


ia  eallad  tba 


. Tba  funetiom  n(£) 


of  tba  lyttma.  Baa  laary*  Harthall*  and  Proa- 


Oban  (1970)  for  a diaouation  of  propartiaa  and  applieatiena  of  tha  haaard 


tranaform. 


I.  Birnbaum  (19^9)  baa  propoaad  tha 
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liBllowiag 


at  th*  laportane*  of  ooeh 


I.  For  itMtttur*  # vltb  oorroaportUng  rolUbili^ 


fawtioB  b(£)(  tho  laporfaoo  I^(i;  £)  of  ceBPOont  i lo  glaon  bgr 


lb(B) 

B)  " • i • li  •••§ 


(3.1) 


Mb  oftoa  Mpproao  4 aad  £,  and  ali«il)r  arita  X(i). 


f»m  tbm  teflBltiott  of  h(s)»  oad  tht  fMt  that  • Bwmowllli  Mate  mt- 
iablo  X vlth  pawatw  p Mtlaflos  Bt  ■ p*  «•  dbtatat 

IH)  - lt4(x|x^  - 1)  - ♦(xjx^  • 0)3 

i , » 

i * 

tor  1 ■ 1»  ...»  a.  Bf.  (S.lb)  toUa  at  tei  tbo  iaportaaet  of  ooteteH 

1 aar  ho  mtovr$i  bgr  tho  avoMta  lavrov«MBt  ia  tlw  atato  of  tte  ojoUm  o$ 

eeapeaaat  1 laprovoa  fte  tht  failod  atato  to  tho  faaotieoiag  atailo. 

iifi  Biarti 

. (1)  fte  (3.1a)  it  It  tfhvlottt  that*  la  taatnlt 

0 a 1(1)  a 1 for  i • 1*  ...»  a.  (3.3) 

Barthor  aaalyaia  oaaily  ahowa  that  if  0 < p^  < 1,  i ■ 1»  ...»  a» 
thaa 

0 < 1(1)  <1  for  1 • 1*  ...»  a.  (3.%) 

(8)  rroa  (3.U)  It  la  elaar  that  tha  iapaataaea  of  poagoat^  ^ 
tea  Bsi  oa  p^»  hut»  of  eouraa*  tea  dapoad  oa  tha  rteialnd  p^»  J o i, 

tetf  haUahilltr  tenth  at  a teotioo  of  QeaaoBiwt  Xallhbllitr  teoth 
Tha  ■aaatira  of  ooapoaaat  laportaaea  daftaad  hgr  (3.1)  (or  afalMlaetly 

r 

hr  (3.2a)  or  (3.1b))  aogr  ba  vaod  to  avaluata  ayate  rallablllty  growth  ra* 
aoltiad  fte  tha  raUOblllty  troirth  of  ladlrldaol  e<Mpoa— ta»  tha  ehala 

rttla  for  dlffaraatlatloa.  oa  obtaia 
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I 

i 


4t  • 


viMM  t la  « eoaaoa  parMwtar,  My  the  tiaa  al^aad  ainea  ajf^w  daralopaant 
bapn'or  tba  bomst  aipaodad  oa  ajrataa  danralopwot.  Ualag  JDaiPlaltloB  (3.1) 
for  oonoaoBt  laportaooa,  m bara 


a dpf 


(3.3) 


Skaa  tha  rata  at  ahiali  airat—  «aif  im  > a^hliiatiaii 

af  tha  rataa  >»  t**.**.  »*i4^iiitlaa  aror.  Ufagf  \M  WHttl  iM 

^ n*  p«—tti«.awfe  . PoiMlla  (S.S)  SitaS  ttM  ljnt«a  da- 

atiwar  diuaatitativa  lafenatlon  aa  to  tha  payoff  aeeruiac  froa  affort  ax- 
paadad  on  aahlarlBf  iodlvidual  ccaponaat  ralloblllty  grovth. 

A oloaaly  ralatad  focaula  irith  alallar  praotloal  applleatlooa  la  oh- 
talaad  from  (3.3)< 


dh  - C I(i)Ap.  , 
l»l  ^ 


(3.6) 


ahara  Ah  rapraaaata  tha  gifowtb  la  ayataa  raliablllty  oorraapeadiiic  to 
crowtha  Ap^  in  eoapooaat  raliabilitiaa.  Aa  In  (3.3) • tha  eoapeoant 
aaraa  of  laportaaea  antar  aa  aaiipita.  Thus  aaall  growtha  Ap^  in  eoapo- 
naat  raliabilitiaa  load  to  a eorraaponding  growth  Ah  in  a|rataB  rallabUity 
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ia  •Mortaae*  with  (3*6) 


For  eoavaoiaaMt  «•  latoal  wpenaats  m that 


H «•••*  p. 


U 

• MTlM  ayttaai*  h(«)  ■14^4*  so  that 

1 * 


X(i)  * ■ X P4  * h(a).  Xt  fhllemi  that  oanpooaut  iaportaaea 

^1  3*1  J 


lafiaat 


Hi)  h ...  h 1(a) . 


(3.7) 


Inmiallty  (3.T)  atataa  that 


la  partieulaTt  tha 


pootat  vlth  tha  lowaat  rallabillty  ia  tha  aoat  iagpertaat  to  tha  asrataa. 
Ibis  raflaeta  tha  wall  haova  friaeipla  that  **a  ehala  ia  aa  itroaf  aa  its 


waahaat  liak". 


^fft***  ^ * parallal  ayataa*  h(ft)  ■ 1 > t 

ao  that  X(i)  ■ ■ X a.  ■ ^ Cl  • h(a)].  Thua  eoapoaaat  iapertaaea 

•^i  jai  i ^ 


aatiafiaat 


I(i)  s ...  s 1(a). 


(3.6) 


[iliELBJZil- 


•J 


■.•■■I  ^p-1'  ■ 


aeggoaMt,Jj[Bag[£Sg2i*  ^ partieular*  tha  eoaaooaat  with  hichaat  ralithility 
ia  tha  aoat  iaportaat  to  tha  airataa.  !Riia»  too*  ia  iatuitiwaljr  raaaoaahlat 


■iaea  if  jaat  oaa 


fttaetioaot  tha  ajrataa  fUaetioaa< 
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i 


3.5.  a-qttt-of-3  A 2-oitt-of*3  tyatM  funetloDS  if  ud  only 

if  at  l«Mt  S out  of  tho  3 ocapoponto  io  tho  igrttw  fuaetioa.  TIm  rolia* 
Mlitj  fuaetioa  h(£)  ■ Pj^p2d3  * ^^^2^3  * 9}9^i  ' eeapoaaat 

iaportaaeo  ia  gi^a  ^ 

V3*VS- 

1(2)  ■ Pjgj  ♦ qjPj, 

1(3)  • Pjflg  ♦ Pj4j. 

It  foUoM  that  1(2)  - 1(1)  • (pg  - P]^)(P3  - tj)  » 0 for  pj  a 1/2. 

Siailarly  1(3)  - 1(2)  a 0 for  a 1/2.  Thua  for  a 2-out-of-3  ajra- 

taa  with  1/2  * p^  *■  Pp  ^ P3  • ^(^)  * ^(^)  * ^(3)  '*  !**•*  ooDonaat 

iMortaaea  ia  ia  tho  aaaa  ordar  aa  eoapoBoat  raliahility.  If  taewaaar 

Pj^  a Pg  a Pj  a 1/2,  thaa  eoapeaaat  ii^rtaaea  la  ia  tha  ravaraa  ordar. 

■ota  that  ia  thia  eaaa»  o<)^poDaBt  iaportaaea  raaka  dapaad  oa  eoai- 

poeaat  raliahility  valuaa. 

*Mlrrir  ^^Dooaat  Paliahillty  Orowth. 

h.l.  Modal.  Aaauaa  a aariaa  ayatea  of  n atoehaatieally  iadapaa- 

daat  eoapoaaata.  Tha  praaaat  raliahility  of  eoapooaat  i ia  p^^ 
r ® 

d|f  -'i  , whara  r ° ia  tha  eorraapoading  haaard.  To  iaeraaaa  tha 

* * 

eoaqponaat  raliahility  to  Pi  ‘ coata  c^(r^^  * **1^  (coat  say  ha 

aaaaurad  ia  dollara,  aaa-houra.  tiaa«  ate.,  or  acoa  vaightad  eoahidatioa 
of  faetora).  Wa  auppraaa  tha  dapaadaaea  of  0^  oa  r^^«  abowiag  ealp 
ita  dapaadaaea  on  - r^»  tha  dacraaaa  ia  ooaQoaaat  haaard.  aatiafiaat 


(•)  e^(0)  ■ 0 (no  laproTMwnt  ooats  nothins)* 

(b)  e^(*)  Is  s strietlr  eomrsx  inersMing  function  (the  cost  of  soblcvliic 
sueessslvo  fixed -^iso  rsduetions  in  hsMi'd  inerossos),  with  continuous 
first  dsriwstiTs. 

Ws  wish  to  schlsws  s srowth  in  srstsa  rslishility  to  ths  Itwsl 

n - 

P*  > S P4  > tbs  prsssnt  Isrsl,  Minimi  tfW  W tft:, 

1 * 

n»rt4itw  growth.  SpselfiosUy.  ws  wish  to  dstsr- 
■1ns  Qoapoosnt  rslinhility  Isvsl  (or  sqtuiwslsntly,  ooapoosnt 

hssard  r|  < 'i^)>  1*1*  ••••»*  sntisfying 

H p»  * p». 

1 ^ 

n . * 

St  alnlaui  totsl  cost  E c^(r^  - r^^). 

Selution.  TSkiat  locorlthns  in  our  probln  is  sqguiwalsnt  to 

findinc  *'j[  ^ * i ■ 1 such  that 

B S 

E r.  ■ r»  (h.ls) 

1 * 

Q H 

with  E * *'i^  * BiniauB.  Ifots  that  ws  art  BlniBlsing  a sub  of 

convex  functions,  saeh  dspsndind  on  a ssparats  dsolsion  variabls,  subject 
to  a linsar  constraint  on  ths  dseision  variablss. 

Ths  problsB  is  a standard  problsn  of  optiBlsation  subject  to  con- 
straints • Ths  intuitive  idea  underlying  ths  solution  is  siaplsi  Ws  spend 
continuously  towards  the  growth  of  various  oostponents  until  we  Just  attain 
tbs  desired  systsa  reliability  p*.  At  every  stags,  ths  rats  of  expenditure 
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) hMMTd  it  th* 


p«r  mdt  <MTMM  ia  untai  (or  nitlr«l«Btl]r,eflapoMBt 
looat  potolUo  at  that  itaao*  or  HMlralOBtlytitho  rato  of  daeroata  ia 
■jrataa  baaard  la  tha  aoat  poasibla  par  ualt  of  aj^aadltura.  Tha  aapaad> 
Itura  eoatlauaa  until  tha  daalrad  apataa  raliabllity  ii  attaiaad.  It  ia 
intultimly  elaar  that  irtMa  tha  datlrad  ayatna  liability  ia  attaiaad« 
tha  rata  of  axpaadltora  par  nalt  daeraaaa  in  ayataa  hasard  ia  tha  aaaa 
(aay»  l)  for  aU  eoapoaont  typaa*  iaaofar  aa  thia  ia  ooaklhla.  {for  worn 
ecayonaat  typaa*  aohiariag  tha  rata  X nay  ha  iapoaaihla  haaaoaa  tha  rata 
of  aapaaditura  ia  alvaya  graatar  than  X,  vhila  for  othar  ocapoaaat  typaa* 
aohiarlac  tha  rata  X aay  ha  iapoaaihla  haeauar  tha  rata  of  aapaaditura 
it  alvoya  Mallar  than  X.)  hhaa  tha  aolution  ia  aehiaaad,  tha  rata  of 
aapaaditura  ia  tha  aaaM  for  all  aanpoaaBt  typaa'\s  far  aa  poaaihla»  aiaea 
if  it  vara  aot*  va  oould  alvaya  iaprova  tha  outeoaa  hy  ahiftiag  aapaod- 
ituraa  trm  oaa  aoaponant  to  anothar«  iha  aolution  oay  ha  auanariaad  aa 
follora. 


(l)  for  X.h  0,  i a 1,  ...»  B»  dafiaa 


rj(X)  • 


r^  if  o^'(O)  > X 
0 if 


(V.2a) 

(i>.2h) 


auoh  that  - x)  ■ X,  otbarwioa,  (t.Se) 


X aay  ha  thought  of  aa  tha  final  rata  of  aapaaditura  upon  attaioMOt 
of  acMi  aa  yat  uaapaeifiad*  ayataa  raliabllity.  Tbua  (U.2e)  dafiaaa  tha 
corraapoadtag  eoaponaat  baaard  raquirad.  (it.Sh)  stataa  that  If  tha  aaici« 
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MB  rat*  of  oxpMiAiturt  peioiUo  for  tht  1^  eooponont  !■  bolow  X, 
tboB  opoBd  laeuglrto  rodueo  oeoponoat  i hotord  to  0.  (l».2o)  ototos 

thot  if  ttao  BlnlnuB  rot*  of  ascpoDdltur*  for  th«  eoaponoot  is  > X, 
tboa  rotolD  tho  proomt  huord  r^°  (l.o.i  ipead  notblns  for  rolloblllty 
growth  of  eoapoBOBt  1 ). 

Roto  thot  r^(X)  it  uBifuoly  dotoradaodt  slneo  e^'  lo  eontlmioui 
tod  Btrietlp  iBortooiag. 

(2)  Ftor  Cj' (0)  *\s  1 ■ 1,  ...»  a,  rj^(X)  It  a ooBtlauous 

daeroosias  ftaetioa  of  X.  This  follows  frota  tho  foot  thot  e^*  lo  on 
iaerooalag  eoatlaueuo  ftmetloa. 

(3)  For  X X 0,  doflBO' 

r(X)  ■ £ r.(X) 

1*1  ^ 

r(X)  rosroooato  tho  oyotooi  boaord  rooultiag  froa  tho  eholeo  of  X.  r(X) 
io  o eoBtiauoao  doeroooiag  fuaetioa  of  X for  X x 0»  staeo  r(X)  lo  tho 
fUB  of  eoatlanouo  doerooslag  fuaetloas.  r(X)  doorooooo  fToB  to  0 
00  X iaeroosoo  froa  0 to  «*. 

(It)  Thoro  osloto  at  loaot  oao  troluo  of  X x 0 ouoh  thot  r(X)  ■ r 
for  0 < r < >^.  Thlo  foUowo  iaoodlotoly  froB  (3). 

Uoiag  thooo  foots,  wo  may  bow  ototo  tho  oolutloa  to  tho  probloB  posod 
la  Nodol  it.l  la 

It. 2.  ThooTBo.  Lot  X*  bo  tho  mlaiauB  vmloo  of  X ouoh  thot  r(X)  ■ r*. 

a 

Than  hasord  rf  • r.(X*),  1 ■ 1,  ....  a.  ■laladooo  total  eost  t c.(r.®  - rf) 

a a ^ ^ ^ 

sOhJoet  to  Otrjor”,  1 - 1,  ....  a.  and  £rf  ■ r». 

1 X 

Ffoof ■ CoBsldor  oagr  othor  eholeo  (r, . ....  r.)  oatlafpiat  tho  ooa- 

A n 
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■trsiBtfl  0 i 1 ■ 1»  ....  Bt  «Bd  ■ r».  h&t  tor  1 

iB  Bad  * rj[  tor  1 la  «htr«  mad  oro  dltjolat  mb- 
MtB  Qf  (1,  ...t  b),  qbb  of  vbleh'tMjf  b«  mgpty,  but  aet  botb.  far  i 
- ifj)  » o^'(rj^®  - rj);  fbr  1 Id  Ig,  Cj'(rj*  - rj)  B 

■ 't>  • ^ - 'i>  - 


• c 
1 1>  I, 


'f' 


- 


' r 

la  Xj^r^ 


C4 


x)dx 


x)4x  b X«  c £ (rf  - r. ) 

1 la  Xj^  * * 


£ 

1 la  Xg 


<'t  - 1» 


• !•  C£rf  - £r.]  a x«(r«  - r»)  ■ 0. 

1 * 1 * 

a 

nm«  (rjt  ...,  r*)  aialalMi  £ o^{r^  - r^) 


Bttbjaot  to  £r.  ■ r*.  II 
1 ^ 


iLlL-BSIKki*  eerraspoadlac  0|itlaua  axpraditur*  for  tha  rallabUltr 
growth  of  eoapoaaat  i it  e.(r.®  - rt),  1 • X.  at  tha  eorraapoadlag 
axpaadltura  oa  eoag^aaat  rtllabUl^  growth  of  - r|[)  it 

tha  alnlMBi  axpaadltura  that  will  aehlava  a ayataa  raliabllltjr  growth  to 
tha  Aailrad  laval  of  p*. 

5,  mwatratioaa  of  Ootlaua  RaUabiUtr  Orowth.  Wa  lUuatrata  tha 
ehleulatioDa  ragulrad  by  worklag  out  aa  axaapla.  Tha  axaapla  la  baaag  oa 
tha  Carhart-Hard  (1957)  aodal  la  which  tha  coat  of  dawaloplag  eoapoBaat  ra- 
llabillty  la  aaauBMd  to  ba  proportional  to  a poaitlwa  pqwar  of  tha  aaaa 
Ufa  aehiavad.  Tha  aodal  aaauaaa  furthar  that  ooapoDaat  llfalaagth  la  gow- 
araad  by  «a  axpoaaatlal  dlatrlbutloa.  firoa  tbaaa  two  pauaptioaa»  it  la 
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•My  to  ••«  that  0^(0  i«  of  th*  fern: 

“ *■!*  ■ 0 < fi  * r^®.  (5.1) 

vharo  b^  > 0 aitd  > 0 for  1 ■ 1,  ....  n.  It  foUewi,  of  eeuroo, 
tbat  «4*'(**j*  - tj)  ■ b^ir^"*"^.  Tbui  0j^(*)  Is  sa  laortMlagt  •trlotly 
eonvts  fuaetioB  for  0 <r^  s . 

fianik&«  5b  llXustrst*  tb«  solutioa  of  SsetioD  >»  la  th*  siaplott 
fashiOBi  V*  ooasidtr  • two  eoapoeont  ssrlas  systaa.  Prssoatlyt  eeapoMBt 

1 has  r«liahllity  ■ .75  or  hsurd  ■ ‘los  .75*  whil*  eoapenoat 

2 hM  rolisbillty  pg®  ■ .60  or  bstsrd  r^®  ■ -lof  .60i  thus  tho  prooont 
systsa  rollahlllty  is  p®  ■ p^®Pg®  .>15. 

Vo  doorsMc  th*  hssard  of  ooapoatat  1 fyon  r^®  > -log  .75  to  r^^ 
f 'loc  .75  r*guir*s  so  •xpondituro  of 

Oj^C-log  .75  - r^)  ■ lO^Cr^*^  - (-log  .75)"^]. 

Slailsrly*  to  d*or*M*  ths  hssard  of  eospoaoDt  2 from  r^®  ■ -log  .60  to 
rg  d - log  .60  ro<),ulr*s  *a  •xpondituro  of 

e.(-log  .60  - rj  ■ 2-  X lO^Cr-”®  - (-log  .60)“®]. 


Hm  jnMlMi  it  to  dotondM  tbo  roqiolrod  Mount  of  roliOMllty  crewtb 
for  oonyooMt  1 to  o non  tnluo  p^*  k .7$.  ond  for  ooaponout  2 to  o nov 
rolM  k ,(Ot  ko  M to  oehlovt  qrotM  rolikbillty  frouth  to  tho  doolrod 
TAlua  p*  m Px*P2*  * ntaiw  total  oort. 

Dlfforontiotiad*  ira  obtain 

ej*(>loe  .75  - r^)  « , 

Cj'C-lo*  .60  - rg)  ■ ^ X I0^rg“*  . 

Itr  a aaoood  4ifforantiatien«  wa  rorify  that  • ) and  6^(»)  ara 
ftrietlp  eonrax.  fba  fOaetiooa  e^'(*)  and  Og^C*)  ara  plettad  In  flfura 
5.1. 

Lot  no  obtain  aolutiona  eerraapooding  to  aaeh  of  a fMllar  of  raluaa 
of  p*.  Va  MQT  aoeonpliah  thia  noat  roadilp  by  apaeifplng  Tarioua  valuoa 
of  1*  and  obtaining  tba  eorraapoading  «ata  r^^*.  r^*  (or  oomiTalontlp* 
p^**  P2*).  Zn  a aanaa,  y will  ba  aolvlng  a aarlaa  of  diffaront  iroblans 
but  until  «a  baira  aolrad  tba  prObloa  wa  «iU  not  kaov  ubieb  problM  va 
bara  aolaad  (l.a.»  if  ua  apaoify  X*»  «a  will  not  knoir  abat  ralua  p*  ■ Pi*Pg* 
will  ba  until  ua  bara  Obtaiaad  tba  individual  valuaa  p^^»  p^*. 

Suppoaa  then  ua  pick  X*  ■ 3 x 10^,  5 x 10^,  6 x 10^,  ate.»  aa  liatad 
in  eoluM  (1)  of  Tabla  5.1.  Conaidar  firat  X*  ■ 3 x 10^.  Binea  tba 
curva  of  (Fig.  5.1)  liaa  antiraly  abova  X*  ■ 3 x 10^»  wa  ob- 

tain froai  l>.2(a)»  r^*  > rj^(3  x 10^)  ■ > In  .75.  Bext»  fros  tba  eurva  of 
02*(*)  (Fig.  5.1).  ua  rood  off  r^*  •>  r2(3  x 10^}  ■ .50»  tba  abaeiaaa 
ocrraapoading  to  aa  ordlnata  cf  3 x 10^  (in  aceordanea  vith  (t.2c)). 
faking  aatilogat  ua  obtain  p^*  * .75  (eolunn  (b)  of  TObla  5.1)  and  Pg*  ■ >6l 
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S.l.  of  Solotloa 


•ad  9 ar*  ia  aaltlpilM  of  10  . 


(eoluBo  (5)  of  Mbit  5*1) • In  oolunn  (6),  we  list  p*  ■ 


•xptndltur*  is  u (column  (7))>  to  attsic  ■ •^l,  the  req^lnd  expen- 
diture is  .03  X 10^  (column  (8)).  Finally,  in  column  (9)  is  sbovn  the  total 
expenditure  of  .03  x 10^  obtained  by  sunsBlng  the  corresponding  entries  in 
eelumns  (7)  nnd  (6). 

In  a similar  fashion*  we  compute  the  rows  la  Table  S.l  corresponding 
to  1*  ■ $ X 10^*  6 X 10^,  etc.  The  resulting  relationship  between  the  ada- 
Isum  total  cost  reg^ired  as  a function  of  systea  reliability  attained  is 
shown  in  Figure  S.2.  We  can  now  state  that  to  attain  a systea  reliability 
of  p*  • .70  say*  we  should  aim  to  improve  the  reliability  of  subsystea 
1 to  .86  and  of  subsystea  2 to  .81.  The  resulting  total  expenditure  of 
7.0  X 10^  Is  alnimuB  among  allocations  of  funds  which  would  yield  a systea 
reliability  of  .70.  A similar  statement  may  be  nad'>  about  each  of  the 
points  plotted  in  Fig.  5.2. 

If  we  wish  to  compute  the  optimal  set  p^^"*  p^*  corresponding  to  a 
point  not  esplleitly  plotted  in  Fig.  5 >2*  such  as  corresponding  to  p^  ■ .65* 
say*  we  proceed  as  follows.  We  plot  a ci'rve  showing  X*  as  a function  of 
p*  (Fig.  5.3).  From  the  curve*  wo  read  off  the  value  of  X*  ■ 26  x 10^ 
corresponding  to  p*  ■ .65.  We  theu  compute  p^*  ■ .84* 
responding  to  X*  ■ 26  x 10^.  The  resulting  systea  reliability  p* 

* Pl*P2*  * expenditure  required  is  2.4  x 10^.  Note  that  the 

resulting  p*  ■ p^^*P2*  >is4t  not  have  been  the  desired  value  .65*  suppose 
it  had  been  < .6.5.  In  this  cane,  if  the  discrepancy  bad  been  large  en- 
ough* s new  cesvutation  would  be  made  using  a subtly  larger  value  of  X* 
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jlnitlal  8)T8t«B  Rtliabillty 

Vlltf*  $.i.  Coat  Vs.  Reliability  Under  OptiiMl  AUeeation. 


than  frcvlewilgr<  ^ MoeMvlvt  trialst  «•  «aa  radUN  tte  «nror  to  m mmlX 

a VIAOO  M VO  plMM. 

An  iBtorMtlDf  point  is  trouglit  out  bgr  this  graphieal  sxaBplo<  la  o9t« 
ual  applioatioas  of  this  aedol,  it  asgr  bo  that  ths  rolatieaships  0j^(*)  viU 
bo  atailahla  la  tha  fona  of  yaphieaX  curvaa  haas4  on  obsarrsd  tetOt  ntbar 
thsa  in  tha  fon  of  a^plieit  aatboaatioal  ralatienahipa*  fbr  mmtflLBt 
ia  tha  eouraa  of  davalopiat  a stibapstasi*  a raeord  of  stibspstaBi  raliabilitp 
attainad  aorraqoadiai  to  various  aapandituras  of  funds  hava  baan  ae- 
euBulatod.  lota  that  tha  gr^hieal  proeadura  for  eeavutiat  tha  optiaal 
P]^*i  • • • • asp  ba  usad  varp  aiealpt  without  sap  aaad  for  aa  «vliait 
aathanatiaal  femula  for  tha 


- 540  - 


r 


I 

Cl]  Mbcr^t  A.  »ad  f.  PMMhu  (1959)  laerMuitd  rtllAbilltgr  vith  ala- 
lauB  VtehDieftl  Report  Re.  50*  Rtoaford  \tolroriitp  Rtotlaties 


CR] 


Burlev*  R.  I.  Md  F.  ProMhoa  (1965) 
Hilar*  Rav  Tertc. 


C3]  Barlow,  R.  I.  and  F.  Preaetaaa  (19T^)  BtatiatieaUfcniT 
fel.  I.  Belt,  Rinrtiart,  and  Hlaatoa*  Raw  Yoi*  - la  praaa. 


Cii]  BimbaMi,  2.  H.  (1969)  Ob  tha  lapertaaea  of  dlffaraat  eeapeaoati  la 
a aMltieeapoBaat  aratoB.  Naltiwartata  AaalraiB  - n,  ad.  Br  F*  R. 
RFiataaaiah.  Aeadaiia  Fraaa,  Raw  Tes5t. 


C5]  Blrabaua*  Z.  V.,  J.  D.  laarr*  and  8.  C.  Bauadara  (196I)  idiltieeiVoaaBt 
irataai  aad  atrueturaa  and  thalr  rallabilitiaa.  laehaeaatriea  3 55*7T« 


C6D 

CT3 


Cattert,  R.  R.  aad  0.  R.  Bard  (195T)  A alapla  eoat  aodal  for  epdialaiag 

in  tf  .awlwfig  ^ ^ 

Advlaorr  Oroup  on  Raltabilitr  of  ILaetroaie  Bqmlpaawt,  8A-T3. 


Elair*  J.  D..  A.  H.  Narahall,  aad  F.  Froaebaa  (19T0)  Bom  rallabilitr 
applteatloBa  of  ttaa  haaard  traanfom.  BldH  .T.  A^.  Math.  lA  Bti9-A6o. 


I 


I 


I 


- 542  - 


SOME  CRITICAL  REMARKS  ON  ACCELERATED  LIFE  TESTING 


San  C,  Saundera 

Department  of  Pure  and  Applied  Mathematics 
Washington  State  University 
Pullman,  Washington 

SUMMARY.  The  history  of  the  development  of  mathematioal  statistics 
has  been  that  of  successive  efforts  by  its  practitioners  at  Increas- 
ing the  generality  and  applicability  of  statistical  inference.  This 
has  often  resulted  In  the  gradual  weakening  of  the  dependence  of  sta- 
tistical models  upon  specific  physical,  chemical  or  engineering  con- 
cepts which  make  the  model  appropriate  to  a particular  problem.  One 
of  the  current  needs  In  reliability  theory  Is  for  methods  which  allow 
the  prediction  of  life  from  a few  tests  In  which  the  process  of  wear 
has  been  accelerated.  This  paper  Is  an  effort  to  point  out  the  neces- 
sity of  a thorough  understanding  of  each  appropriate  cumulative  damage 
process  In  terms  of  its  chemical  or  physical  behavior  before  a suffi- 
ciently useful  analysis  can  be  made.  Some  remarks  are  also  made  on 
the  futility  of  only  a mathematical  approach  to  the  problem  of  accel- 
erated life  testing.  The  reinforownent  possible  between  statistical 
theory  and  engineering  reality  is  Illustrated  through  the  discussion 
of  the  application  of  certain  aspects  of  renewal  theory,  reliability 
theory,  fracture  mechanics,  strength  of  materials  and  physics  of  solids 
in  the  mathematioal  calculation  of  metallic  fatigue  in  airframe  design. 
This  problem  represents  an  extreme  in  accelerated  life  testing  because 
of  the  paucity  of  data  from  which  long  term  predictions  are  made. 

Some  of  the  difficulties  of  such  an  interdisciplinary  approach  are 
discussed  and  the  advisability  of  a cooperative  attitude  of  statisti- 
cians toward  the  contribution  from  other  disciplines  is  mentJ.oned. 

Some  consequences  of  utilizing  the  assumption  of  constant  failure  rate, 
when  it  is  unjustified,  are  given.  The  attitudes  toward  the  causes  of 
failure  resulting  from  this  constant  failure  rate  syndrome  may  prove  to 
be  equally  destructive  to  the  design  of  a valid  accelerated  life  test. 
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On*  such  attitttd*  1*  that  oartaln  "laoXatad  falluraa”  nay  ba  Ignorad 
In  th*  oaloulatlon  of  Ufa  axpaotanoy  from  aooalaratad  lifa  taats. 

Tha  contraatlng  raaotlon  la  to  dataxnina  tha  oauaa  of  aach  failur* 
and  "fix”  all  units  prasantly  In  sarvlca  and/or  all  units  to  be  sub- 
sequently manufactured,  it  is  maintained  that  tha  statisticians 
proper  rol*  in  tha  analysis  of  such  failure  data  from  aooalaratad 
lifa  tests  must  ba  more  than  providing  univaraally  applioabla  sta- 
tistical taohniquas  which  "crunch  numbers”,  instead  his  role  must 
Involve  a synthesis  of  soiantiflo  knowledge  from  relevant  araaa  for 
tha  proper  intarpratation  of  tha  f allure  and  its  cause  and  cure. 

INTRODPCTIOH.  The  ld*a  Of  Shortening  tha  period  of  tasting  whloh 
is  naoassary  to  datermlna  tha  lifa  distribution  of  a system  is  oar- 
talnly  an  appealing  one.  It  offers  tha  hope  of  decreasing  the  lead 
time  between  design  oonoapt  and  prototype  introduction  with  the  con- 
sequent advantages  of  both  cost  reduction  and  possible  performanoe 
superiority.  Moreover*  it  fits  in  with  the  aspirations  of  mankind* 
expressed  throughout  history*  in  the  benefloient  result  of  solentifio 
endeavor  and  it  also  reflects  that  ubiquitous  hope  of  getting  something 
for  nothing.  An  instanoe  of  close  parallel  in  an  earlier  age  was  the 
research  program  seeking  the  transmutation  of  lead  into  gold. 

After  expressing  this  mild  skepticism  about  the  universal  appli- 
cability of  accelerated  life  testing*  let  me  begin  by  presenting  an 
archetypical  situation  in  which  our  fondest  hopes  for  such  a program 
may  be  realised. 

If  T>0  is  a random  variable*  interpreted  as  life  length*  and 

(1)  U(t)  - PlT>tJ  for  t>0 

is  the  probability  at  birth  of  a life  exceeding  t*  then 

(2)  P(T>*+t|T>sJ  - 

is  the  probability  that  given  an  age  s the  residual  life  length 

exceeds  t.  Now  this  residual  lifetime  after  s coincides  with  the 
life  distribution  at  birth  iff 

(3)  U(t-fs)  - U(s)U(t). 
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This  squstlon  hss  a unlqua  solution;  namsly, 

(4)  U(t)  " for  sons  X>0. 

If  T has  a distribution  given  by  U,  it  is  said  to  be  exponentially 
distributed.  A component  with  an  exponential  life  does  not  wear 
out!  8uoh  a component  nay  fail,  but  if  it  has  not  failed  at  a given 
time,  it  is  as  good  as  new. 

In  what  situations  oan  one  expect  the  exponential  life  to  be  a 
suitable  description  of  reality?  X now  consider  twoi 

(1)  the  life  length  of  a jeweled  bearing  in  a watch, 

(ii)  tensile  strength  of  a steel  rod. 

In  (1)  the  bearing  receives  such  little  wear  during  the  watch's 
operation  that  it  fails  only  as  a result  of  severe  shook,  such  as 
being  dropped,  which  can  occur  at  any  tine  for  reasons  not  related 
to  the  usual  utilisation.  Of  course,  the  analogy  of  the  jeweled 
bearing  in  a watch  with  the  electrical  properties  of  transistors 
and  integrated  circuits  is  so  seductive  that  widespread  adoption 
of  such  a model  for  electronic  components  has  been  observed. 

Suppose  that  a component  ^as  an  exponential  distribution, 
given  by  equation  (4) , and  from  a group  of  n such  components  which 
are  on  life  test  we  wait  until  the  first  rsl  failures  occur,  say 

*(!)"  X(2)^  ••••<  X(r) 


are  the  times  of  failure.  We  have  the  famous  result  of  Bpstein-Sobeli 
Theormmt  If  the  failure  note  \ is  unknown,  the  best  unbiased 
estimatator  of  is,  in  this  situation,  the  total  life  statistic 
divided  by  the  number  of  failures  namely, 


in 

2r 


which  case 
degrees  of 


var (T^) 
freedom. 


(n-r)Xjr)| 
and  2rXT^ 


has  a X ~ distribution  with 


J 
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KM  a oonsaquenoa  of  this  raault,  it  la  ballaved  that  aatimatora 
of/  and  confidence  bounds  for  the  mean  life  (or  the  reliability  at 
any  given  time)  can  be  calculated  from  counts  made  only  of  the  total 
number  of  hours  of  observed  life  and  the  number  of  observed  failures. 
This  result  I call  "Pandora's  Box"  because  of  its  similarity  with  the 
mythological  account  of  an  Instance  whereby  great  mischief  was  inad- 
vertantly done,  (the  mischief  was  accomplished  by  the  release  of 
naive  hope  which  usually  proves  vain.)  "Pandora's  Box"  has  resulted 
in  some  dire-practical  consequences i namely/  the  wholesale/  but  hid- 
den/ assumption  of  exponential  life. 

Further/  there  has  been  a relaxation  of  the  felt  obligation  to 
determine  the  cause  of  failure  instead  of  just  noting  the  service 
times  at  which  they  occurred.  The  prospect  of  great  monetary  gain 
resulting  from  the  possible  utilisation  of  one-hour  tests  on  each  of 
one-hundred  new  components  to  demonstrate  a reliability  of  one-hundred 
houta  of  life  for  each  one  has  great  attraction  for  persons  who  have 
but  a little  knowledge  of  statistics.  (Las  Vegas  provides  the  same 
attraction  for  the  probabilistically  ingenuous  and  with,  I believe/ 
the  same  results.) 

Any  doubt  about  the  universal  applicability  of  the  exponential 
assumption  was  mat  with  the  rejolndert  "For  any  continuous  life  length 
random  variable  there  exists  a transformation  which  will  make  the  dis- 
tribution exponential!  therefore/  one  needs  merely  find  that  transfor- 
mation and  then  use  the  results  for  the  exponential  law." 

Of  course/  blaiming  mathematics  for  one's  financial  losses  at 
chance  has  a long  history  going  back  at  least  as  far  as  Cheval  Ds  Mere 
and  one  cannot  justifiably  blame  the  exponential  distribution  for  the 
idiocies  which  have  been  committed  in  its  name.  However/  one  does 
decry  the  attitude  that  accelerated  life  testing  is  only  a subset  of 
statistical  theory  and  as  such  should  be  pursued  by  mathematical  sta- 
tisticians using  just  pencil  and  paper. 

Let  us  make  a definition:  Accelerated  life  testing  is  the  design 

of  tests  on  a component's  (or  system's)  reliability  which  are  to  take 
place  under  increased  stress  (or  a more  stringent  environment/  or  both) 
in  order  to  predict/  as  soon  as  possible/  the  reliability  under  the  pro- 
posed service  conditions. 
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W«  now  state  one  such  problem  formulated  mathematloallyi 
Given  test  conditions  @ and  life  lengths  X (0) > . • . fX^(9) » 
estimate  the  reliability  under  service  conditions  l.e#  estimate 

P(ti<|>)  - PtX(«(i)>t]  for  t>0, 
and  then  place  botinds  on  this  estimate. 

Almost  any  person  with  soientifio  training  will  immediately  say 
that  this  problem  is  ill’-deflned  and  virtually  Insoluble  because  there 
are  no  stated  assumptions  relating  the  parametric  values  0 and  ^ with 
the  distribution.  And  that  is  exactly  the  point.  Any  useful  model 
for  the  solution  of  this  problem  must  supply  Information  about  the 
parameter  space  and  the  ostensibly  definable  relationships  between 
parameter  values  and  environmental  conditions  ahd,  we  maintain,  this 
roblem  is  more  than  a problem  in  mathematloal  statistics. 


As  an  illustration  of  a mathematloal  formulation  of  a class  of 
problems,  we  present  the  following t 

Assume  that  under  two  different,  but  fixed,  sets  of  conditions, 
we  have 


where 


X 'v  P and  Y 'u  G, 


G(x)  « h[F(x)]  (or  G(x)  ■ P[a(x)]) 


We  can  further  assume  the  function  h,  or  a,  known  (or  a(x)2x)  and  then 
estimate  G,  P or  h.  We  might  also  wish  to  find  confidence  bounds.  One 
also  might  simplify  the  problem  by  assuming  thS':  G or  P is  the  exponen- 
tial distribution.  See  [1]  and  the  references  given  there. 

All  of  these  variations  are  very  interesting  mathematical  problems 
which  doubtless  have  some  utility.  My  contention  is  that  any  statistical 
theory  which  applies  equally  well  to  the  width  of  stripes  on  the  back 
of  a zebra  and  to  the  life  of  transistors,  ignoring  the  physical,  chemi- 
cal and  biological  differences,  can't  be  specific  enough  for  either 
situation  to  make  any  but  the  grossest  of  predictions.  What  is  needed 
in  accelerated  life  testing  is  less  generality  and  more  specificity. 
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Furtharf  it  it  eontandad  that  It  la  aaoasaary  to  undarstand  tha  phyal- 
oal  prooaaa  govarnlng  tha  Influanoa  of  laoraaaad  atraaa  and/or  mora 
atringant  anvlronmant  on  tha  dlatrlbutlon  of  Ufa  in  aaoh  apaolflo 
inatanoa. 

To  maka  thia  dlfferanoa  of  opinion  claar,  lat  ua  conaldar  the 
aimpla  problem  of  predicting  the  wearout  of  governnent-'laaued  aocka 
under  aavara  aervloe  oondltlonay  given  data  on  tha  wearout  of  aooka 
under  normal  oonditlona.  Wa  oan  eatimata  tha  mean  and  varlanoa, 
than  guaaa  tha  paroantaga  of  Inoreaaad  wear  under  tha  aavara  oondl- 
tiona  and  take  that  paroantaga  raduotion  of  tha  mean  aeirvloa  life 
and  than  oaloulata  waarout  ualng  an  appropriate  dlatrlbutlon.  hl- 
tematlvalyf  wa  oould  perform  Impaot  and  abraalon  taata  on  tha  aooka 
with  appropriate  amounta  of  ohemloal  addltlvaa  aimulatlng  both  awaat 
and  dirt  until  the  paramatera  of  tha  Ufa  dlatrlbutlon  ara  known  funo» 
tiona  of  tha  Impact,  abraalon  and  ohamlcal  Influenoea  on  tha  opnatl- 
tuent  material  in  tha  aooka.  Than  tha  dlatrlbuti  . of  life  la  oalou- 
lated  under  tha  altered  propartlaa  of  raaiatanoa  under  tha  aavara 
aervloe  regime.  In  many  Inatanoaa  accelerated  life  teatlng  la  at 
laaat  aa  muoh  an  engineering,  phyaica  or  ohamlatry  problem  ia  It  la 
a atatlatloal  one  and  in  fact  I eometimea  believe  the  number  of  para- 
metara  fitted  atatlatloally  may  be  proportional  to  the  amount  of  ig- 
norance of  the  underlying  meohaniama  of  failure. 

A conatant  failure  rate  la  aald  to  generate  "random  falluraa" 
which  la  Intarpratad  to  mean  falluraa  for  which  tha  oauaa  will  never 
be  duplicated  and  ao  auoh  "laolated  falluraa"  need  not  bo  analyzed. 

It  haa  been  the  experience  of  many  ayatem  managera  that  there  la  no 
auoh  thing  aa  a "random"  or  "laolated"  failure.  In  fact,  I heard  one 
say  "An  laolated  failure  la  juat  the  flrat  failure  in  what  wil],  become 
a flood  of  failurea  unleaa  ayatem  modifioationa  are  made  aa  aeon  aa 
poaalble. " 

The  failure  tlmea  of  Integrated  oiroulta  are  often  regarded  aa 
random  variablea  with  dacreaalng  fallux'e  ratea  (Indeed,  aound  argumenta 
can  be  made  for  thla  contention.)  However,  accelerated  teatlng  dependa 
upon  whether  the  electrical  malfunotlona  are,  for  example,  cauaed  by 
auoh  divergent  meana  aai 


(1)  the  unfortunate  redepoaltlon  of  dust  particles  due  to  the 
introduction  of  a sero-gravity  states 

(2)  the  fatigue  and  rupture  of  electrioal  circuit  welds  due  to 
sonic  or  ultrasonic  vibration,  or 

(3)  the  degradation  of  electrioal  response  due  to  continual 
exposure  to  high  levels  of  gamma  radiation. 

All  of  these  are  known  to  occur  and  it  is  certainly  important  to  know 
which. 

We  believe  that  it  is  not  possible  to  accelerate  the  life  testing 
of  a system  unless  you  know  in  general 

(!)  the  distribution  of  %rear  or  damage  which  a specified  service 
will  Impose, 

(li)  the  mechanisms  (or  modes)  *>f  failure  which  are  important  to 
a specified  service  and  need  to  be  studied. 

(ill)  the  alteration  of  stress  behavior  caused  by  accelerated 
testing. 

There  is  not  likely  to  be  a theory  based  on  statistical  considerations 
alone  which  will  be  of  much  utility,  just  as  a deterministic  theory 
alone  based  only  upon  physical  considerations  may  not  be  worth  much  in 
determining  an  accelerated  testing  procedure. 

To  Illustrate  the  type  of  cooperation  be  ,-een  physical  theory  and 
statistical  analysis  which  I feel  must  be  accompli shed  to  obtain  realis 
tic  accel  ’.ted  life  tea-..',  I want  to  discuss  the  current  state  of  af> 
fairs,  vis  a vis  accelerated  life  testing,  in  the  determination  of  air- 
plane reliability. 
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First  of  all#  there  are  several  desiderata  in  airframe  deslgni 
strength#  lightness  and  fatiguo  resistance.  (Actually#  designers 
have  known  for  some  time  how  to  construct  an  airplane  which  would 
not  fatigue;  the  reason  they  have  not  done  so  is  that  all  such  de- 
signs will  not  fly#  but  only  taxi.)  This  parenthetical  comment  is 
intended* to  indicate  the  mutually#  oppositional  nature  of  these  re- 
quirements. Consequently#  any  design  must  be  a compromise  effected 
by  some  balance  between  these  competitive  factors.  To  construct  an 
optimal  design  requires  an  acceptable  definition  of  optimality.  For 
commercial  design#  one  such  definition  might  be  profitability. 

The  potential  profitability  of  a particular  airframe  design  nec- 
essitates a determination  of  both  the  strength  requirements  (for  in- 
creased payload)  and  the  maintainability  requirements  (for  increased 
longevity.).  Each  of  these  is#  of  course#  subject  to  stochastic  vari- 
ation. The  design  motto  "get  the  weight  out#”  which  is  Intended  to 
increase  the  payload  of  the  plane#  usually  results  in  "putting  the 
fatigue  in"  and  as  a consequence#  the  service  life  of  the  model  is 
stochastically  shortened#  which  in  turn  reduces  the  expected  lifetime 
profitability.  There  is  an  added  complexity.  The  weight  of  a structure 
made  of  aluminum  can  be  reduced  by  half  by  substituting  titanium  but  at 
an  Increase  of  approximately  ten  times  the  cost.  Thus#  not  only  may 
certain  designs  be  much  more  expensive#  but  they  may  have  a shorter 
life.  I need  not  mention  any  examples  of  current  models.  A successful 
design  is  one  that  steers  between  the  Scylla  and  Charibdis  of  these 
alternatives.  Moreover#  since  the  designed  life  is  60#000  hours  (30 
years)  it  is  clear  that  all  testing  of  its  durability  must  be  of  an 
accelerated  nature. 

Our  first  task  is  to  delineate  the  mechanisms  of  failure  which 
will  be  of  Importance  under  the  specified  service  regime.  Clearly# 
we  must  have  adequate  theories  to  calculate  both  the  yield  strength  of 
materials  and  the  time  until  the  occurrence  of  metallic  fatigue.  The 
former  is  available  in  textbooks# (see  [2])#  it  is  the  latter  theory 
abovit  which  there  is  yet  some  disagreement  especially  as  regards  the 
interaction  with  environmental  effects,  (see  [3]  and  [4]). 
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Th0  strangth  raqulranants  and  tha  anvlronmantal  atraaa  usually 
dlotata  tha  ohoioa  of  natarlal  aa  vail  aa  ita  fabrication.  For  ax- 
ampla,  tha  brlttlanaaa  or  ductility  of  tha  natal  and  whathsr  it  should 
ba  axtsndad,  cast  or  forgad  should  ba  dataminad,  Nhethar  it  will  pari- 
odloally  ba  subjactad  to  a corroslva  anvironmant  and/or  elavated  to 
400F*  during  sach  ground-air*ground  cycle  of  the  flight  must  be  taken 
into  account  for  each  component.  It  la  beyond  the  scope  of  this  talk 
to  do  any  more  than  sketch  tha  outlines  of  tha  general  procedure. 

Of  course,  tha  concept  of  a fixed  service  ragima  is  a sia^llfica- 
tlon  since,  in  fact,  one  of  tha  major  sources  of  variability  of  the 
sarvioa  life  is  the  stochastic  nature  of  tha  loading  spectrum.  The 
identification  of  this  distribution  is  of  fundamental  importance  since 
tha  design  must  sustain  tha  extrema  loads  ancountarad  as  a oonsaquanoe 
of  both  maneuver  and  random  guot  loading  but  during  most  of  its  sarvioa 
life  it  will  encounter  stress  at  a somewhat  lower  level. 

Tha  loads  encountered  in  service  are  a result  of  the  gross  weight 
and  the  gusts  encountered  in  the  atmosphere.  It  is  necessary  that  a 
summary  of  the  statistical  oharaoteristios  of  the  atmosphere  be  avail- 
able. We  presume  that  F((t)th),  the  distributions  of  gusts  of  magnitude 
ti)  at  a given  altitude  h,  is  available,  at  least  in  tabular  form.  The 
time  between  the  occurrence  of  gusts  is  assumed  to  be  exponential  with 
the  parameter  a function  of  the  airspeed.  The  airframe  is  a filter 
which  transforms  these  gust  and  maneuver  loads  as  a function  of  the 
gross  weight  and  the  location  of  the  station  on  tha  fuselage  or  the 
wing. 

For  example,  if  we  select  a typical  lower  wing  station  and  graph 
the  ground-air-ground  work  cycle,  we  might  havei 
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In  th«  nodnllng  of  this  6-A>^  oyalo,  w«  oonsidor  two  randon 


variablos.  Tha  timo  of  flight  and  tha  groai  taka-off  walght.  Tha 
dlatrlbution  of  thaaa  quantitiaa  muat  ba  datamlnad  from  tha  intandad 
uaaga  of  tha  plana  and  tha  routa  struotura  of  tha  oarriar.  Thia  in- 
formation providaa  ua  at  aach  station  (of  which  thera  are  several 
hundred  on  each  wing)  with  a dlstribut.ion  of  (S>N)  which  are  respec- 
tively the  loading  spectrum  and  tha  length  of  tha  cycle.  Since  the 
stress  as  a function  of  time  at  each  station  will  ba  transmitted 
I throughout  tha  struotura  and  be  bom  proportionally  by  each  metallio 
component^  it  is  necessary  that  something  ba  known  about  tha  fatigue 
behavior  of  that  metal. 

I Many  constant  amplitude  fatigue  life  tests  are  made  with  notched 

metallic  coupons  of  a particular  alloy  in  order  to  obtain  an  equation 
I between  stress  and  life.  This  relation  is  what  is  called  tha  Wohler 

! equation  and  is  identical  to  what  statisticians  would  call  a ragras- 

I slon  equation  between  log-stress  and  log-life t 

I log-stress 


log-life 


?rom  this  Information,  which  will  be  different  for  each  type  of 
metal  and  its  method  of  fabrication,  is  calculated  the  distribution 
of  time  until  a given  loading  spectrum  will  initiate  a crack.  A for- 
mula which  is  used  for  this  purpose  is  an  adaptation  of  an  empirical 
result  called  "Miner's  Rule."  After  both  empirical  oorroberation  and 
some  belated  theoretical  justification  (see  [5]  and  (6]},  it  is  now 
used  to  predict  the  median  time  until  crack  initiation.  The  actual 
time  itself  is  regarded  as  a random  variable. 
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distribution  of  gust  losds  during  s tins  intsrvsl  of  givsn 
lungth  dstsrminss  ths  distribution  of  ths  random  loading  spsotrum. 

Ths  tins  until  oraok  initiation  of  a givsn  matsrlal  for  a givsn  dis- 
tribution of  ths  loading  spectrum  is  assumsd  to  have  an  extreme  value 
distribution  with  two  parameters  say  where  a is  determined  as  a 
material  constant  and  6 is  the  median  life  calculated  using  Miner's 
rule  and  the  Wohler  diagrams. 

After  the  crack  has  been  initiatedf  i.e.  is  of  the  length  of 
roughly  .01  in#  it  enters  a phase  of  stable  growth.  During  this  time# 
it  will  propagate  as  a function#  not  only  of  the  maximum  and  minimum 
stress  of  each  oscillation  but  of  ths  order  of  the  loads  within  the 
spectrum  as  well.  To  assume  you  that  this  is  a significant  influence# 
let  me  remark  that  there  are  known  instances  where  simply  the  reversal 
of  the  lead  order  of  a spectrum#  therefore  with  exactly  the  same  meuci- 
mum  and  minimum  stress  and  oscillation  frequencies#  results  in  an  al- 
teration of  the  average  rate  of  oraok  propagation  by  a factor  of  3 
(see  [7]). 

Moreover#  there  have  been  observed  certain  other  non-intuitive 
effects  of  load  order.  These  effects#  called  oraok  arrest  and  crack 
jump#  are  also  significant.  A quantified  theoretical  explanation  of 
such  a complex  phenomenon#  which  has  universal  acceptance  has  not  been 
attained.  However#  several  partial  attempts  have  been  recently  made 
(131). 

As  an  additional  complication#  two  Idontloal  loading  spectra  im- 
posed on  what  are  nominally  identical  specimens  can  result  in  lines 
differing  by  as  much  as  a factor  of  ten  because  of  environmental  vari- 
ation causing  stress  corrosion.  This  is  because  fatigue  is  a chemical, 
as  well  as  physical,  phenomena  of  the  surface  imd  the  interaction  be- 
tween fatigue  and  corrosion  plays  an  important  role.  Zn  fact,  anything 
that  affects  the  chemistry  of  the  surface  such  as  the  polish  of  the 
metal,  the  finish,  or  intermittent  exposure  to  such  agents  as  salt  air 
or  jet  fuel  vapors#  must  be  taken  into  account. 

Thus#  any  accelerated  life  testing  at  elevated  stress  levels  in 
dry  laboratory  air  must  consider  the  ambient  conditions  of  the  metallic 
surface  during  its  service  life  in  order  to  make  valid  predictions. 

An  alternative  theory  for  calculating  the  crack  length  during  the 
stable  phase  of  crack  growth  following  crack  initiation  is  to  use  a 
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differential  equation  with  two  random  parameters  governing  it  be> 
havior.  These  parameters  are  determined  for  each  epeoimen  by  meta- 

i 

I lurgioal  measurement  for  one  and  the  other  from  stress  intensity  fao> 

j tors  calculated  by  Fracture  Mechanics « geometry  of  the  specimen  and 
the  type  of  metal,  (see  [ ]). 

From  the  solution  of  this  equation,  we  obtain  the  stochastic 
process,  say  S(t-T^)  for  t>0,  which  Is  the  crack  length  at  a time  t 

i ® 

I with  the  initiation  occurring  at  a time  T. 

j The  residual  strength  of  a component  whloh  contains  a crack  of 

I length  b*0  is  calculated  theoretically  from  its  design  and  gross  area 
stresses.  In  a monolithic  structure,  the  crack  can  attain  a length 
for  which  the  structural  strength  is  sero.  In  a fail-safe  struOtural 
design  there  are  "crack  stoppers”  which  arrest  the  crack  at  some  size 
before  the  strength  is  reduced  too  far.  We  illustrate  with  two  sche- 
matic plots  of  strength  versus  crack  length i 

strength  strength 


Of  course,  as  a check  on  the  predictions  of  the  quality  of  design 
concerning  both  the  ultimate  and  fatigue  strength  of  structural  members, 
many  critical  components  are  fabricated  and  tested  until  failure  occurs 
in  one  or  the  other  mode. 

I have  mentioned  all  of  these  ancillary  subjects,  which  are  cur- 
rently important  In  the  accelerated  life  testing  of  an  airframe,  to 
Illustrate  my  contention  that  in  many  instances  In  modern  technology 
where  accelerated  life  testing  can  be  applied  for  the  prediction  of 
reliability  that  the  statistical  techniques  for  accelerated  testing 
when  they  are  properly  integrated  with  the  appropriate  scientific  know- 
ledge from  physios,  chemistry  and  engineering  provides  a most  powerful 
tool. 
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Conolusion 


Statlstloiana  working  on  rallability  In  industry  during  ths  past 
few  years  have  been  used  like  "hired  guns”  or  "counselors”.  On  retain- 
er they  were  ^expected  to  collect  data  a.'.d  advance  statistical  argument 
supporting  the  position  that  their  patron  advocated.  The  attempts  to 
"prove”  the  reliability  of  certain  products  using  statistical  arguments 
has  resulted  in  many  statements  such  as  "With  100(l-e)4  confidence  this 
component  meets  or  exceeds  its  reliability  goal  of  1-5”  where  c and  5 
are  both  small. 

Unfortunately  in  many  cases  the  first  n trials  (at  hundreds  of 
thousands  of  dollars  per  trial)  resulted  in  total  failure.  (Here  n is 
large) . In  many  instances  the  cause  was  subsequently  determined  to  be 
an  oversight  in  the  design  caused  by  disregarding  or  misinterpreting 
the  results  of  testing.  Of  course,  statisticians  as  a group  were  not 
more  culpable  than  persons  from  other  fields  of  knowledge  but  I think 
they  were  blaimed  more  frequently. 

Clearly,  not  all  of  the  difficulties  of  designing  and  constructing 
reliable  systems  can  be  cured  by  statisticians  learning  more  engineer- 
ing and  engineers  learning  more  statistics,  but  I believe  nothing  will 
be  lost  by  such  efforts.  Furthermore,  it  is  my  personal,  perhaps  chauv- 
inistic, belief  that  statisticians  will  finish  this  assignment  first  and 
that  the  profitable  development  of  aooalerated  life  testing  procedures 
based  on  sound  engineering  knowledge  with  a thorough  understanding  of 
the  physics  of  materials  will  be  accomplished  largely  by  their  efforts. 
In  any  case,  it  is  virtually  certain  that  the  development  of  such  pro- 
cedures constitutes  a major  need  for  statistical  applications  and  pre- 
sents a challenging  task  to  scientific  endeavor  in  the  years  ahead. 
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RELIABILITY  OF  KULTIPLE 
COMPONENT  SYSTEMS 
Larry  Lae  and  W.  A.  Thompaon,  Jr.* 

University  of  Missouri  - Columbia 

Abstract.  Brindley  and  Thompson  (1973)  have  introduced  a 
multivariate  concept  of  monotone  failure  rate. 

Here  we  treat  a mathematical  modal  which  has  arisen  in  bio- 
logical and  englnoarlng  applications.  In  a biological  context  one 
refers  to  the  theory  of  competing  risks;  in  the  engineering  appli- 
cations the  model  represents  a non  repairable  series  system.  The 
system  falls  when  the  first  of  its  components  fails  so  that  not 
all  component  lifetimes  are  observable. 

Initially^  we  assume  the  components  of  the  system  to  be 
independent.  Then  we  introduce  dependence  in  terms  of  sets  of 
minima  of  independent  random  variables.  The  resulting  multivariate 
distribution  of  component  lifetimes  generalises  Marshall  & Olkln's 
multivariate  exponential  distribution  but  allows  for  the  possibility 
of  monotone  failure  rates. 

The  above  dependence  distribution  is  then  derived  through  a 
"fatal  shock"  model  where  the  shocks  arrive  according  to  a time 
dependent  Poisson  process.  The  failure  rates  of  the  component  life 
times  are  determined  by  the  Intensity  functions  of  the  processes. 
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1 . IMTRODUCTION 

L«t  X. , . . . , b«  thaoratioal  failura  tlnas  of  k componanta 
of  a sariaa  ayatamf  that  i»,  if  tha  ayatam  wara  to  continue,  tha 
ith  componant  would  fail  at  time  X^.  The  ayatem  faila  when  the  ^ 

flrat  ooaponant  faila  ao  that  failura  tixnaa  of  the  other  ooaiponanta 
baooae  unobaarvabla . Only  tha  avataa  failura  tia>e.  U ■>  mln(Xj^,  Xj^),  | 

and  tha  oonponant  or  componanta  iridioh  oauaad  tha  failura  are  obaervabla. 

Tha  configuration  of  componanta  oauaing  tha  failura  la  called  the 
failura  pattern,  we  daaoriba  it  in  more  detail  later. 

Problema  of  thia  type  have  ariaan  in  two  divarae  appllcatlona. 

Flrat,  in  tha  context  of  actuarial  acienoe,  Cornflald  (1957),  Kimball 
(1958),  Chiang  (1968),  and  Barkaon  and  Elvabaok  (1960)  uaa  tha 
"competing  riak  modal"  in  tha  preparation  of  life  tablaa  for  bio- 
logical populationa)  Moaaohbargar  and  David  (1971)  diaouaa  appllcatlona 
of  the  competing  riak  modal  and  consider  tha  problem  of  aatimatlng 
parameters  of  tha  underlying  life  distributions. 

Second,  problems  having  tha  same  mathematical  structure  occur 
in  connection  with  tha  reliability  and  safety  of  anglnaaring  systama. 

Marshall  and  Olkin  (1967),  Arnold  (1968),  and  Bamis,  Higgins  and 

Bain  (1972)  are  papers  which  appear  to  be  motivated  by  engineering  | 

applications.  I 

i 

i 
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1.1  Survival  Tla>»  and  Functiona 

li«t  X danot*  aurvival  tima#  l.a.«  tha  langth  of  tlma  until  a 
particular  functioning  objact  fails  to  function  proparly.  Once  the 
object  falls  it  stays  in  that  state,  wa  are  not  considering  it  to 
be  repairable.  Except  for  the  intuitive  background,  in  this  article 
one  nay  think  of  survival  time  as  meaning  simply  a non-negative 
random  variable  (r.v.).  The  survival  function  of  X, 

P(x)  ■ P[X  > xl ; X i 0, 

is  the  probability  that  the  object  survives  at  least  x units  of  time. 

As  a consequence  of  the  frequency  Intepretation  of  probability, 

F(x)  is  also  the  proportion  of  a large  population  which  will  survive 
till  age  x.  Thus,  as  Grubbs  and  Shuford  (1973)  have  done  in  constructing 
a probabilistic  theory  of  combat,  if  Interactions  between  the  strengths 
of  the  two  armies  are  ignored,  then  the  proportions  of  combatants 
on  each  side  surviving  at  time  x can  be  estimated  by  F (x) . 

This  article  treats  two  or  more  survival  times  jointly,  par- 
ticularly when  they  are  dependent.  If  X and  Y are  survival  times, 
then 

P(x,y)  - P[X  > X,  Y > yl;  x,y  > 0, 
is  their  joint  survival  function.  Joint  survival  functions  for 
more  than  two  objects  are  defined  in  an  analogous  manner. 

Possible  applications  of  joint  survival  functions  are  suggested 
by  the  following  examples.  First,  denoting  the  life  times  of 
husband  and  wife  by  X and  Y,  respectively,  an  insurance  company 
selling  an  annuity  will  be  Interested  in  the  bivariate  survival 
function.  Second,  the  two  engines  of  a twin-engine  airplane  can 
fail  separately  or  simultaneously;  the  joint  survival  function  la 
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important  in  aafoty  oonaidarationa . niird,  for  traffic  oongaation 
atudias^  ona  is  Intarastad  in  tha  tiaa  gaps  batwaan  cars  on  a two 
lana  or  multilana  highway. 

The  axponantial  distribution 

P(x)  “0,  X < 0,  F(x)  ■ 1 - a“^*»  X > 0 <1.1) 

has  provad  useful  as  a modal  for  lifa  tasting / saa  Bps tain  and  SOibal 

(1953) , but  it  has  a **no  aging  proparty”  which  is  peculiar  in  this 
context.  If  the  r.v.  X is  axponantial  than 
P[X  > X A|  X > X]  > P(X  > A] 

for  all  X ^ 0,  A > 0.  That  is,  in  a probability  sense,  residual  life 
is  Independent  of  age. 

Obviously  many  objects  age,  i.a.,  become  more  prone  to  failure, 

as  they  become  older.  Some  actually  strengthen  as  they  get  older, 

e.g.,  some  electronic  circuits  and  many  now  mechanical  davioas. 

* % ‘ 

Tha  concept  of  failure  rat«  plays  a role  at  this  point.  Let 
X be  a non-negative  random  variable  with  density  f (x) , distribution 
function  (d.f.)  P(x),  and  survival  function  F(x)  ■ 1 - F(x).  Tha 
failure  rata  is 

r(x)  • ^ (log  F (x)).  (1.2) 

F(x) 

Alternatively  we  may  write 

_ X 

P(x)  ■ exp  [-  / r(t)dt].  (1.3) 

0 

The  failure  rata  Is  useful  and  has  a meaningful  interpretation,  for 
r(x)Ax  represents  approximately  the  probability  that  an  object  of 
age  x will  fail  in  tha  interval  [x,  x -f  Ax] . 
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Barlow  and  Prosohan  (1965)  Introduoa  aonotona  fallura . rates  as 
follows. 

Dsflnitlon.  A nondlaorsts  univarlats  distribution  F(x)  Is  IPR  (P^K) 


P(X  > X + A|  X > X)  - 

l(x) 

It  dsorsaslng  (Inorsaalng)  In  x for  svsry  flxsd  t>0,  x ^ 0 tuoh 
that  f(x)  > 0. 

If  F(x)  has  a density  and  F(O-)  - 0»  than  F(x)  bdlng  IFB  (DFR)  Is 
squlvalsnt  to  ths  fallurs  rate  r(x)  of  (1.2)  being  inorsaslng 
(decreasing) . 

Soaa  distributions  which  have  bean  Important  In  Ilfs  studlds 
are  1)  ths  axponsntlal  with  constant  fallurs  rats  11)  ths  Helbull^ 
with  r(x)  - ppx^*'^  and  111)  ths  Gompsrts  with  r(x)>  • B sxp(cx); 

B,c  > 0.  Makshan's  formula,  r(x)  » A 4*  B sxp(cx);  B,C  > 0,  has 
bssn  Important  In  ths  thsory  of  Ilfs  Inturanos. 

1.2  Multlvarlats  Bxponentlal  Distributions 

Sines  ths  axponsntlal  distribution  plays  a crucial  role  In  many 
univarlats  llfstims  problsms,  we  are  conoerned  with  multivariate 
extensions  of  It. 

The  simplest  multlvarlats  distribution  with  exponential  marginals 
Is  composed  of  Independent  exponential  distributions.  With  the  multl- 
varlats haxard  rats  defined  as  r(x^,  Xj^) 

- f(Xj^,  ...,  Xj^)/P(Xj^,  ...»  Xj^),  the  hazard  rats  of  independent 
exponentials  is  obviously  constant.  Basu  (1971)  shows  that  the 
only  absolutely  continuous  bivariate  distribution  with  exponential 
marginals  and  constant  bivariate  hazard  rata  is  that  of  two  Inde- 
pendent exponentials. 


Gunb«l  (I960)  pr«i«nts  a blvarlat*  distribution  with  «xpon«nti«l 
marginals  and  joint  survival  function 

5{x,y)  - 0 < 6 < V x,y  > 0. 

i 

j Ths  coefficient  of  correlation  for  this  bivariate  distribution  is 

( 

either  negative  or  zero.' 

Freund  (1961)  studies  ths  following  model.  Sup^ss  that  two 
exponential  lifetimes,  with  parameters  a and  B , function  inde- 
pendently until  the  first  failure.  At  failure  the  remaining 
lifetime  becomes  exponential  with  a new  parameter,  either  o' 
replacing  o or  B'  replacing  B.  This  may  realistically  represent 
a situation  where  two  components  perform  the  same  function,  and 
the  failure  of  one  component  puts  additional  responsibility  on  ths 
remaining  one. 

Freund's  distribution  has  the  "no  aging  property" 

F(x  + A,y  + A)  • F(x,y)‘F(A,A)  > A,x,y  ^ 0. 

But  F^(x),  the  marginal  distribution  of  X,  is  ZFR  (dfr)  if  aind 
only  if  0 * o' (o  > o')  and  similarly  Fj(y)  is  ZFR  (DFR)  if  and  ohly 
if  B <B'(B  > B').  Since  the  hazard  rate  r(x)  of  an  exponential 
distribution  is  equal  to  its  parameter,  this  result  is  intuitive. 

Note  that  the  failure  rates  of  the  marginals  can  be  increasing, 
decreasing,  or  even  monotone  in  opposite  directions. 

Marshall  and  Olkln  (1967)  derive  from  three  different  models 
a bivariate  distribution  which  has  exponential  marginals  and  joint 
survival  function 

P(x,y)  - exp{-  Xj^x  - X^y  - ^12  max(x,y) }| 
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x#y  ^ Oi  elaas  of  dlttrlbutiona  the 

blvarlat*  axponantial  distribution > BVB,  and  its  axtanslon  to  n I 

variables  the  multivariate  exponential  distribution,  MVE. 

Marshall  and  Olkin  derive  the  BVE  through  a "fatal  shock” 

j 

model,  a "non-fatal  shock"  model,  and  a "no  aging"  model.  In 

the  "fatal  shock"  model  three  independent  Poisson  processes,  with 

. 

parameters  xnd  90vern  the  respective  occurrences  of 

failures  of  oosqponent  one,  component  two,  or  both  components  in 
a two  component  system.  Their  "no  aging"  model  shows  that, 

/ 

analogous  to  the  univariate  exponential  distribution,  | 

P(x  + A,y  + A)  ■ F(x,y)F(A,A) } A > 0»  x,y  ^ Or  I 

l.e.,  P(X  > x + A,Y  > y + AjX  > x,Y  > y]  - P[X  > A,Y  > A],  j 

I 

with  exponential  marginals,  if  and  only  if  F(x,y)  is  BVE.  Allowing  , 
the  A's  to  differ,  they  show  that  F(x  -f  A^,y  ■ F(x,y)F(A^,  Aj) 

for  all  positive  A^  and  A^  if  and  only  if  X and  Y are  Independent 
exponential  r.v. *s. 

Marshall  and  Olkin  find  the  d.f.  (which  has  a line  of  singu- 
larity along  the  main  diagonal  of  the  first  quadrant) , the  moment 
generating  function,  moments,  and  several  characteristics  of  the 
BVE.  For  example  they  show  that  (X,  Y)  is  BVE  if  and  only  if 
there  exist  independent  exponential  r.v.'s  U,  V and  W such  that 
X - min(U,  W)  and  Y - min(V,  W).  Also  if  (X,  Y)  is  BVE,  then 
min(X,  Y)  is  exponential. 

Marshall  and  Olkin  also  have  a complete  discussion  of  the 
MVE,  with  *iurvival  function  given  by 


A 

'(x^f  •••#  " ®xp (”•  ""  ®xx(x^»Xj) 


- •**'  *k^^ 

whttra  th«  X'a  ar«  non-ncgatlva  and  not  all  zoro. 

2.  DBPBMDENCE  AND  AG1M6  ASPECTS  OF  MULTIVARIATE  SURVIVAL 

Tha  thaory  of  monotona  fallura  rata  has  provad  uaaful  as  a 
probabilistic  nodal  of  univariate  survival  tine,  particularly  In 
rallablllty  thaory.  Tha  axponentlal  distribution  Is  Important  in 
this  thaory  as  tha  boundary  batwaan  IFR  and  DPR  distributions. 

In  saarchlng  for  multivariate  extensions  of  the  monotone  failure 
rata  Idea*  the  "no  aging”  property  makes  It  appealing  to  require 
that  tha  boundary  batwaan  multivariate  IFR  and  DFR  should  be  the 
class  of  MVE  distributions.  Brindley  and  Thompson  (1973)  obtain 
this  result  for  the  following  generalization  of  the  monotone 
failure  rate  concept.  A multivariate  d.f . F(x^f  x^)  defined 

on  the  positive  orthant  Is  IFR  (DFR)  If 

P(Xj^  > Xj^  + a,  . . . , Xj^  > Xj^  + A)  P(Xj^  + A,  . . . , Xj^  + A) 

P ^ ^1^  • • • f ^ ^k^  *^FTxj|^  # * 

Is  decreasing  (increasing)  in  x^,  x^  tor  each  A>0,  and  all 

x^»  ...»  Xj^  0 such  that  F(x^«  x^^)  > 0.  The  failure  times 

(non-negative  r.v.  *a)  Xj^  are  jointly  IFR  (DFR)  if  the 

d.f.  of  each  subset  of  them  Is  IFR  (DFR). 

The  point  here  Is  that  It  Is  possible  for  F(Xj^,  ...»  Xj^)  to 
be  Increasing  In  each  variable  and  yet  some  subset  of  X^^,  ...,  Xj^ 
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nay  hava  a marginal  dlatributlon  irtiioh  la  not  Inoraaalng  In  aach 
varlabla.  For  axampla/  Fraund'a  blvariata  axponantlal  dlatrlbution 
haa  tha  no  aging  proparty  and  hanoa  la  IFR  but,  If  a > a' , 

F^<x)  will  be  DFR. 

In  tha  daflnltlon  of  jointly  IFR,  the  requirement  that  each 
aubaat  of  the  varlablaa  hava  a proparty  la  reniniaoant  of  tha 
daflnltlon  of  indapandant  avanta 

Harrla  (1970)  daflnaa  a d.f.  F(X2«  •••#  to  ba  multl~ 
varlata  IHR  If  1.  F(x^,  Xj^)  la  IFR  In  tha  aanaa  of  tha 

pravloua  paragraph  and  11 . the  varlablaa  , . . . , Xj^  poaaaaa  a 
poaltlva  dapandanca  proparty  oallad  right  cornar  aat  inoraaalng  (RCSI). 

In  tha  blvariata  oaaa,  KCSI  la  tha  raqulramant  that 

P(X  > X',  V > y' |x  > X,  Y > y) 

be  Inoraaalng  in  x and  y.  Yha  RCSI  proparty  Impllaa  tha  aarlaa 
bound 

f(x,y)  > fj^(x)  Fj(y), 

Harrla  obtalna  aavaral  raaulta  for  IHR  varlablaa  Including  tha 
proparty  that  aubaata  of  IHR  r.v.a  ara  IHR.  Thla  ahowa  that 
multivariate  IHR  r.v.a  ara  multivariate  IFR.  Gumbol'a  dlatrlbution 
la  an  axampla  of  IFR  r.v.a  which  are  not  IHR;  the  aarlaa  bound 
need  not  hold. 

Poaitlve  dependence  propertlaa,  like  RCSI,  will  be  reaaonabla 
for  atudying  tha  life  timaa  of  componenta  all  aubjectad  to  the  aama 
environment.  But  we  may  wlah  to  atudy  life  timea  aubjaot  to 
different  envlronmanta  and  there  ara  aavaral  other  typaa  of  poaltlva 
dependence  which  Imply  the  aerlea  bound  and  are  aa  intuitively 
appealing  aa  RCSI.  For  example,  poaitlve  likelihood  ratio 
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dep«nd*nc«  and  posltlv*  regression  dependence,  see  Lehmann  (I960 
and  Dykstra,  Hewett,  and  Thompson  (1973)  also  imply  the  series 
bound.  Further  the  parallel  definition  of  DHR  is  disappointing 
in  that  the  boundary  between  IHR  and  DHR  consists  of  independent 
exponential  distributions 

Finally,  there  is  no  reason  why  aging  and  positive  dependence 
need  go  together.  If  X and  Y are  r.v.s  uniformly  distributed  on 
the  triangle  with  vertices  (0,0),  (0,1),  and  (1,0),  then  X and  Y 
are  jointly  IFR  but  they  exhibit  a negative  dependence  property 
which  we  may  call  right  corner  set  decreasing.  Dependence  and 
aging  are  in  fact  orthogonal  properties. 

Since  dependence  logically  need  not  accompany  monotone  failure, 
such  concepts  need  not  be  included  in  multivariate  extensions  of 
univariate  monotone  failure  rate.  Multivariate  IFR  and  DFR  as 
defined  by  Brindley  and  Thompson  (1973)  are  strictly  aging 
concepts  which  lead  to  a symmetric  theory,  and  the  mvb  distributions 
form  the  boundary  between  them.  Sets  of  mlnlmums  of  IFR  lifetimes 
are  IFR,  and  Harris'  XHR  distributions  form  a substantial  subclass 
of  the  IFR  distributions. 

3.  INDEPENDENT  COMPONENTS 
3.1  Independence  Model 

The  initial  systems  to  be  considered  are  those  consisting 
of  independent  components.  The  model  is  as  indicated  in  Figure  1. 
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Flaura  1 

Th«f  catlcal  Failure  Ttaw  for  Ind»p>ndent  Comoonanf 


Danotlng  tha  survival  functions  of  U and  by  5 and  (!■].,  k) , 

wa  hava  U ■ mln(X^>  ...#  Xj^)  and 
k 

G(x)  - n P. (X).  (3.1) 

i-1  ^ 

It  is  wall  known  that,  for  Indapandant  componants,  systam 
failure  rata  is  tha  sum  of  component  failure  rates.  In  fact,  from 
(1.2)  and  (3.1), 

r„(x)  - - ^ (log  G(x))  - ^2^  - ^ (log  v^{x)), 
k 

■ I r, (x) . (3.2) 

i-1  ^ 

Tha  probability  of  tied  values  is  zero  so  that  the  failure 
pattern  is  simply  which  one  of  the  components  causes  the  system 
to  fall. 

Tha  joint  probabilities  of  failure  time  and  failure  pattern 
are,  for  i-1,  . . . , k> 

P(U  > u,  X,  - U)  - P(u  < X.  < min(Xj))  - /"  G(x)r. (x)dx. 

1 1 j^l  3 u i 
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Th«  probability  that  tho  ith  oomponant  causas  tha  aystam  to 
fail  la  P(X^  ■ U)  ■ aay. 

0» 

Tf . ■ / G(x)rj  (x)dx. 

An  exantpla  of  the  utility  of  theaa  ideaa  appeaxa  in  Vaaalyr 
Waita>  and  Kallar  (1971) . They  are  oonoarnad  with  tha  daaign  of 
a aafety  ayatapi  which  will  ahut  down  an  atomic  reactor  ahould  it 
begin  to  go  out  of  control.  They  conaldar  a manual  aa  wall  aa  an 
automatic  ayatam  and  for  each#  they  aatimata  raliabilitlaa  from 
thaoratlcal  conaldarationa.  Batlmatad  oomponant  rallabilltiaa 
for  tha  manual  ayatam  appear  in  Table  1.  Prom  thia  Table  they 
conclude  thet,  effort  to  improve  reliability  of  tha  manual  ayatam 
ahould  canter  on  ralaya  and  oonaola  awltchaai  Inqprovamant  of 
reliability  of  tarminala  and  oonnaotore^  and  wiraa  doea  not  pay 
off  in  improved  ayatam  sgilablllty. 

Table  1 - Manual  Control  Svatem 


Component 


This  Is  squstlon  (2.5)  oC  Hossobbsrgsr  and  Dsvid  (1971).  Vrosi 
aquations  (1.3)  and  (3.3)  ws  obtain 

f rx  g(u|x.»0)  -1 

y^^(x)  — g^’TJ — ***» 

Thus,  as  Bantan  (1963)  has  obsarvad,  tha  distribution  of  fallura 
tins  and  fallura  pattam  unlqualy  datarmlnas  that  of  tha  oonponant 
llfatlnas. 

3.2  Proportional  Fallura  xatas 


For  ttro  sarlaa  systams  of  Indapandant  and  Idantioal  aonp6nants, 
consisting  of  and  kj  eonponants  raspaotivaly,  than  r^(x)  ■ r2(x). 


In  ganaral  wa  say  that  X and  Y hava  proportional  fallura  ratas  If 
thara  axlats  a constant  6 > 0 such  that 

tjj(x)  - ety(x)  (3.5) 

for  all  x ^ 0. 

Tha  assumption  of  proportional  fallura  ratas  for  tha  oonponant 
llfatlnas  of  a sarlaa  ayatam  has  ooourrad  savaral  plaoas  In  tha 
litaratura.  8aa  Allan  (1963),  David  (1970),  Sathuraman  (1965) 
and  N&das  (1970) . Wa  may  sunmarlaa  tha  rasults  oonoprnlng  pro- 
portional failure  ratas  as  follows. 

Thaorem  1.  For  continuous  and  indapandant  X^^,  ...,  Xj^,  tha 
following  ara  equivalent t . 

1)  X||^,  ...»  Xj^  hava  proportional  fallura  rates 

11)  r^(x)  - Ilj^*rg(x);  i«l,  ...,  k (3.6) 

ill)  P^(x)  - [3^^(x)]"i;  1-1,  ...,  k (3.7) 

Iv)  fallura  time  Is  Indapandant  of  failure  pattam  and 
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V)  th«r«  it  • oomnon  tram fonnat ion  h ao  that  h(Xj^),  ...»  h(Xj^) 

ara  indapandant  aaponantial  r.v.a. 

Proof.  Clearly  ii)  impliaa  i) , but  also  i)  implies  ii) . 

Por  if  r^(X)  - (x)  with  > 0 for  I i than  r^(x)  - rj(x)*0  ^ 

where  3 4 ■>  E ©44  and 
•j  i *3  _ 


ee 

"j  - S(x)rj(x)dx  ■ . 


The  equivalanoe  of  ii)  and  iii)  is  a result  of  (1.2)  and  (1.3). 
The  equivalence  of  ii)  and  iv)  follows  from  (3.3).  We  have 


g(u|x.  - u) 

r.  (u)  ■ n. = . 

^ ^ 0(U) 

Hence  r^(u)  > n^«r^(u)  if  and  only»  for  i-l»  ...»  k,  g(u|Xj^  ■ U)  ■ g(u)» 
the  density  function  of  U. 

Now  iii)  implies  V)  where  the  transformation  h is  given  by 
X 

h(x)  - / r„(t)dt. 

0 ^ 

Note  that  h is  continuous  and  non-decreasing. 

From  (1.3) » 

Pj^(x)  ■ [^»(x)]^^  ■ expl-llj^h(x)  ] , 

Let  y.  ■ h(X.)  and  h“^(z)  ■ inf {xih(x)iz). 

^ ^ X ” 

Py^(y)  - P(y^>y)  - P[h(X^)>yJ 

- P[X^>h"^(y)l-  Pj^[h"^(y)’ 

- exp{-n^hlh”^(y) ] ) ■ exp(-n^y), 

which  is  the  survival  function  of  an  exponential  r.v. 
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Finally  v)  lnq>ll«s  1) , alno* 

#^(x)  - P(X^>x)  - Pth(x^)>h(x)] 

- p^^(h(x))  - «xp{-ej^h(x) }. 
whara  h la  tha  aaaumad  transfomatlon.  Thua 
ri(x)  ■ - 2^  tlog  ^^{x)]  ■ 0j_  jj  • 

In  tha  oaaa  of  proportional  failura  rataa  wa  hava 

TTi 

? ■ ^1  l"l#  ...»  k. 

If  aoraa  ia  anall>  than  thaaa  aquatlona  make  It  appealing  to 
aaauma  that  tha  diatribution  of  U can  ba  wall  approxlmatad  by  a 
limiting  axtrama  valua  diatribution.  For,  if  than 

la  tha  aurvlval  function  of  tha  minimum  of  n indapandant  r.v.a. 
all  having  d.f.  F^. 

Tha  poaalbilltlaa  appaar  in  Tabla  10.2  of  Thompaon  (1969). 

Tha  Cauchy  type  limit  aaaigna  no  probability  to  poaitlva  valuaa 
and  hanca  ia  unaooaptabla  aa  a diatribution  of  failura  tima.  Tha 
axponantlal  typa  would  imply  that  lifatimaa  could  be  negative  aa 
well  aa  poaitlva.  Clearly  the  limited  type  with  lower  limit  zero 
la  tha  moat  appropriate  choice  of  diatribution.  The  limited  type 
with  that  limit  la  the  Weibull  which  haa  denaity. 

w(u)  - p o u“"^a’®'*°,  p,a  > 0. 

4.  DEPENDENT  COMPONENTS 
4.1  Dependent  Component  Model 

Marahall  and  Olkin  characterize  their  MVE  in  terma  of  aeta  of 
minima  of  exponential  r.v.a.  Wa  may  uae  thia  idea  aa  one  way  to 
introduce  dependence  among  component  lifetlmea.  The  componenta 


oiiualng  th«  •ytt«m  to  fail  o«n  b«  indicated  by  a random  vaotor 

V V (Vj^  f ...»  V|^)  «rtiare  equals  1 or  0 aooording  as  the  ith 
coiQponent  is  or  is  not  failed.  The  sample  space  S of  values  which 

V 

V can  assume  contains  2 «*1  elements  since  the  zero  vector  is 
excluded.  If  V"S  where  s e S then  we  say  that  the  system  has 
exhibited  failure  pattern  a.  We  assume  a collection  of  independent 
and  continuous  r.v.s  {E^i  s e S)  where  is  the  theoretical  time 
of  occurence  of  failure  pattern  s. 

MoWf  the  theoretical  fiiluro  time  of  the  ith  component  is 
■min  (1^);  !■!»  ...»  k (4.1) 

{siSj^**!} 

and  system  failure  time  Is 

u - min(X4,  ...»  X,,)  ■min(z.).  (4.2) 

^ * sea  ■ 

We  wish  to  observe  that  David  (1973)  has  also  suggested  the  model 
(4.1). 

For  the  bivariate  case,  the  model  is  indicated  in  Figure  2. 

\ 

Figure  2 

Theoretical  Failure  Times  for  Bivariate  Dependent  Components 


) 


I 


L«t  G and  danota  tha  survival  functions  of  U and 
raspaotlvsly#  and  lat  ir^  ba  tha  probability  of  failura  pattern  s; 

G(s)  - n P,(z)  (4.3) 

seS  ■ 

and 

- P(V  - a)  - P(Zj  - 0)  (4,4) 

Lat  r^f  and  r^  ba  tha  failura  rata  functions  of 
and  Z^  raspaotlvsly.  Wa  hava 

t^(x)  - E rj|(x)  and  ru(x)  « E r^(x) 

{SJS^-1}  ® 

but  thara  will  ba  no  general  expression  of  r^  In  tarns  of  {r^}. 

A speolal  oasa  of  an  observation  of  Harris  Is  that 

(Xj^  > Xj^,  Xjj  > Xjj.}  - A iz^  > y^> 

scS 

wharo  y^  ■ max(x^s^,  .../  Hence 

P(Xj^,  Xjj)  - n Pg(y,)*  (4.5) 

scS 

Note  that  Xj^,  Xj^  hava  multivariate  d.f.(4.5)  If  and  only 

If  there  exists  a oollaction  of  independent  r.v.s  {Z^i  s e 8}  suoh 
that  X^  “ fflin(Z^).  Henoa,  aquation  (4.5)  Is  an  alternative  way  of 

{siSj^-1} 

representing  the  dependent  component  model  of  this  section. 

Tha  marginal  distributions  of  (4.5)  hava  tha  sane  form  as  tha 
parent  distribution.  In  fact 


P(X|^»  ...»  ...»  0) 


n F.[max(XwS.»  ...» 
scS  • * * 


Vm' 


0 » a . . 


n 


r 


[max(x.s.»  ...» 


1 


where  P.  . (x)  ■ n F_(x), 

Ve  9 • e e # II  _ « • 

1 m ...»  e^ 

However « consider  generating  a bivariate  Welbull  distribution 
by  taking 

P^(t)  - exp(-p^t  "j 

for  s ■ (0^1) f (1/0) « (1/1).  He  obtain 

f *10  *01  *ill 

P(x^/Xj)  • exp  rPio*i  ~*’oi*'2  "Pixtmax(Xj^,X2)  J * > . (4.6) 

Note  that  (4.6)  differs  from  the  bivariate  Welbull  mentioned  In 
Marshall  and  Olkln  (1967)  and  discussed  In  Moesohberger  (1974); 
the  marginals  are  not  Welbull. 

For  the  conditional  density  of  system  failure  time  given 
failure  pattern  s,  using  (3.3)/  we  obtain  the  expression 

g(u|v-s)  ■ tr^“^G(u)  • r^(u),  (4.7) 

Using  (4.7)  and  (1.3)  we  may  write  (4.5)  In  the  alternative  form 

F(x,/  ...,  x^)  - expI-E  ir,/  * SflRly*».)du] 

^ ^ scs  • 0 

where  y^  - max(Xj^Sj^/  ...,  • Again/  the  distribution  of  failure 

time  and  failure  pattern  uniquely  determines  that  of  the  component 
survival  times. 

Brindley  and  Thompson  observe  that  sets  of  mlnlmums  of  multi- 
variate IFR(DFR)  failure  times  are  multivariate  IFR(DFR).  Hence  If 
{Z^i  8 e 8}  are  univariate  IFR(DFR)  then  X^^/  ...,  Xj^  are  multi- 
variate IFR(OFR).  For  example,  component  failure  times  having  the 
bivariate  Welbull  of  (4.6)  will  be  multivariate  IFR  If  Oj^g/ 
and  are  all  greater  than  1. 
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4.2  Proportional  Fallura  Rates 
Tha  aiaumption  of  proportional  failura  rataa  in  tha  modal 
(4.5)  amounts  to 

r^(x)  « iT^  • TyCx),  8 c S.  (4.8) 

That  ls»  tha  constants  of  proportionality  ara  tha  probabilltiaa  of 
tha  failura  patterns.  Now  from  (3.2)  and  (4.1), 

r^(x)  ■ . r^(x)  (4.9) 


whore 


IT.  - E IT,  - P(x.  - U). 

^ (sis^-U  ^ 

By  summing  (4.9)  wa  obtain,  as  a ganarallzation  of  (3.2), 


k k 

r,,  (x)  ■ E r,  (x)/  E TT, . 
“ i-1  ^ i-1  ^ 


I 

i 


With  th«  additional  aiaumptlon  of  (4.8) ^ tha  dependant  component 
model  (4s 5)  becomes 

F(x,,  ...,  x^)  - n lS(y_)j’’*  (4.10) 

^ * seS  ■ 

where  y^  * max(Xj^s^,  ...,  • 'I'hls  is  a joint  survival  distri- 

bution, for  the  k components  of  tha  system,  which  is  similar  to 
that  of  Marshall  and  Olkin's  MVE.  In  fact,  if  we  taka  G(t)  ■ exp(-At) 
we  obtain  their  MVE  survival  function t 

f(Xj^,  ...,  Xj^)  ■ axp[-XE  TT^  roax(Xj^Sj^,  ..., 

sgS 

Tha  marginal  distributions  of  (4.10)  again  satisfy  (4.10) 
only  in  fewer  variables.  The  ir's  have  the  same  significance  and 
even  the  d.f.G  is  tha  same.  For  example 
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Or  • • • r 


P » • • • t 


0)  • n {G[max(x.a. r •••#  x_s_)]} 
•cs  ^ ^ 


IT' 


n {G[max(x,a. r •••# 

- _ XX  m in 

*1'  ••"■ra 


■l'***m 


whara 


• >a. 


m 


m+lr 


. r tha  marginal 
•“•k 


probability  of  failura  pattarn  (a^^r  among  tha  first 

m oomponanta. 

Thaoram  1 oarrlas  ovar  dlraotly  to  tha  dapandant  oomponant 
model. 

Thaoram  2.  For  continuous  and  Indapandant  {Z^iseS}r  tha  • 
following  ara  agulvalantt 

1)  {Z^t  acS)  hava  proportional  failura  ratas 
•J.1)  r^(x)  «•  n^*ry(x),  aeS  (4.8) 

ill)  P,(x)  - tGy(x)]"*  r aes 

Iv)  failura  tlma  la  Indapandant  of  failura  pattarn 
and 

V)  thara  la  a common  transformation  h so  that  h(Z^),  $c3, 
ara  Indapandant  axponantlal  r.v.s. 

Slnoa  U ■ mln(Z.)r  and  tha  avants  {V-s}  and  {U-Z_}  ara 

aes  ■ ■ 

aqulvalantr  tha  proof  la  axaotly  aa  In  Thaoram  1 exoapt  that 
(4.7)  la  used  Instead  of  (3.3). 

As  an  axampla  of  Thaoram  2r  consider  tha  bivariate  Welbull, 
(4.6).  By  calculating  tha  failura  ratasr  wa  sea  that  failura  tlma 
and  pattarn  will  ba  Indapandant  if  and  only  if  <^io'*°'oi""ll' 
from  (4.8) r 
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As  in  ths  cats  of  indapandsnoa*  ainoa  ona  of  tha  s' a will  ba 
anallf  tha  aquationa 


G >■  , aes 

make  it  appealing  to  aaaume  that  tha  dlatribution  of  failure  tine 
ia  well  approaiaiatad  by  a liadtinq  extrea»  valua  distribution. 

The  tfeibull  aeana  to  ba  tha  moat  aatiafaotory  of  these. 

In  a saiaple  of  slse  N from  (4.10) » let  Uj  and  denote  the 
tine  of  failure  and  the  failure  pattern  for  the  observation, 
j"l,  ...,  M.  These  are  the  only  observable  quantities,  and  froai 
then  we  night  wish  to  make  inferenoes  about  the  distribution  of 
oonponent  llfetines.  In  such  a aanpla,  let  ba  the  nuaber  of 
occurences  of  pattern  s and  let  ba  an  observed  valua  of  N^. 

E N ■». 

seS  ■ 

Because  of  the  independence  between  failure  tiate  and  failure 
pattern,  the  joint  density  of  the  Observations  and 
j«l,  ...,  N is 


N 

n g(Uu) 

j-i  ^ 


ses 


Incorporating  the  Welbull  choice  of  G into  this  equation,  tha 
joint  density  of  the  observations  beoostas 


N 


(pa)  n u. 
j-1  3 


E a 


seS  ' 


(4.11) 


v4iere  p,a>0  are  the  paraneters  of  the  welbull. 
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Marshall  and  Olkln  derive  their  MVB  dletrlbutlon  from  three 
point*  of  view.  Including  the  "fatal  shock*  model.  In  the 
univariate  caae  this  model  would  hypothesize  that  shocks  arrive 
according  to  a Poisson  process  and  that  the  first  shock  destroys 
the  object.  Survival  time  would  have  the  exponential  distribution 
(1.1).  But  the  exponential  has  the  "no  aging*  property  which  is 
non-lntuitlve  for  many  applications.  How  might  we  alter  the  fatal 
shock  model  to  allow  age  dependent  reliability  behavior?  For 
example,  to  model  an  IFR  lifetime?  One  way  Is  to  allow  the  process 
controlling  the  arrival  of  the  shocks  to  be  a non-homogeneous  or 
time  dependent  Poisson  process. 

A description  of  the  time  dependent  Poisson  process  can  be 
found,  for  example,  In  Parsen  (19€2) . Let  N(t)  be  the  random 
number  of  shocks  to  the  object  In  time  t.  The  times  at  which  the 
shocks  occur  are  T2»  ...  where  0 < < T2  < . . . . The  Inter 
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arrival  tint  a batwaan  ahooka  ara 


" ■'l'  ^2  " '^2  “ ■'l'  •**'  " "'ll  ‘ ‘^n-1*  ••*  • 

Axioms  of  the  Poiaaon  proceaa  ara: 

Axiom  0.  N(0)  ■ 0. 

Axiom  1.  Indapandant  inoraatentat  for  all  ohoioa  of  indioas 
tQ  < < . . . < tha  random  variablas 

N(tj)  - N(tg),  N(tj)  - 

ara  indapandant. 

Axiom  2.  For  any  t > 0/  0 < P{N(t)  > 0}  < 1. 

Axiom  3.  For  any  t < 0 

P(N(t+h)  - N(t)  > S}_  - 

Axiom  4.  For  soma  function  v(t) , oallad  tha  intansity  fvuiotion, 
11*  1 - P(M(t-mi  - N(t)  - 0), 


Thasa  axioms  ix^ly  that  N(t)  has  ganarating  function 


whara 


1'(*,t)  - axptMt)  <a-l)] 

l(t)  ■ j v(x)dx. 

0 


Sinca 


P(Tj^  > t)  - P(N(t)  - 0)  - a 


-Mt) 


wa  saa  that  thara  is  a ona-ona  corraspondanca  batwaan  tha  procaas 
and  the  diatribution  of 
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The  function  X(t)  haa  the  Interpretation  X(t)  ■ B[N(t)]«  If 
v(t)  la  eonatant  we  obtain  the  ordinary  or  homogeneoua  Poiaaon 
proceaa  where  X(t)  « v • t. 

The  tine  dependent  Poiaaon  proceaa  can  be  transfomed  into 
a homogeneous  Poisson  process.  Zn  fact,  the  process  {M(u) , u ^ 0} 
defined  by 

M(u)  - N(X"^(d)),  u > 0 
is  an  ordinary  Poiaaon  proceaa  with 

E(M(tt)]  - BtHCX'^Cu))!  - X(X"^(u))  - u. 

If  ahooka  to  an  object  are  fatal  then  the  survival  tine  of 
the  object  la  the  arrival  tine  of  the  flrat  shock;  X > T^.  If 
shocks  arrive  according  to  a time  dependent  Poisson  process  then 
the  survival  function  for  the  object  is 
F(x)  ■ P(T^  > x)  ■ exp(-X(x)). 

The  failure  rate  of  X is  the  intensity  function  of  the  process t 
r(x)  ■ - ^ (log  P(x))  " v(x). 

Hence  by  speoitlising  the  intensity  function,  the  fatal  shook 
model  yields  all  of  the  usual  univariate  life  distributions  and 
failure  properties  as  special  cases.* 

The  neatness  of  this  result  was  not  inevitable;  it  is  a 
consequence  of  the  particular  model  assumed.  Renewal  theory  is 
another  common  way  of  modeling  reliability  problems.  But  as 


* Conversations  with  Larry  Crow  and  Lee  Bain  led  to  this  observation. 
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OiMdMiko#  B«lyAy«v»  and  Solovyev  (1969#  p.  105)  point  out  ono 

anist  bo  ooroful  to  dlatlnguioh  the  folluro  rot#  of  X from  the 

ronovol  density  of  the  proeoos. 

Prooooding  now  to  the  multivarioto  esso#  wo  soo  that  tho 

distribution  (4.5)  can  bo  dorivod  from  a fatal  shoc)c  modal,  wo 

V 

oonsidor  that  2-1  indopondont  random  ahoo)c  prooosaos  aro  operating 

and  that  a shook  occurring  in  tho  process  labeled  (Sj^#  ...#  Sj^) 

destroys  those  oosq^nenta  i#  for  which  s^«l.  The  r.v.  8^  of 

Section  4.1  is  the  tisie  of  ooourenoe  of  the  first  shook  in  the 

process  lebeled  s.  As  before#  with  defined  by  (4.1)#  the 

joint  survival  function  (4.5)  results. 

If  shocks  arrive  according  to  tims  dependent  Poisson  processes 

then  (4.5)  beoonea 


P(x.,  ...#  Xu)  ■ exp[-  I J v,(t)dtj 
* seS  0 ■ 


(5.1) 


»d»ere  y^  - max  (Xj^Sj^, 


XjjSk) » s e 8#  and  v^(t)  is  the  intensity 


function  of  the  process  labeled  s.  Also  v^(t)  - r^(t)#  the  failuiC* 
rate  of  z^. 

Mo  have  already  seen  that  the  time  dependent  Poisson  process 
can  be  made  homogeneous  by  transformation.  In  tho  fatal  shook 
model#  when  can  we  perform  a single  time  transformation  so  that 
all  shock  processes  are  homogeneous?  Answer t in  the  case  of 
proportional  failure  rates. 

To  see  this#  first  suppose  that  r (x)  “ n r„(x)#  s e S. 

Let  Mt)  - / r,,(x)dx  and  M_(u)  - N,(X”^(u))#  s e 8.  He  have 
BlM,(u)]  - E(N^(X"^(U)1  - v,(x)dx  - n,  X (X"^(u))  - n,u; 


and  the  N^(u)#  s e S are  all  homogeneous  Poisson  processes. 
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Conv«ri«ly,  suppose  N^(u)  - N^(h(u)),  s e s are  Independent  j 

homogeneous  Poisson  processes. 

Pth‘^(*g)  > u]  - PIZ^  > h(u)] 

- PlN^(h(u))  - 0]  - P(M,<u)  - 0) 

■ exp  (-e^u) , 


Theorem  2 then  states  that  {Z_<  s e 8}  have  proportional  failure 
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